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INFINITY-INNER-PRODUCTS ON A-INFINITY-ALGEBRAS
THOMAS TRADLER

(communicated by James Stasheff)

Abstract

We give a self contained introduction to A .-algebras, A -
bimodules and maps between them. The case of A .-bimodule-
map between A and its dual space A*, which we call oco-inner-
product, will be investigated in detail. In particular, we de-
scribe the graph complex associated to oo-inner-product. In
a later paper, we show how oo-inner-products can be used to
model the string topology BV-algebra on the free loop space
of a Poincaré duality space.

Introduction

A -algebras were first introduced by J. Stasheff in [S1] in the study of the
homotopy associativity of H-spaces. Since then, the concept has found numerous
applications in many fields of mathematics and physics. Our interest in A ,-algebras
stems from applying the concept to the chain level of a Poincaré duality space, and
to ultimately obtain a model for string topology operations defined by M. Chas
and D. Sullivan in [CS]. To this end, it is necessary to develop an appropriate
algebraic notion of Poincaré duality. A detailed introduction to such a concept will
be presented in these notes.

In order to describe Poincaré duality for a topological space X, note that its
cohomology H is an algebra under the cup product, and thus both H and its dual H*
are bimodules over H. With this, Poincaré duality is given by a bimodule equivalence
H(X) — H*(X) between the homology and cohomology of X. A suitable chain
level version of this may be obtained by considering the bimodule concept in a
homotopy invariant way. Our approach for Poincaré duality consists of examining
the A -algebra structure on the cochains A of X. With this, one can see, that both
A and its dual A* are in fact A,.-bimodules in an appropriate sense, described
below. Finally, we may complete the analogy by taking the chain level Poincaré
duality to be a map between the A.,-bimodules A and A*, which we call an oo-
inner-product. We will review these concepts and will investigate a useful graph
complex that is associated to A,.-algebras with oco-inner-products. We show how
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the graph complex gives rise to a sequence of polyhedra, which include as a special
case Stasheff’s associahedra coming from A .-algebras.

This paper is the first in a series, setting the foundation for the algebraic notation
necessary to describe Poincaré duality at the chain level, and with this, modeling
string topology algebraically. The next step in this direction is taken in [TZS] in
collaboration with M. Zeinalian, where the following theorem is proved.

Theorem ([TZS] Theorem 3.1.4). Let X be a compact triangulated Poincaré
duality space, in which the closure of every simplex is contractible. Then there exists
a symmetric oco-inner-product on the cochains A of X, which on the lowest level
induces Poincaré duality on homology H — H*.

It is interesting to note, that the lowest level of this theorem consists of capping
with the fundamental cycle of the space, which does not give a bimodule map at
the chain level, but which requires the notion of A,.-bimodule maps.

The next step is then to model the string topology operations on the Hochschild-
cochain-complex of an A-algebra A with oco-inner-product. Let C*(A4, A) and
C*(A, A*) denote the Hochschild-cochain-complex of A with values in A and A*,
respectively. The following are some well-known operations on these space, see e.g.
[GJ2]. The —-product, —: C*(A, A)@C*(A, A) — C*(A, A), and the Gerstenhaber-
bracket, [, ] : C*(A, A) ® C*(A4, A) — C*(A, A), were studied in the deformation
theory of associative algebras by M. Gerstenhaber in [G]. On the other hand, if A
has a unit 1 € A, then we may define Connes’ B-operator, which may be dualized
to an operation B : C*(A4, A*) — C*(A, A*). Using these operations, it was shown
in [T], that these operations combine to give a BV-algebra.

Theorem ([T] Theorem 3.1). Let A be a unital A -algebra with symmetric and
non-degenerate oo-inner-product. Using the oco-inner-product, one has an induced
quasi-isomorphism of Hochschild-complezes C*(A, A) — C*(A, A*). Then, B and
— assemble to give a BV-algebra on Hochschild-cohomology, such that its induced
Gerstenhaber-bracket is the one given in [G].

Combining the theorems from [TZS] and [T], we obtain a BV-algebra on the
Hochschild-cohomology of the cochains of any Poincaré duality space. This BV-
algebra is reminiscent of the BV-algebra from string topology defined on the ho-
mology of the free loop space of a compact, oriented manifold M, see [CS]. It
is an interesting and non-trivial question, if the identification of the Hochschild-
cohomology with the homology of the free loop space also induces an isomorphism
of the corresponding BV-algebras. A calculation by L. Menichi in [Me] shows, that
in order to recover the BV-algebra on the loop space of M, it is in general not
enough to consider the cyclic A -algebra on the chain level of M, i.e. the A-
structure together with the strict Poincaré duality inner product on homology. It is
our hope, that the notion of co-inner-products will be strong enough to recover this
BV-algebra on the Hochschild-cohomology of A, but in any case will help to shed
light on this question.

We want to point out, that this BV-algebra is only the tip of the iceberg. In
[TZ] it is shown that there is a whole PROP-action on the Hochschild-cochains
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of a generalized A.-algebra with oo-inner-product. The genus-zero part of this
PROP-action constitutes exactly a solution to the cyclic Deligne conjecture for the
general case of an A -algebra with oco-inner-product, since it lifts the above BV-
algebra on Hochschild-cohomology to the Hochschild-cochain level C*(A, A*). More
generally, the full PROP-action in [TZ] is reminiscent of an action of the moduli-
space of Riemann surfaces on the free loop space of a manifold, as it is envisioned
by string topology. This shows, that oco-inner-products provide a suitable setup for
an algebraic formulation, which captures the ideas from string topology.

The structure of the paper is outlined in the following table of contents.

Contents

1 A_-algebras 247
2 A_-bimodules 250
3 Morphisms of A.,-bimodules 258
4 oo-inner-products on A -algebras 261

Here are some general remarks on the notation in this paper. Let R denote a
commutative ring with unit. All the spaces (V, W, Z, A, M, N, ...) in this paper
are always understood to be graded modules V' = @,_, Vi over R, all maps will
always be understood as R-module maps, and all tensor products will always be
assumed over R. The degree of homogeneous elements v € V; is written as |v| := 4,
and the degree of maps ¢ : V; — W is written as |¢| := j — 4. All tensor-products
of maps and their compositions are understood in a graded way:

(p @ ¥)(v@w) = (- (p0) ® (B(w)),

(p@)o(x®o) = ()X (pox)® (Woo).

All objects a;, v;,... are assumed to be elements in A, V,... respectively, if not stated
otherwise.

It will be necessary to look at elements of V®' ® V®i. In order to distin-
guish between the tensor-product in V®' and the one between V® and V®7J,
it is convenient to write the first one as a tuple (vq,..,v;) € V® and then
(V1,05 03) @ (V1 ..., 05) € V& @ Vi The total degree of (v1,...,v;) € V& is given
by (V1,0 09)] == 325y vl

Frequently there will be sums of the form Y7 (v1,...,0;) ® (Vi41,...,vy). Here
the convention will be used that for ¢ = 0, one has the term 1 ® (vy, ..., v,) and for
i = n the term in the sum is (vy, ..., v,)®1, with 1 = 17y € T'V. Similarly for terms
Zfzo(vl, iy U) @ (Uit 1y +ovy Vg, W,y Vi1, -, Uy ) the expression for ¢ = k is understood
as (vla ey Uk) ® (U), Vk41y 00y vn)'
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1. A_-algebras

We first review the definition of A,-algebras that are used in the discussion of
this paper.

Definition 1.1. A coalgebra (C,A) over a ring R consists of an R-module C' and
a comultiplication A : C'— C ® C' of degree 0 satisfying coassociativity:

C A

cel

A A®id

Then a coderivation on C' is a map f : C — C such that

C—2-CecC
f fRid+id® f

CTC@C

Definition 1.2. Let V = jez Vi be a graded module over a given ground ring
R. The tensor-coalgebra of V' over the ring R is given by

TV = PV,

>0
ATV -TVRTV, A(vy,...,v,) = Z(Ul’ ey U7) @ (Vig1y eeny Up )
i=0
Let A = P ez Aj be a graded module over the given ground ring R. Define its
suspension sA to be the graded module sA = P, c,(sA); with (sA); = A;_1.
The suspension map s: A — sA, s: a+— sa:= a is an isomorphism of degree +1.
Now the bar complex of A is given by BA := T(sA).

An A -algebra on A is given by a coderivation D on BA of degree —1 such
that D? = 0.

The tensor-coalgebra has the property to lift every module map f: TV — V to
a coalgebra-map F : TV — TV:

TV

/

TV?V

projection

A similar property for coderivations on TV will lead to give an alternative descrip-
tion of A.-algebras.
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Lemma 1.3. (a) Let o: V®"® — V, withn > 0, be a map of degree |o|, which can
be viewed as o : TV — V by letting its only non-zero component being given by
the original o on V®™. Then o lifts uniquely to a coderivation ¢ : TV — TV

with
TV
TV —(>V
by taking

0(vi,.yvg) =0, fork <n,

Z(—l)lgl‘(‘vl‘+"'+|””)(v1, ey OV 1, oy Vi) s ooy Uk )
=0

)
—~
<

=
<

&

~—
|

for k > n.
Thus, ¢ |yer: VO — YOkt
(b) There is a one-to-one correspondence between coderivations o : TV — TV

and systems of maps {o; : V& — V}iso, given by o = Zz;o 0i-

Proof. (a) Denote by @ the component of § mapping TV — V®I. Then
o', ..., 0™ ! uniquely determine the component §™, using the coderivation

property of g.

A(6(v1s ey vr)) = (8@ id + id @ B)(A(vr, ., v1)

k
Z 0(V1, ey U5) @ (Vig1y ees Vi)
i=0

+(=pylettoaltetob (g 0) @ 6(vigts e vk)-
Projecting both sides to V€' @ V® c TV @ TV, with i + j = m, yields

A(@m(vl, ...,Uk))|v®i®v®j = @i(’Ul, . Uk_j) X (Uk—j—i-ly ...,Uk)
+ (_1)'@"(|Ul‘+~--+|vi‘)(U17 oy 03) @ & (Vg1 ooey Vi)
For m =i = 1 and j = 0, this shows that 3° = 0. §' = o by the condition
of the Lemma, and for m > 2, choosing i = m — 1, j = 1 uniquely deter-

mines 0" by lower components. Thus, an induction shows, that g™ is only
nonzero on V® for k = m + n — 1, where §™(vy,..., Upmin_1) is given by

S (=) lel (ol 10D (9 0 (0341, ey Vi) oo Vngm—1)-
(b) The map

a:{{o:: Ve, V}iso} — Coder(TV), {o:: Ve, V}iso — Z 0i

i>0
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is well defined. Its inverse 3 is given by 3 : o — {pry oo|yei};>0, because the
explicit lifting property of (a) shows that 5o« = id, and the uniqueness part
of (a) shows that a o § = id.

O

Application to Definition 1.2 gives the following

Proposition 1.4. Let (A, D) be an Ax-algebra, and let D be given by a system
of maps {D; : sA®" — sA};>1, with Dy = 0. Let m; : A®® — A be given by
D; = som;o (s7H)®'. Then the condition D* = 0 is equivalent to the following
system of equations:

mq(mq(ay

)
m1(ma(a1, az)) — ma(ma(ar), az) — (—1)1*Ima (a1, mi(az)
)

k k—it1
Z Z (—1)5 . mk,Hl(al, ...7mi(aj, ...,aj+i,1)7 ...,ak) = 0,
i=1 35=0
Jj—1
where e =i-Y |a|+ (G —1) - (i+1)+k—i
=1

Proof. This follows from Lemma 1.3 after a careful check of the involved signs. O

Example 1.5. Any differential graded algebra (A, 9, u) gives an A -algebra-struc-
ture on A by taking m; := 0, mg := p and my, := 0 for k£ > 3. The equations from
Proposition 1.4 are the defining conditions of a differential graded algebra:

0%(a) =0,
da-b)=d(a) b+ (=1)a- ),
(a-b)-c=a-(b-c).

There are no higher equations.

Definition 1.6. Let (A4, D) be an A -algebra. The Hochschild-cochain-complex
of A is defined to be the space C*(A) := CoDer(BA, BA) of coderivations on BA
with the differential § : C*(A) — C*(A) given by §(f) := [D, f] = Do f —(=1)l/I fo
D. We have §2 = 0, because with D of degree —1 and D? = 0, it follows that
2(f)=[D,Dof—(-1)lfoD]=DoDof—(-1)fIDofoD—(-=1)lf*1Do fo
D+ (-1)/HIf+1 o Do D = 0.
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2. A_-bimodules

Let (A, D) be an A-algebra. We now define the concept of an A,,-bimodule
over A, which was also considered in [GJ1] and [Ma]. This should be a generaliza-
tion of two facts. First, it is possible to define the Hochschild-cochain-complex for
any algebra with values in a bimodule, which we would also like to do in the A
case. Second, any algebra is a bimodule over itself by left- and right-multiplication,
which should also hold in the A, case. The following space and map are important
ingredients.

Definition 2.1. For modules V and W over R, we define

™V:=Re P Veweve

k20,120
Furthermore, let

AV TV S (Vv eTVV)e (TVV @ TV),
k
AW(’Ul, ey Uk, Wy Vg1 -0y Uk_H) = Z(Ul, veey Ui) X (1}7;4_17 ey W, ...,Un)
=0
k+1
+ Z(Uh ey W,y "'7U’i) ® (Ui-‘rla T Uk-‘rl)'
i=k

Again for modules A and M let BM A be given by T s A, where s is the suspension
from Definition 1.2.

Observe that 7"V is not a coalgebra, but rather a bi-comodule over TV. We
need the definition of a coderivation from TV to TWV.

Definition 2.2. A coderivation from TV to T"V isamap f: TV — T"V so
that the following diagram commutes:

TV 2 - TV TV

f id® f+f@id

™V —/ IV ™V)® (TVV @TV)

For modules A and M let C*(A, M) := CoDer(BA, BM A) be the space of coderiva-
tions in the above sense, called the Hochschild-cochain-complex of A with
values in M.

Lemma 2.3. (a) Let 9: VO — W be a map of degree |o|, which can be viewed
as a map o : TV — W by letting its only non-zero component being given by
the original o on V®™. Then o lifts uniquely to a coderivation ¢ : TV — TWV
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with
™V
TV —(> W
by taking

o0(vi,.yvg) =0, fork <n,

0(v1y .y vg) i= Z(—l)lgl'(‘“l""“"H”’")(vl7 ey O(Vig 1y ooy Uik )y ees Uk ),
i=0

for k > n.

Thus ¢ lyer: VEF = @, , V'@ W @ V.

(b) There is a one-to-one correspondence between coderivations o : TV — TWV
and systems of maps {0; : V¥ — W}iso, given by o = > is00i-

Proof. (a) The proof is similar to the one of Lemma 1.3 (a). Let ¢’ be the com-
ponent of ¢ mapping TV — @ VO W @ V®s and ! the component
TV — R. The equation

r+s=j
AV (5(v1, .y vp)) = (6 @ id + id @ 3)(A(vy, ..., vx))

k
= Z @(’Ul, ~~->Ui) (24 (vi+17 ...,’Uk)

i=0
+(_1)‘§“(|U1|+4--+|Uz‘|)(Ul’ oy 0) @ 0(Vig1,s ey V)

projected to R®TV shows that 9~ = 0. §° = o is uniquely determined by the
statement of the Lemma, and projecting for fixed i+ j = m, to the component

P verewe V) eV + V¥ e B (Ve W e V)

r+s=1 r+s=1

cTYVeTV+TVeT"VV,

shows that AW(ém (Ul, ceey 'Uk-))|®T+S:i(vr®w®vs)®vj+vj®® 7‘+S:i(‘/’7‘@‘}[]@‘/3) is
given by

8 (V1 o Ok =)@ (k15 oy 03 F (= 1) Wl 0D (0, 0 ) @0 (040, 0y 0).

For m > 1, choosing ¢ = m — 1, j = 1 uniquely determines ¢ by lower
components. Thus, an induction shows, that §™ is only nonzero on V& for
k= m+4n—1, where g™ (v1, ..., U yn_1) is given by S 1 (—1)lel (oal+ vl
(V15 00y O(Vig 15 -0y Vigm)s ooy Vmgm—1)-
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(b) Then maps
a:{{o: V¥ - W}iso} — Coder(TV, TWV), {0;: V¥ — W}iso — Z 0i

i>0

B : Coder(TV, TWV) — {{o; : V¥ — Whiso}, 0 — {prw oglyei}iso

are inverse to each other by (a).

We put a differential on C*(A, M), similar to the one from section 1.

Proposition 2.4. Let (A, D) be an A-algebra and M be a graded module. Let
DM . BMA — BMA be a map of degree —1. Then the induced map

M . CoDer(BA, BM A) — CoDer(BA, BM A) ,

given by M (f) := DM o f — (=1)I fo D, is well-defined, (i.e. it maps coderivations
to coderivations,) if and only if the following diagram commutes:

BMA 2+ (BA@ BMA) @ (BMA® BA)

DM (id® DM + D@id)® (DM @id+id@D) (2.1)

BMA —5 (BA® BYA) & (BYA® BA)
Proof. Let f: BA — BM A be a coderivation. Then, 6™ (f) is a coderivation, if

(id @ M (f) + M (f) @ id) o A = AM 0 M (f), i.e.
(id® (DM o f) — (~1)flid @ (f o D) + (DM o f) @ id — (~1)I(f o D) @ id) 0 A
=AMoDMo f— (—=1)IAM o f o D.
Using the coderivation property for f and D, we get
AMofoD=(id® f)oAoD+ (f®id)oAoD
=(id@(foD)+(-O)D& f+ f@D+ (foD)id) oA,
so that the requirement for §™ (f) being a coderivation reduces to
AMoDMo f=(id@ (DMof)+ (DY o f)®id+ D f+ (—)/f@D)oA
=(id®@ DM + D®id)o (id® f) o A
+(DM ®id+id® D)o (f ®id) o A
=(d@ DM+ D®id)o AMo f+ (DM ®id+id® D)o AMo f.
Thus, we get the following condition for DM
AMoDMo f=(id@ DM + D®id+ DM @id+id® D)o AM o f

for all coderivations f : TA — T™ A. With Lemma 2.3 this condition reduces to
AM o DM = (id® DM + D ® id+ DM ®id +id ® D) o AM | which is the claim. O
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We can describe DM by a system of maps.

Lemma 2.5. (a) Let V be a module, and let 1 be a coderivation on TV with
associated system of maps {¢; : VE" — V};>1 from Lemma 1.3. Then any map
0:TVV — W given by 0 = 3150150 Okt With g1 : VEF @ W @ VO — W,
lifts uniquely to a map o : TVV — TWV

™V
projection
™y —=Ww
which makes the following diagram commute

w
Wy 2 TV TVV) e (TVV & TV)
3 (id®5+¥®Rid)®(sRid+idey)  (2.2)

™YV — (TVe T™"V)e (TVV @ TV)

This map is given

@(’Uh vy Uy Wy Vg 1y «0ey Uk-‘rl)

+

k k—itl .
N J—
::Z Z (_1)‘w1‘ZT:1 |UT|(U15"'7¢i(vj7"'7vi+j—1)7"'7w7"'7vk+l)
i=1 j=1
kol .
+ZZ(—1)‘Q”|ZT:‘ lv'”l(vl»~-~,Qi,j(vk4+17-~-7wa~~avk+j),-~,Uk+l)
i=0 j=0
1 l—it+1

) ktj—1
(—1)‘w"(|w|+z’“:1 ‘UTD(’Ul, W, ...,wi(vk+j, "-7vk+i+j—1)7 ~--7'Uk+l)~
K3

Il
_
<.

Il
_

(Notice that the condition of diagram (2.2) is not linear.)

(b) There is a one-to-one correspondence between maps o : TV — TWV that
make diagram (2.2) commute and maps 0 =) ox,; from (a), given by o = p.

Proof. (a) As in the Lemmas 1.3 and 2.3, we denote by ¢’, j > 0, the component
of ¢ mapping TV — Drvi—; VO @ W @ V@ and by 6! the component

TWV — R. 47, for j > 1, denotes the component of 1) mapping TV — V&7,
Then §™ is uniquely determined by g°, ..., ™ L.

AW(§<U17 vy Uy Wy Vg 1y «0ey Uk+l))

= (Zd@ §+7/} & Zd+ §® Zd+ Zd@ w)(AW(Ula ceny Uy Wy Vg1, "'7vk+l))
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k
= (=Dl vl oy 0i) @ 6(Vigs W, e V)
=0

k
+ Zw(vl, ...,UZ‘) & (Ui+1, e W, ~-~7'Uk+l)
=0

k+1
+ Z O0(V1, ey W,y ey V) @ (Vi1 ey Vkpl)
i=k

kit _
+ Z(—l)w‘(lwl"'zz“:l |”T|)(v1, ooy Wy ey V) @ Y(Vig 1y ooy Ukl
i=k

Projecting both sides to R® TV shows that 5! = 0, and projecting for fixed
i+ j = m, to the component

Ve P VEeweVe)+ @ (VEeW e V) Ve
r4+s=i r4+s=i

cTVVeTV+TVeTVYV,
shows that

AW (@™ (01, 0y W, s 01))|VOia@,, _ (VErGWRVEN LD, . (VEraWRY s )@V e

is given by

F(01, 00 07) B8 (V15 e W, ey V) HU7 (V1 ooy V1) @ (Ve — i 15 ooy W, vy Vot
0 (V15 ey W, ooy U ) @ (Vkt 1 15 ooy V) (V1 ey W, 03) @Y (Vi1 ey Vst

b w7
For m > 1, choosing ¢ = m — 1, j = 1 uniquely determines ¢™ by lower
components, and the ¢7’s. Thus, an induction shows the claim of the Lemma.

(b) Let X :={o:T"V — TWV | 0 makes diagram (2.2) commute}. Then
a:{0:TVV - W} — X, 0 5,
B:X = {0:TVV = W}o—prwoo

are inverse to each other by (a).
O

Definition 2.6. Let (A, D) be an A,-algebra. Then an A ,.-bimodule (M, DM)
consists of a graded module M together with a map DM : BMA — BMA of
degree —1, which makes the diagram (2.1) of Proposition 2.4 commute, and satisfies
(DM)2 = 0.

By Proposition 2.4, we may put the differential " : CoDer(TA,TMA) —
CoDer(TA,TMA), 6(f) == DM o f — (=1)//If o D on the Hochschild-cochain-
complex. It satisfies ()2 = 0, because with (DM)2 = 0, we get (6™)2(f) =
DMopMof—(-1)FIDMo foD—(—1)/H1DMo fo D4 (—1)fIHIfI+1 fo Do D = 0.

The definition of an A,.-bimodule was already stated in [GJ1] section 3 and also
in [Ma].
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Proposition 2.7. Let (A, D) be an A -algebra, and let {m; : A®" — A};>1 be the
system of maps associated to D by Proposition 1.4, with mg = 0. Let (M, DM) be
an Aso-bimodule over A, and let {Dy} : sA®F @ sM @ sA®' — sM}10130 be the
system of maps associated to DM by Lemma 2.5 (b). Let by, : A®*@ M @ A% — M
be the induced maps by DYy = soby o (s 1)FHHL Then the condition (DM)? =0
is equivalent to the following system of equations:

bo,0(bo,0(m)) = 0,
bo.0(bo.1(m, a1)) = bo.1(boo(m),a1) — (=1)™bg 1 (m, m1(ar)) =0,
bo.o(bro(ar, m)) — by o(ma(ar),m) — (—=1)1lby g(ar,bo.0(m)) = 0,

bo,0(b1,1(a1,m,az)) — bo1(b1,0(a1,m),az) + by o(ar,bo,1(m,az))
+b1.1(ma(ar), m, as) + (—1)\by 1 (a1, bo o(m), as)
+(=D)lalFmlp, 3 (ay,m, my (az)) = 0,
k k—itl
Z Fbk—it1,0(A15 ooy M (A ooy Qi 1) ey M ey Ayl
=1 j—=1
ko1
+ZZ:|:bk,iyl,j(a1,...,biyj(ak,iH?...7m,...7ak+j),...,ak+l)
1=0 j=0
1 l—it1
—I—Z ibk,l—i+1(a'l7 e, m, ...,mi(ak+j, ...,ak+i+j_1), ...,ak_H) =0
=1 j5=1

where the signs are analogous to the ones in Proposition 1.4.

Proof. The result follows from Lemma 2.5, after rewriting D,i”l and D; by by, and
mj. O

Example 2.8. With this, Example 1.5 may be extended in the following way. Let
(A,0, 1) be a differential graded algebra with the A..-algebra-structure m, := 0,
mg := p and my := 0 for k > 3. Let (M, 9’, A, p) be a differential graded bimodule
over A, where A : AQM — M and p: M®A — M denote the left- and right-action,
respectively. Then, M is an A, -bimodule over A by taking by := &', b1 := A,
bo,1 := p and by := 0 for k41 > 1. The equations of Proposition 2.7 are the defining
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conditions for a differential bialgebra over A:

(9)*(m) =0,

d'(m.a) = m.0(a) + (=)™ (m).a,
d'(a.m) = d(a).m + (=1)\a.8' (m),
(a.m).b = a.(m.b),

(m.a).b =m.(a-b),

a.(b.m) = (a-b).m

There are no higher equations.
For later purposes it is convenient to have the following

Lemma 2.9. Given an A-algebra (A, D) and an A.-bimodule (M, D), with
system of maps {by; : A°F* @ M @ A®! — M}y>o0.150 from Proposition 2.7, then
the dual space M* := Hompgr(M, R) has a canonical A -bimodule-structure given
by maps {bl, ; : A®* @ M* @ A®" — M*}1>0130,

( 27l(a1, ey Uy M A1y ooy Akgl) ) (M) 1= (= 1)m™ (b g (kg 1y oy Qlotl, My A1y eeey Q)

where € := (|a1]| + ... + |ag|) - (Jm*| + |agg1| + .. + |agi| +|m|) +|m*| - (K +1+1).

Proof. To see, that (DM*)2 = 0, we can use the criterion from Proposition 2.7. The
top and the bottom term in the general sum of Proposition 2.7 convert to

(Ot (@r, oymilay, ..y @ipj1), ..., m®, .., apqq)) (m)

= :I:m*(bl7k_i+1(ak+1, ey A4, M, A7 -, mi(aj, ...,ai+j_1), ...,ak)), and

(O 1—i1 (@1, ooy ™ sk ooy i1, ey Q1)) (1)

= im*(bl,i+1)k<ak+1, "'7mi(a/k+j7 "'7ak+7ﬁ+j71)a ey A1, MM, AT, oe ey ak))'

These terms come from the A,-bimodule-structure of M. Similar arguments apply
to the middle term:

(Oh—ig— (@1, oo Uf j(@h—ig1s ooy M55 sy Qg )y ooy Ggg) ) (M)
= i(b;’j(ak,iﬂ, ey, ak+j))<bl7j’k7i(a/k+j+17 ey Qg [, M, ATy oy ak,i))
=+m* (iji(ak_;,_l, ceey QRt-j s bl_j7k_i(ak+j+1, vy Ay, My A7y -y ak_i), A —j+1 -5 ak)).
The sum from Proposition 2.7 for the A ,,-bimodule M* contains exactly the terms

of m* applied the the sum for the A .-bimodule M. A thorough check identifies the
signs. O
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3. Morphisms of A_-bimodules

Let (M, DM) and (N, DY) be two A.-bimodules over the A ,,-algebra (A, D). We
next define the notion of A,-bimodule-map between (M, DM) and (N, D). Again
a motivation is to have an induced map of their Hochschild-cochain-complexes.

Proposition 3.1. Let V, W and Z be modules, and let F be a map F : TVV —
T?V. Then the induced map F* : CoDer(TV,TWV) — CoDer(TV,T?V), given
by F4(f) := F o f, is well-defined, (i.e. it maps coderivations to coderivations,) if
and only if the following diagram commutes:

w
™"y S (Ve TVV) e (TVV & TV)

F (id® F)®(F®id) (3.1)

TZYy = (Ve T?V)® (T?V @ TV)

Proof. If both f: TV — TWV and Fo f: TV — T?V are coderivations, then the
top diagram and the overall diagram below commute.

TV 2 - TV QTV

f (id® f)+(f®id)

Y Y

w
WY A TV e T"V)e (TVV & TV)

F (1dRF)®(F®id)

Y Y

T?v G (TV@T?V)® (T?V @ TV)

Therefore, the lower diagram has to commute if applied to any element in Im(f) C
TWV. By Lemma 2.3 there are enough coderivations to imply the claim. O

Again let us describe F' by a system of maps.

Lemma 3.2. (a) Let V, W and Z be modules, and let o : V¥ @ W @ V& — Z
be a map, which may be viewed as a map o : TV'V — Z whose only nonzero
component is the original o on V* @ W @ VO, Then o lifts uniquely to a
map 6:TVV — T?V

TV

/

™V —> Z

projection
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which makes the diagram (3.1) in Proposition 3.1 commute. ¢ is given by

O(V1y ooy Upy Wy Vg1 ooy Upges) =0, forr <k ors <l

é(vh”'a/l)’r‘yw7v'r‘+17"'7v7‘+s)
r—k .
= (=)= 10 (0 0(Up— g1y ooy W, ey U)oy Urs )
forr >k and s > 1.
Thus é ‘V®T‘®W®V®S: V®T ® 1% ® V®3 N V®7"—]€ ® A ® V@s—l.

(b) There is a one-to-one correspondence between maps o : TVV — TZV mak-
ing diagram (3.1) commute and systems of maps {0, : VEF @ W @ V& —
Z} k20,120, given by o =3 4o 50 Ok.l-

Proof. (a) Denote by ¢’ the component of ¢ mapping TWV — @, ..V ®

Z @ V® and 5! the component TWV — R. Then, §°,...,5™ ! uniquely
determine the component ™.

Az(é(vlv cory Upy W, Up g1, ~~7vr+s))

= (Zd ® é + é Y Zd)(AW(vla ooy Upy W, Up g1, "'7UT+S))

T
= Z(—l)‘é‘ Tim |”‘|(v1, iy U3) @ 0(Vig1y eeey Wy vty Upges)
i=0

r+s
+ Z 0(V1y ey Wy ooy 0;) @ (Vi 1y ooy Upges )
i=r

Projecting both sides to R ® TV shows that 5—! = 0, and projecting for fixed
1+ J = m, to the component

Ve g @ (V®T ®RZ& V®s) + @ (V®r ®ZRV®)® V®i
r+s=1i r+s=1

CT?VQTV+TV®T?V,

yields for

7 [~
AZ (0" (v1, W, e, UrJrs))‘V®j®@,,+S:i(V®T®Z®V®S)+@7,+S:i(V®T®Z®V®S)®V®i
the expression
(1, 05) ® @i(v]url, ey Wy eey Upges ) + & (v1,..,w, ... Vpgs—5) @ (Urgs—jt1y oy Urgs)-

For m > 1, choosing i = m — 1, j = 1 uniquely determines ¢™ by lower
components. Therefore, an induction shows that ¢™ is only nonzero on V®" ®
W @V® withr —k+s—1=m, where 0" (v1, ..., Up, W, Vi1, ..., Uyt s) 1S given

r—k .
by (71)‘9‘ Limt |vl‘(vla ceey Q(Ur—k—i-la ey W, "'avT—H)a "'7UT‘+S)'
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(b) Let X :={o: T"V — T?V | o makes diagram (3.1) commute}. Then
(672 {{Qk,l . V®k (%9 W & V®l — Z}k)O,l)O} — X,
{ok1 : VEF@W @ V® = Z}is0u50 — Z Ok 1
k0,120
B:X — {{ok,: Ve oW o Vel — Z} k00301
g = {PTZ o U|v®k®w®v®l}k>o,l>o

are inverse to each other by (a).

We may apply this to the Hochschild-complex.

Definition 3.3. Let (M, D) and (N, DY) be two A,-bimodules over the A -
algebra (A, D). Then a map F : BMA — BNA of degree 0 is called an A -
bimodule-map, if F' makes the diagram

M
BMA 2~ (BA® BMA)& (BMA® BA)

F (1dQF)®(FQid)

BNA —(5~ (BA® BNA) @ (BN A® BA)

commute, and in addition F o DM = DN o F.

By Proposition 3.1, every A.-bimodule-map induces a map F* : f — Fo f
between the Hochschild-complexes, which preserves the differentials, since (F* o
MY(f)=F{DMof+(-1)flfoD)y=FoDMof+ (-1)fIFofoD=DNoFo
f+(DUIFo foD=6N(Fof)= (6N o F)(f).

Proposition 3.4. Let (A, D) be an Ay -algebra with system of maps {m; : A®" —
A}i>1 from Proposition 1.4 associated to D, where mg = 0. Let (M,DM) and
(N, DN) be Aoo-bimodules over A with systems of maps {bx; : A®* @ M ® A®! —
M}es0.50 and {ck; : A% @ N ® A®! — N}y>0.50 from Proposition 2.7 associated
to DM and DV respectively. Let F : TM A — TN A be an A -bimodule-map between
M and N, and let {Fy; : sA®* @ sM @ sA®" — sN}i>0.50 be a system of maps
associated to F' by Lemma 3.2 (b). Rewrite the maps Fy; by fr; : AS* @M @ A®! —
N by using the suspension map: Fy; = s o fr; 0 (s™H)EkHFL Then the condition
Fo DM = DN o F is equivalent to the following system of equations:

fo,0(bo,0(m)) = co,0(fo,0(m)),

foo(bo,1(m,a)) = fo1(boo(m),a) — (=1)I™ fo 1(m,m1(a))
= ¢0,0(fo,1(m,a)) + co.1(fo,o(m),a),

foo(br0(a,m)) = fio(mi(a),m) — (_1)‘a‘f1,0(a’ bo,o(m))
= ¢0,0(f1,0(a,m)) + c1,0(a, fo,0(m)),
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k—i+1
DD (D frit1,0(a1, e (@5 oy Qi) ooy Ty oy A1)
=1 =1

ko ktHl—j+2

YD (D fikrri (@, e byt k2(@g e My e G 1), e Gy
G=1i=k—j+2
| kti—it2

YD (D it (@, ey My o (a5, oy Qi) ooy Gttt 1)

i=1 j=k+2
k41 k+l—j+2 ,
=3 D> (D) ehrrimimg+3(a1, oy frmgr i —k—2(ag, ey My ey @i —1), ey Gt
J=1i=k—j+2
In order to simplify notation, it is assume that in (ai,...,ak11+1) above, only the
first k and the last | elements are elements of A and apy1 =m € M. Then the signs
are given by

J—1
e=i-» la|+(G—1)-(+1)+k+1+1)—i
r=1

j—1
and ¢ = (i—|—1)-(j—|—1+2\ar|).
r=1

Proof. The formula follows immediately from the explicit lifting properties in Lemma
2.5 (a) and Lemma 3.2 (a). O

Example 3.5. Examples 1.5 and 2.8 can be extended in the following way. Let
(4,0, 1) be a differential graded algebra with the A,-algebra-structure m, := 0,
mg := g and my, := 0 for k > 3. Let (M,0M AM pM) and (N,0V, AN, pN) be
differential graded bimodules over A, with the A-bialgebra-structures given by
bo,o = 8M, 5170 = )\M, b071 = pI\/[ and bk,l =0 for k+1 > 1, and Co,0 = (9N,
cl0 == AN e = pV and ¢y = 0 for £ +1 > 1. Finally, let f : M — N be
a bialgebra map of degree 0. Then f becomes a map of A.-bialgebras by taking
foo := fand fr; := 0 for K+ > 0. The equations from Proposition 3.4 are the
defining conditions of a differential bialgebra map from M to N:

J00M(m) =" o f(m)
f(m.a) = f(m).a
Flam) = a.f(m)

There are no higher equations.

4. oo-inner-products on A -algebras

There are canonical A -bialgebra-structures on a given A ,-algebra A and on
its dual space A*. We will define oo-inner products as A-bialgebra-maps from A
to A*.
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Lemma 4.1. Let (A, D) be an Ax-algebra., and let D be given by the system of
maps {m; : A®* — A};>1 from Proposition 1.4.
(a) There is a canonical As-bimodule-structure on A given by by : A% @ A ®
APt — A by o= M-
(b) There is a canonical As-bimodule-structure on A* given by by : ARk @ A* ®
A®L A*,

(bk,l(ala ceny Oy a*7a/k+17 "'7ak+l>)(a)
= a" (Mpri+1 (kg1 ooy Qkt1, Ay A1, ...y QL) )y

with the signs from Lemma 2.9.

Proof. (a) The A-bialgebra extension described in Lemma 2.5 (a) becomes the
extension by coderivation described in Lemma 1.3 (a). Equations of Proposi-
tion 2.7 become the equations of Proposition 1.4 and the diagram (2.1) from
Proposition 2.4 becomes the usual coderivation diagram for D.

(b) This follows from (a) and Lemma 2.9.
O

Example 4.2. For a differential algebra (A, 9, i), the above A .-bialgebra structure
on A is exactly the bialgebra structure given by left- and right-multiplication, since
bio(a®b) =ma(a®b)=a-band by1(a®b) =ma(a®b) =a-b, for a,b e A.

Similarly the A, -bialgebra structure on A* is given by right- and left-multiplica-
tion in the arguments: b1 o(a®b*)(c) = b*(ma(c®a)) = b*(c-a) and by 1 (a* ®b)(c) =
a*(ma(b®c)) =a*(b-c), for a,b,c € A, and a*,b* € A*.

Definition 4.3. Let (A, D) be an A-algebra. Then, we call any A.-bimodule-
map F from A to A* an co-inner-product on A.

Proposition 4.4. Let (A, D) be an Ax-algebra. Then, specifying an co-inner prod-
uct on A is equivalent to specifying a system of inner-products on A, {< .,.,... >p1:
A®RHH2 s RY S 050 which satisfy the following relations:

k42 -
E (—1)27‘:1 las] < A1y ooy 0(05), ooy Qlogi42 >k i= E + <aj, . mj(@n, ), >rs,
i=1 ij,n

where in the sum on the right side, there is exactly one multiplication m; (j > 2)

inside the inner-product < ... >, and this sum is taken over all i, j, n subject to

the following conditions:

(i) The cyclic order of the (a1, ..., agyi+2) is preserved.

(1) akyiv2 is always in the last slot of < ... >, .

(111) apqi42 could be inside some m;. By (i), this is only the case, when the first
argument in the inner product is a; # a1, as for example in the expression
< gy, M (A ooy Qb1 42, Q4 ooy G—1) >y for > 1.

(iv) The special arguments axy1 and axyi4+2 are never multiplied by m; at the same
time.
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(v) The numbers r and s are uniquely determined by the position of the element
ag41 i the inner-product < ... >, ;. More precisely, axy1 s in (r +1)-th spot
of < ... >y s, and s is determined by the inner product < ... >, s having r+s+2
arguments.

A graphical representation of the above conditions is given in Definition 4.5 and
Example 4.6 below.

Proof. We use the description from Proposition 3.4 for A,,-bimodule-maps. An
A -bimodule-map from A to A* is given by maps fi; : A®* ® A ® A®! — A* for
k, 1> 0. These are interpreted as maps A®* @ A® A®* @ A — R, which we denoted
by the inner-product-symbol < ... > ;:

<A1y ey Appig1, @ >p = (_1)|a/‘(fk,l(a17 vy Qlgi41)) (a))

The A, .-bimodule-map condition from Proposition 3.4 becomes

>t fealnmi(), o, )+ fia(enbig (), )
Y fraCon e mi()s ) = > Eer (o fralona, ) ). (41)

Here a € A is the (k + 1)-th entry of an element in A®* ® A® A%®! so that it comes
from the A, -bimodule A, instead of the A, -algebra A.

Now, by Lemma 4.1 (a), b; j; = m;4 ;41 is one of the multiplications from the A -
structure, and therefore the left side of the equation is f;; applied to all possible
multiplications m;. As fi; maps into A*, we may apply the left hand side of (4.1)
to an element o’ € A and use the notation < ... >

> (el mi(n), @) =Yk < omi(n), e >k (4.2)

Next, use Lemma 4.1 (b) to rewrite the right hand side of (4.1):

Z :I:(cm»(al, ceey fk,l(m7 a, ), ...,akHH))(a’) (43)

= E(frilo @y o)) (M (oo arpr41,d s a1, )
= Zi <oy g ooy M (g Qpegig1, @, ) >gy

Equations (4.2) and (4.3) show that we take a sum over all possibilities of applying
one multiplication to the arguments of the inner-product subject to the conditions
(i)-(iv). This is the statement of the Proposition, after isolating the d-terms on the
left. For condition (v), notice that the extensions of D and D# from Lemma 1.3
(a) and Lemma 2.5 (a) record the special entry a in the A -bimodule A. Thus, the
A -bimodule element a determines the index k, and [ is determined by the number
of arguments of < ... > ;.

An explicit check shows the correctness of the signs. O

There is a diagrammatic way of picturing Proposition 4.4.
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Definition 4.5. Let (A4, D) be an A -algebra with co-inner-product {< ., .,... >
A®FHIFZ 5 RY>01>0. To the inner-product < ... >, we associate the symbol
kK ... 21
k+1 k+1+4+2
k+2 7 k+1+4+1

More generally, to any inner-product which has (possibly iterated) multiplications
ma, M3, My, ... (but without differential 9 = m;), such as

< gy MG () ooy M (s Mg ()5 o), oo >kt
we associate a diagram like above, by the following rules:

(i) To every multiplication m;, associate a tree with j inputs and one output.

\%

The symbol for the multiplication may also occur in a rotated way.

(ii) To the inner product < ... >, 5, associate the open circle:

r ... 21
r+1 \‘/r-ﬁ-s—l—Q
r+2 77 r+s+1

There are r elements attached at the top of the circle, and s elements at the
bottom of the circle, and the two (special) inputs (r + 1) and (r + s + 2) are
attached on the left and right. This gives a total of r + s + 2 inputs.

(iii) The inputs a;, fori = 1,...,r+s+2, will be attached counterclockwise, where
the last element a,sy2 is in the far right slot. For the multiplications m; of
the graph, we use the counterclockwise orientation of the plane to find the
correct order of the arguments a; in m;.
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We call these diagrams inner-product-diagrams.

Example 4.6. Let a,b,c,d, e, f,g,h,i,5,k € A.

o <ab,e,d>ap, (deg=2):

b a
c \/ d

N

o I a7ba Cvdvea fagvhai >3747 (deg = 7)

cba

\/

o < mgy(ma(b,c),ma(d,e)), ma(f,a) >o0,0, (deg =0):

b a
C%—@lf
d
e

o <a,b,ms(c,d,ma(e, f)), g, ma(h,i)) >12, (deg = 4):

a

{\\

265
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o Jg, mQ(da 6),m2(m2(f, g)ah)7i7m4(j7k7aab) >2,17 (d@g = 5)

f e d ¢ b

Definition 4.7. We define a chain-complex associated to inner-product-diagrams.

We define the degree of the inner-product-diagram associated to < ... > ; with
multiplications m;, , ..., m;, to be k+1+ 377, (i; — 2). Examples are given in 4.6.
For n > 0, let C,, be the space generated by inner-product-diagrams of degree n.
Then let C := EBn>0 Ch.

As for the differential d on C, we use the composition with the operator d =
2, ®..®id®0®id® ... ®id, where 0 = m; is at the i-th spot:

(d(< ..om(ccym(..), )y >)) (a1, ...y as)

= (< ey (), )y )Y ()R O (ai), e )

i=1

Some remarks and interpretations of this expression are in order. First, consider
the inner-product < ... >3 ; without any multiplications. By Proposition 4.4, the
differential applies one multiplication into the inner-product-diagram in all possible
spots, such that the two lines on the far left and on the far right are not being
multiplied; compare Proposition 4.4 (iv).

In the case, that multiplications are applied to the inner-product, one can observe
from Proposition 1.3, that Y, m, 0 (id® ... 0 ® ... ® id) is given by the two terms

n—1

Zmno(id®...®3®...®id) = Z Zmn_H_ko(id®...®mk®...®id)+8omn. (4.4)
i k=2 1

The sum over ¢ on both sides of the above equation applies my to the i-th spot.
The first term on the right hand side of (4.4) transforms the multiplication m,, into
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a sum of all possible sompositions of m,,1_; and my:

mn —

The last term (4.4) is used for an inductive argument of the above. One gets a
term 9(my(...)) attached to the inner-product or possibly another multiplication,
that has arguments with 0 applied, so that the above discussion can be continued
inductively.

We conclude, that the differential applies exactly one multiplication in all possible
spots, without multiplying the given far left and far right inputs. Examples are given
in Example 4.8 below.

Itisd:C, — Cn_1, and d? = 0.

Proof. According to the definition of the degrees above, a multiplication m,, with n
inputs contributes by n — 2. Taking the differential applies one more multiplication
in all possible ways. If we attach m, to the diagram, then it replaces n arguments
with one argument in the higher level. Therefore,

new degree = (old degree) —n + 1+ (n — 2)
= (old degree) — 1.

We can prove d? = 0 in two ways:

e Algebraically:
The definition of d on the inner-products is given by composition with the
operator 0 = 2,1d® .. ®id®0J®id® ... ® id, where 0 is in the i-th spot.
Thus d? is composition with

= 4id®..000..000..0id=0.
0,J
This vanishes, since the sum has two terms, where d occurs at the i-th and the
j-th spot. This is obtained, by either first applying d to the i-th and then to
the j-th spot, or vice versa. These two possibilities cancel as 0 is of degree —1
and the first 0 either has to move over the second 0, by which an additional
minus sign is introduced, or not.

e Diagrammatically (without signs):
d applies one new multiplication to the inner-product-diagram, so that d?
applies two new multiplications. For two multiplications, we have the following
two possibilities.
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(i) In the first case, the multiplications are on different outputs.

The above figure shows that the final terms are obtained in two different
ways, which in fact cancel each other.

(ii) The other possibility is to have multiplications on the same output. Again,
these terms may be obtained in two ways that cancel each other:

[ i
[ e
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Example 4.8. Let a,b,c € A.

° k:(),l:() d(<a,b>0’0):0

d( @5 b )=0

o k=1,1=0:d(<a,bc>10)=<a-bc>p0Et<bc-a>gp
a a
a
d( b l c y= b & ~ ¢ * b . ‘ c

o k=0,l=1:d(<a,bc>01)=<a-bc>p0Et<ab-c>gp

d( @ ¢ )= a c 4+ a c

In the following three figures, where k + 1 = 2, the righthand side is understood to
be a sum over the five, or respectively six, inner-product-diagrams. Then, as d? = 0,
the terms may be arranged according to their boundaries. We obtain the polyhedra
associated to the inner-products < ... > ;. Following a suggestion by Jim Stasheft,
we propose to call these polyhedra ”pairahedra”.

e k=21=0:

N L A1/
TR VA
AVAN VA
Y
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e k=0,l=2:

Finally, we graph the polyhedra in the case k + [ = 3. In general, the polyhedron
associated to < ... >j; is isomorphic to the one from < ... >; ;. Furthermore, the
polyhedra for < ... >, g and < ... >( ,, are the ones known as Stashefl’s associahedra.

e The polyhedron for £ = 3,1 =0 and for k =0, = 3:

e The polyhedron for k =2,l =1 and for k=1, = 2:

i

<
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