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THE FUNCTORS W AND Diag oNerve
ARE SIMPLICIALLY HOMOTOPY EQUIVALENT

SEBASTIAN THOMAS

(communicated by Antonio Cegarra)

Abstract

Given a simplicial group G, there are two known classifying
simplicial set constructions, the Kan classifying simplicial set
WG and Diag NG, where N denotes the dimensionwise nerve.
They are known to be weakly homotopy equivalent. We will
show that WG is a strong simplicial deformation retract of
Diag NG. In particular, WG and Diag NG are simplicially ho-
motopy equivalent.

1. Introduction

We suppose given a simplicial group G. KAN introduced in [10] the Kan classi-
fying simplicial set WG. The functor W from simplicial groups to simplicial sets
is the right adjoint, and actually the homotopy inverse, to the Kan loop group
functor, which is a combinatorial analogue to the topological loop space functor.
Alternatively, dimensionwise application of the nerve functor for groups yields a
bisimplicial set NG, to which we can apply the diagonal functor to obtain a sim-
plicial set Diag NG. The latter construction is used for example by QUILLEN [7,
appendix Q.3] and JARDINE [9, p. 41].

It is well-known that these two variants WG and Diag NG for the classifying sim-
plicial set of G are weakly homotopy equivalent. Better still, the Kan classifying
functor W can be obtained as the composite of the nerve functor with the total
simplicial set functor Tot as introduced by ARTIN and MAzUR [1] (}); and CE-
GARRA and REMEDIOS [3] showed that already the total simplicial set functor and
the diagonal functor, applied to a bisimplicial set, yield weakly homotopy equivalent
results. Moreover, the model structures on the category of bisimplicial sets induced
by Tot resp. by Diag are related [4].

The aim of this article is to prove the following

Theorem. The Kan classifying simplicial set WG is a strong simplicial deforma-
tion retract of Diag NG. In particular, WG and Diag NG are simplicially homotopy
equivalent.
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IThis is not the total simplicial set as used by BOUSFIELD and FRIEDLANDER [2, appendix B, p.
118].
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This commutativity up to simplicial homotopy equivalence fits into the following
diagram.

associated

Kan (simplicial) complex ( complexes ) homology (abelian)
classifying sets of abelian groups groups

furitor A
w ;
total diagonal

simplicial simplicial simplicial total : . .
( grgups ) set set complex i approximation
Tot Diag :

associated associated
HENR double spectral :
bisimplicial complex 5 double sequence spectral
sets complexes > \sequences

By definition, the homology of a simplicial group is obtained by composition of the
functors in the upper row. The generalised Eilenberg-Zilber theorem (due to DOLD,
PuPPE and CARTIER [6, Satz 2.9]) states that the quadrangle in the middle of the
diagram commutes up to homotopy equivalence of complexes. The composition of
the functors in the lower row yields the Jardine spectral sequence [9, Lemma 4.1.3]
of G, which has Ezl),n_p = H,,_,(G,), and which converges to the homology of G.
Similarly for cohomology.

Conventions and notations
We use the following conventions and notations.

e The composite of morphisms X 4, Y and Y -+ Z is denoted by X ELN

The composite of functors C D and D % € is denoted by C GoF, ¢,

e If C is a category and X,Y € ObC are objects in C, we write ¢(X,Y) =
Mor¢(X,Y) for the set of morphisms between X and Y. Moreover, we denote
by (C,D) the functor category that has functors between C and D as objects
and natural transformations between these functors as morphisms.

e Given a functor I = C , we sometimes denote the image of a morphism ¢ 2, J
in I by X; X, X;. This applies in particular if I = A° or I = A°P x A°P.
e We use the notations N = {1,2,3,...} and Ng = NU {0}.

e Given integers a,b € Z, we write [a,b] := {z € Z | a < z < b} for the set
of integers lying between a and b. Moreover, we write [a,b] := (z € Z | a <
z < b) for the ascending interval and |a,b] = (z € Z | a > z > b) for the
descending interval. Whereas we formally deal with tuples, we use the element
notation, for example we write [[,cy 57 9i = 919293 and HieLS,lj Ji = 939291
or (gi)ie|3,1) = (93,92, 91) for group elements g1, go, g3.

e Given an index set I, families of groups (G;);er and (H;);e; and a family of
group homomorphisms (p;);er, where ¢;: G; — H; for all i € I, we denote the
direct product of the groups by X,c; G; and the direct product of the group
homomorphisms by Xcr it Xic; Gi — Xier Hi, (gi)ier = (gii)ier-
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2. Simplicial preliminaries

We recall some standard definitions, cf. for example [5], [8] or [11].

Simplicial objects

For n € Ny, we let [n] denote the category induced by the totally ordered set [0, n]
with the natural order, and we let A be the full subcategory in Cat defined by
Ob A :={[n] | n € No}.

The category of simplicial objects sC in a given category C is defined to be the
functor category (A°P,C). Moreover, the category of bisimplicial objects s*C in C is
defined to be (A°P x A°P (). The dual notion is that of the category csC := (A, C)
of cosimplicial objects in C.

.
Forn € N, k € [0,n], we let [n—1] 2, [n] be the injection that omits k € [0, n], and

for n € Ny, k € [0,n], we let [n+ 1] L [n] be the surjection that repeats k € [0, n].
The images of the morphisms & resp. o* under a simplicial object X in a given
category C are denoted by dj := Xs«, called the k-th face, for k € [0,n], n € N,
resp. s; = Xgr, called the k-th degeneracy, for k € [0,n], n € Ny. Similarly, in a
bisimplicial object X one defines horizontal and vertical faces resp. degeneracies,
dz = Xék,id’ d}; = Xid,é’“? S}l; = Xo‘k,id’ S}g = Xid,O'k'

We use the ascending and descending interval notation as introduced above for
composites of faces resp. degeneracies, that is, we write d|; ;) := d;d;j_1...d; resp.
Sfi,j] ‘= SiSi41---85.

The nerve
We suppose given a group G. The nerve of G is the simplicial set NG given by
N,,G = G*" for all n € Ny and by

(gj)jeLn—1,0J (NGG) = ( H gj)iel_m—l,OJ
jel(i+1)8—1,i]

for (g;)je(n-1,0] € NoG and 0 € a([m], [n]), where m,n € Ny.

Since the nerve construction is a functor Grp =X sSet, it can be applied dimen-

sionwise to a simplicial group. This yields a functor sGrp N, $%Set.

From bisimplicial sets to simplicial sets

We suppose given a bisimplicial set X. There are two known ways to construct
a simplicial set from X, namely the diagonal simplicial set Diag X and the total
simplicial set Tot X, see [1, § 3]. We recall their definitions.

The diagonal simplicial set Diag X has entries Diag,, X = X,, ,, for n € Ny, while
Diagy X := X9 for 6 € a([m],[n]), where m,n € Ny.

To introduce the total simplicial set of X, we define the splitting at p € [0,m] of a

morphism [m) R [n] in A by Spl,(0) := (Splg,(0),Spls,(0)), where

Splg,(0) Spls,(0)
_— R

[p] [p6] and [m — p] [n — p]
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are given by iSplc,(0) := 6 for i € [0,p] and iSpl,,(0) := (i + p)0 — po for
1 € [0,m — p|. The total simplicial set Tot X is defined by

Tot, X = {(q)geino) € X Xgn—q| qug = z4-1dy for all ¢ € [n, 1]}
q€|n,0]

for n € Ny and by
(q)qe(n,0)(Tote X) = (xp0 Xspl1, (6))pe|m,o)

for (z4)ge(n,0) € Tot, X and 6 € a([m], [n]), where m,n € Ny.
There is a natural transformation

Diag 2, Tot,

where ¢x is given by z,(dx), = (xnd}fng-i-ljd\[q—l,oj)qel_7l70J for z,, € Diag, X,
n € Np, X € Obs?Set; cf. [3, formula (1)].

The Kan classifying simplicial set

We let G be a simplicial group. For a morphism 6 € a([m],[n]) and non-negative
integers i € [0,m], j € [if,n], we let 9|5]] € a([i, [j]) be defined by k0|5]] := k0 for
k € [i]. KAN constructed a reduced simplicial set WG by

W,G:= X G, for every n € Ny
jE€n—1,0]

and

(gj)jELn—l,OJWGG 5:( H ngg‘B]])iel_m—l,OJ
jeL(E+1)0—1,i0]

for (g;)jen-1,0] € WnG and 0 € a([m], [n]), see [10, Definition 10.3]. The simplicial
set WG will be called the Kan classifying simplicial set of G.

Notions from simplicial homotopy theory

For n € N, the standard n-simpler A™ in the category sSet is defined to be the
functor A°? — Set represented by [n], that is, A™ := a(e, [n]). These simplicial
sets yield a cosimplicial object A~ € cs(sSet). We set d! := A% € get (A% ALY for
l€0,1].

For a simplicial set X we define insy resp. ins; to be the composite morphisms

XiXXAO%XXAlreSp.XiXXAOﬂXxAl,

where the cartesian product is defined dimensionwise and the isomorphisms are
canonical.

For k € [0,n + 1], n € Ny, we let T8 € AL = A([n],[1]) be the morphism given by
[0,n — k]t* = {0} and [n — k + 1,n]t* = {1}. Note that (x,)(inso), = (z,,7°) and
() (ins1)pn = (2, ") for o, € X,,.

In the following, we assume given simplicial sets X and Y.
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Simplicial maps f,g € sset(X,Y) are said to be simplicially homotopic, written
f ~ g, if there exists a simplicial map X x Al 2. Y such that insgH = f and
ins; H = g. In this case, H is called a simplicial homotopy from f to g.

The simplicial sets X and Y are said to be simplicially homotopy equivalent if there

are simplicial maps X Loy and Y % X such that fg ~idx and gf ~ idy. In
this case we write X ~ Y and we call f and g mutually inverse simplicial homotopy
equivalences.

Finally, we suppose given a dimensionwise injective simplicial map ¥ —— X, that
is, i, is assumed to be injective for all n € Ng. We call Y a simplicial deformation
retract of X if there exists a simplicial map X — Y such that ir = idy and
ri ~ idx. In this case, r is said to be a simplicial deformation retraction. If there
exists a homotopy i A, idx which is constant along i, that is, if (ynin, ™) H, =
Yninfn = Uningn for y, € Y,, k € [0,n+1], n € Ny, then we call Y a strong simplicial
deformation retract of X and r a strong simplicial deformation retraction.

3. Comparing WWhbar and Diag oNDiag N

We have W = Tot oN. The natural transformation Diag %, Tot composed with
the nerve functor N yields a natural transformation

DiagoN L, W,

given by (Dg)n = Xic|n-1,0 d|n,it1): Diag, NG — W,.G for n € Ny and G €
ObsGrp.

Proposition. The natural transformation D is a retraction. A corresponding core-
traction is given by

w -, DiagoN,
where
(Sc)n: W,.G — Diag,, NG, (gz')iqn—l,oj = (yi)ie[n—l,OJ
with, defined by descending recursion,
vi= Il G'dgesis-n) I1 @dyasastin-i) € Ga
jeli+1,n—1] jeln—1,i

for each i € |[n — 1,0, n € Ny, G € ObsGrp.

Proof. We suppose given a simplicial group G. Then we have to show that the maps
(Sg)n for n € Ng commute with the faces and degeneracies of G.

First, we consider the faces. We let n € N and k € [0,7n]. For (gi)ic|n-1,0] € W,.G
we compute

(9i)icin—1,0/dk(Sc)n—1 = (fi)ic|n-2,0/(Sc)n—1 = (Ti)ic|n-2,0]
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where
gi+1dk for i € Ln -2, k‘J,
fi= < (grdr)gr—1 fori=k—1,
gi fori e |k—2,0]
and
vii= I G7'dgeusig-an) [T (Fdyasysin-2)
jeli+l,n—2] jeln—2,i

for i € [n —2,0]. On the other hand, we get

(9i)ie(n—1,0)(Sc)ndr = (Yi)ie|n—1,0/dk = (T})ie[n-2,0]
with
vi= I Gy'dgagsngn) [T (@dyasin)
jeli+l,n—1] jeln—1,]

for i € [n—1,0] and

Yir1dp fori € [n—2,k],
z; = ¢ (yrdp)(yr_1ds) fori=k—1,
yidg fori € |k —2,0].

We have to show that z; = z} for all ¢ € |n — 2,0]. To this end, we proceed by
induction on 7.
For i € [n —2,k|, we calculate

Te = H (xj_ldLJ%iJrlJS[mfl]) H (fjd\_jﬂ”rljs[i,nfﬂ)
jElit1,n—2] J€[n—2i
—1

= H (@5 dygitsrig-11) H (f3di41)576,n—21)
JjE[i+1,n—2] JEIN—2,1]

= H (y;rlldkdu,ﬂrljs[i,jfﬂ) H (95+1dxd | i41)5Tin—21)
jeli+1,n—2] j€ln—2,i]

= ( H (yfldu,wzjsﬁﬂ,j—l]) H (gjd[j,i+2jsfi+1,n—1]))dk
j€fi+2,n—1] jE€ln—1,i+1]

= Yir1dp.

For i = k — 1, we have

1= [ G'dywsp-i-n) [ (Fdusesm—in-21)

JjE[k,n—2] jeln—2,k—1]
-1
= H (5”3‘ dLjykJS(kajfﬂ) H (fjdLj,kjS(kfl,n—ﬂ)
JjE[k,n—2] j€ln—2,k—1]

= H (y;,_lldkdu,kjsfk—l,j—l'\) H (9j+1drd |}k STh—1,n—2])
jelkm—2] jeln—2,k)
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(91 dr)gr—1)8[h—1,n—2]
= H (yj_ldLJ}kJS[kfl,jfﬂ) H (954 1j.k)STh—1,n—21)

jelk+1,n—1] jeln—1,k—1]
= (yxds) H (y; "y STh-1,-27) H (954 15,k]STk—1,n—2])
j€[k,n—1] j€ln—1,k—1]
= (yxdy)

H (yj_ldLj’kJS(kfl,jfﬂ) H (gjdLj,kJS[szl,nfﬂ))dk

j€[k,n—1] jE€ln—1,k—1]
= (yrdr) (Yr—1d)-
For i € |k —2,0], we finally get

= [ @l'dgausig-n) I (Fdyasysiin-)
jEli+1,n—2] Jj€n—2,i)

1
= 11 @ dpasusig—) [I  (Hdyacusiin-z)
jeli+1,n—2] JE|n—2,i]
= ( H (yj_ldkdu,iﬂjS(i,j—l]))((ykyk—1)71ddek—1,¢+1jSﬁ,k—Q])
JETi+1,k—2]

I wihdedyasuspg—o)DC TT @irrded i spin=21))
j€[k,n—2] JjEIn—2,k]

(((grde)gr-)dp—1i51)87im—2)C [] (@idyisassrin—21))
je(k=2,]

= I 'ddpasyspg-1) [ @5 dyasysni—21)
jei+1,k—1] j€lkmn—1]

H (gjd[j,ileJS[i,nfﬂ) H (gjdLj,iqujSH,nfﬂ)
jeln—1,k] j€lk—1,i]
= ( H (yj_ldu,iﬂjsu,j—l]) H (gjdLj,i+1JS[i,n—1]))dk = y;dg.
jeli+1,n—1] j€|n—1,7]
Next, we come to the degeneracies. We let n € Ng, k& € [0,n] and (gi)ic|n-1,0] €
W,,G. Then we have

(9i)icn-1,0/5:(Sc)n+1 = (hi)ic(n,0] (Sa)n+1 = (Zi)ic|n0]s

where
gi—18k fori € |n,k+1],
hi =<1 for i =k,
gi forie |[k—1,0]
and
= 1 Gildyargsnsn) T (udyaagspa)

j€li+1,n] JEn,i)
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for ¢ € |n,0]. Further, we get

(9i)ic [n—1,0] (Sc)n
with

S = (ﬁ%’)ieLnfl,OJ S = (Zzl‘)iGLn,OJ

Yi = H (yj_ldLj,iHJS[i,j—ﬂ) H (954 15,i41)5i,n—17)

jeli+1,n—1]

fori € |n—1,0] and

j€ln—1,i]

yi—18k fori € |n,k+1],
2l =<1 for i =k,
YiSk fori e |k—1,0].

366

Thus we have to show that z; = z] for every ¢ € |n,0]. To this end, we perform an

induction on i € |n,0].

For i € |n,k + 1], we have

%= H (Zj_ldtj,iﬂjsfi,jfl]) H (hjd|jit1)8in7)

jeli+1,n]

JEn,i]

-1
= I G dpauspg—) T (udyissmim)

J€li+1l,n]

= H (y;_ll

jeli+1,n]

=( II @

j€li,n—1]
= Yi—18k-
For ¢ = k, we compute

2 = H (z;1

J€lk+1,n]

I
—

J
jefk-‘rl,n]

(y; !

<
m

—
+

=

I
=
3

—

(y; !
JElk+1,n]

—

(y; !
JElk+1,n]

-

JE€lk+1,n]

_ -1
= Zk41 H

J€ln,i]
skd|j,i+1)5[i,j-17) H (gj—15kd|ji4157in)
J€[n,i]
1dLj,iJS[i—1,j—1]) H (gjdLj,iJSU—l,n—ﬂ))Sk
jE€ln—1,i—1]

drasteg—1) [T (sdyesassien)
j€ln.k)

1
dissteg—1) ] (Pidywst s
JELn,k]

kA rasieg=11) L1 (g-1skd ke ysieng)
Jj€|n,k+1]

Wyctwrsig—1) [T @-1dy-1k+1)57k07)
jE|n,k+1]

kd a2 sirerg—1) ] (9-15kd k2] STk 1a))
JE€ln,k+1]

1
djgeresSiarg—1) ] (idyerasSiiein)
jE|n,k+1]

(25 dpnszpsirrg—1) [ (Bidyasrsiean)

JE€Tk+2,n] JE|n,k+1]
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-1
= 2 1%k+1 = 1.

For i € |k —1,0], we get

7= H (Zj_ldLMHJSFiJ—l]) H (hjdji+1)87in)

jeli+1,n] JE[n,i]
—1
= H (25 djie1s8i,4-11) H (hjd|ji41)87in])
jEfi+1,n] j€|n,i]
= I Gi'sdyasnsn) T lisedyirgsnig-)
JElit1,k—1] jelk+1,n]
I Grsedyicusin)  [] (@dyirasing)
jelnk+1] jelk—1,i
= H (yjilskdu,i+lJS|'i,jfﬂ) H (y‘;ISkdU+17i+1JSri’j‘|)
jeTit1,k—1] jelk,n—1]
T  sedysrivysin)  T1 (@dyicasiing)
j€ln—1,k| je|k—1,i]
:( H (y]'_ldl_j,i+ljs|'i,j—1'\) H (gjd\_j,i-i-ljsfi,n—ﬂ))sk:yisk-
jefi+1,n—1] JjE|n—1,i]

Thus (S¢)nen yields a simplicial map
WG 2%, Diag NG.

Finally, we have to prove that D¢ is a retraction with coretraction Sg, that is,
(Sc)n(Dg)n = iy ¢ for all n € Ng.

Again, we let (yi)ic|n—1,0) denote the image of an element (g;)ic|n—1,0) € W,.G
under (Sg),. Then we have
(gi)ie Lnfl,OJ(SG)n(DG%L = (yi)iGLnfl,OJ(DG)n = (yidLn,i+1j)i€Ln71,0J-
Induction on ¢ € [n — 1,0] shows that
Yid|nit1) = H (y; ' djis1sSTi =11 nsis1))
jE€fi+1,n—1]

T (gdyicasiin-1dinis)
JjE[n—1,3]

= H (y;ldLn,i+1J) H (95d1j,i41])

jEfi+1,n—1] j€ln—1,i

= H (Qfldu,iﬂj) H (9d1jiv1)) = Gi-

jeli+1,n—1] jEn—1,%]

This implies that (Sg)n(Dg)n = iy ¢ for all n € Np. O
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Theorem. We suppose given a simplicial group G. The Kan classifying simplicial
set WG is a strong simplicial deformation retract of Diag NG with a strong simplicial
deformation retraction given by

Diag NG Pa, Wa.

Proof. We consider the coretraction W 5, Diag N as in the preceding proposition.
Now, we shall show that DgSg ~ idpiagng Vvia a simplicial homotopy constant
along Sg.

A simplicial homotopy H from DgSg to idpiagng is given by

H,: Diag, NG x Al — Diag, NG,
_ n+1—k
((gn,i)ie[nfl,oja’tn-i_l k) = (yl( i ))ie |n—1,0]
for all n € Ny, where k € [0,n + 1] and, defined by descending recursion,
n+1—k
i
Ini forie n—1,k—1] NNy,
nt+l1—k)\—
Hje[iJrl,kfﬂ ((y§ ) 1dLj,i+1JS[i,j—1})
. HJ'EUC—QJJ (gn,dec—l,i+1JS|'i,k—2'|) for 7 € |_I€ — 2, OJ .
To facilitate the following calculations, we abbreviate g; := y§n+17k> for the respec-
tive index k € [0,7n] under consideration, if no confusion can arise.
We have to verify that the maps H,, for n € Ny yield a simplicial map.
First, we show the compatibility with the faces. For k € [0,n], I € [0,n+1], n € Ny,
(gn,i)iel_n—l,oj € Dla‘gn NGa we have

((gni)iein-1,0, T T deHn1 = ((gn,i)ie(n—1,0)di, T ') Hpp 1

= ((fi)ie Ln—z,oja(skT”Jrl*l)Hn,l

((fz‘)z'eLn—z,oJ,T"*l)anl for k> 1,
((fi)z'eLn—2,0J»T"H_Z)an for k <1

= (T4)ie|n-2,0/5

where
gn’iﬂdk for i € Ln -2, kj,
Ji =19 (9nxdr)(gn,k—1dx) fori=~k—1,
In,idg fori e |k—2,0]

for all i € [n —2,0] and
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€Ty =
fi forie |n—2,1-1],
Hje[iJrl,lfQ] (jjildtj’iHJS[i,jfﬂ) itk =1,
.Hje\_l—27’iJ (fjdl_l—l,i-i-ljsﬁ,l—?]) for i € U — Q,OJ
fi forie|n—2,1-2],
Hje[iJrl,lfS] (ifldLJ,HIJS[i,jfﬂ) if k<l
Tliep—s,i) (fidp—2,i+1)87i,0-31) for i € [I—3,0]

for all ¢ € [n —2,0]. On the other hand, we have
((gn.i)icin—1,00, T D Hodg = (§i)ie|n-1.0)dk = (Z})ie|n—2,0)
with
Gni forie |n—1,1-1],
i = Hje(z‘+1,l—2] (gj_ldLj,iJrlJSH,j—l])
1liei-2,i)(9nidp—1,i41)8730-27)  for i € |1 —2,0]
fori e |n—1,0] and

Yi+1dk fori € [n—2,k|,
7= (Grdi) (rrdy) fori=k—1,
Fidg for i € |k —2,0]

for i € [n —2,0]. We have to show that &; = & for all i € [n — 2,0]. To this end,
we consider three cases and we handle each one by induction on i € |n —2,0].
We suppose that k € |n,l]. For i € [n — 2,k], we have

I = fi = gniv1de = Giprdy = .
Fori =k — 1, we get

Trp-1 = fre1 = (Gnkdr)(gnr—1dr) = (Ordr) (Gr—1dx) = Tj_;.
Forie |k—2,1—1], we get

T = fi = gnidp = §ids, = @
Finally, for ¢ € [l — 2,0/, we calculate

i = H (i’;ldl_j7i+1js[i7j_1"‘) H (fidi=1,i41)87i0-21)
jEfit1,i—2] jell—2.i)

= JI @ 'dysuspig—n) [T Fdu—vivsp—e)
jefit1,i—2] jell—2.i]

= H (ﬂ;ldkdu,iﬂjsn,j—l]) H (9n,jdrd|1—1,i4157i,1-27)
jelit1,i—2] jell—2,i]

:( H (g;ldu,i+1js|'i,j—1'|) H (gnﬁjdtl—l,i—ﬁ-ljSH,I—Q]))dk
j€[i+1,1—2] JEl—2,i]
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= Gidy = 7.
Next, we suppose that k =1 — 1. For i € [n — 2,k|, we have
I = fi = gniv1de = Gidy = .
For ¢ = k — 1, we compute
Tr—1 = fo—1 = (9n.kdk)(gn.k—1dE) = (Gn,kdk)(gn k—1dkSk—1dx)
= (Urdi) (Gr—1dx) = Tj_;.
For i € |k —2,0], we get

7 = H (j;lduﬁiﬂjs“’j,l]) H (f5d | k=1,i4+1)5Ti,k—2])
jefi+1,k—2] jElk—2,i]
= H (&7 di41870.5-11) H (fid(k—1,i+1)8[ik—21)
Felitl,k—2] jelk—2,i
= H (gjldkdtj,i-s-usfi,j—ﬂ) H (Gn,jdrd | k—1,i41]5[ik—27)
jelitl,k—2] jelk—2,]
= ( H (75 A1) Spig-11) H (gn,jde,i-i-lJS[i,k—ﬂ))dk
JETi+1,k—1] jelk—1.]
= Gidy, = &,

Finally, we suppose that k € |l —2,0]. For ¢ € |n — 2,1 — 2], we see that

Ti=fi = gn,i+1dk =Yi+1dx = :E;
For i € |l — 3,k], we have

B = H (i;ldmﬂjs[i,j,ﬂ) H (fid1=2,i+1)87i,1-31)
jefit1,i—3) jell=3,i

= H (&1 jig1)870,5-17) H (fidj1—2,i41)87i0-31)

jefi+1,1-3] jeli=3,i)

= JI Gihdedyirysng-1) I @nierdedi—oiiaspi—s)
J€li+1,1-3] jell-3,i]
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= ( H (gfldljvi+2JSfi+1,j—1]) H (gn,jdLl—l,i-I—QJS[i+1,l—2'\))dk

jE€fi+2,1—2] JEI—2,i+1]
~ ~/
= yi+1dk = xi.

For i = k — 1, we have

o= [ @ l'dywsper-n) [ (Fdu—amsir—1i-3))

JE[k,1-3] jell—3,k—1]
= H (j;_ldtj,kJkafl,jfﬂ) H (fdefQ,kjS]'kfl,lf:a'\)
j€Tk,1-3] jell—3,k—1]

= ( H (Ujr1drd |k STr—1,-17))( H (9njr1drd|i—2 k|S[k-1,1-31))

J€lk,1=3] JjEl-3,k]
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“(gnkdrd|1—2,k51k—1,1-31)(gn k—1drd [1—2 k] S[k—1,1-3])
= H (gj_ld[j,kjs(kfl,jfﬂ) H (9n5d1=1,k)5k—1,1-37)

JETk+1,1-2] jell—2,k—1]
= (Jrdr)
II G 'dyesma) 1] (gn,jdu—LkJSm—Ll—ﬂ))dk
jelki-2] jel=2,k—1]

= (rdi) (Gr—1ds) = Tj,_4.

For i € |k —2,0], we get

T = H (%5 dj,i41)57i-11) H (fid1=2,i+1)87i,1-31)
jefi+1,1-3] jell—3,i]
= JI @ 'dyasuspig—) [T Fdu—zisasp—s)
jEfit1,1-3] jell=3,i]
= JI @ dedyissn—n) @etided k—,iv1)57ie—21)
Feli+1,k—2]
'(glzldkd[kfl,i+1jsﬁ,k72])( H (gjjrlldkd[j,ﬂrljs[i,jfﬂ))
jek1—-3]

( H (9n,j+1dkd (12, v1157i1-31)) (n,kdkd|1—2,i11)8[i.1-3])
jell-3.k]

“(gnk—1drd|1—2,i41)51i,1-37)( H (Gn.jdrd|1—2,i41)51i,1-31))
JjE€E|k—2,i]

= H (75 ' drd ji41)8i5-17) H (75 ' drdyj-1,i51)87i,-21)
jelitl,k—1] jelki—2]

H (9n,jdrd|1-2,i41)87i1-31)
jell—2.i)

:( H (gj_ldu’iJrlJS[i,jfﬂ) H (gn,jdufl,z#ljSh‘,l72]))dk
jeli+1,0-2] jeli—2,i

= g;dy, = .

Now we consider the degeneracies. We let n € Ny, k € [0,n], I € [0,n + 1], and
(9n,i)ic|n—1,0) € Diag, NG. We compute

((gn.i)ie n—1,0y8k T 'sk) Hng
((hl i€|n— 10J70-k""n—"_1 l)H +1

((h z€|_n 10, T2 Y Hyyy for k> 1,
( zel_n 1,0]» T )Hn+1 for k <1

((gn,i)ie |[n—1,0]> Tn+1_l)San+

( Zi)i€|n,0]>
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where
Gni—15, fori € [n,k+1],
h; : =<1 for i =k,
Gn,iSk forie |k—1,0]

and

hi for i € [n,l —1],

crivi oG5t dyassriji-11)

o Tliepi—2,) (hjdp—1,i41)87i,0-21)  fori € [1—2,0]

' hi for i € |n,l],

Hje[i+1,l—1] (5]'_1dLj,i+1JSﬁ7j—l1)
1liei—1,i) (i jritayspia—ry)  fori e [1-1,0]

Furthermore, we have

((gn,i)iel_n—l,OJ»TnJrlil)HnSk = (gi)iel_n—l,OJ Sk = (2;)16 [n,0]>s

where

Gn,i forie|n—1,1—-1],

Yi = Hjeﬁ+1,l—2] (gj_ldijiﬂLlJS“:j*ﬂ)
TLiey—2.9nidpi-1,i+1)8pi1-2) fori € [I—2,0]
and
Yi—18k fori € [n,k+1],
zZo =41 for i = k,
UiSk fori e |[k—1,0].
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if k> 1,

if k<l

Thus we have to show that z; = Z} for every i € |n,0]. Again, we distinguish three

cases, and in each one, we perform an induction on i € |n,0].
We suppose that k € |n,l|. For i € |n,k + 1], we calculate

Zi =hi = gni—18k = Ui—15k = 2.
For i =k, we get

Zkth=1=2;€.

For i€ |k —1,1— 1], we have

~ ~/
Z; = hy = gniSk = Uik = 2.

For i € [l — 2,0/, we get
Zi = H (Zjld[j,i+1jsfi,j711) H (hjd|i—1,i41)51i,1-27)
jelit1,1-2] jeli—2,i

H (fé_ldu,i-yu Sfi,j—11) H (hjd{1—1,i+1)5[i,1—2])
jefi+1,1-2] JjELl—2,7]
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= H (gj_lsdej,iJrljsH,jfl]) H (9n,5Kd(1=1,i+1)5[i,1—21)

jefit1i—2] jell—2.4
= ( H (45 " dgiasri-11) H (gn,jdLlfl,iJrlJS[i,l—ﬂ))Sk
jETi+1,1—2] JEll-2,i
= YiSk-

Now we suppose that k =1 — 1. For i € |[n,k + 1], we calculate
Zi = hi = gn.i—15c = Gi—15k = Z,.
For i = k, we get

=/
2k = hkdk+1sk =1= 2

For i € |k —1,0], we get

Z= [I G ldyerusig-1) T[] udiesvivysmie)

jE"i—‘rl,k-‘ jel_k,ij
= I G 'dyaysigan) T Cudieigsiia)
jeli+1,k] J€E|k,i]
= H (75 "skd 41575, 5-11) H (9n,58%d | kt1,i41]5Tik7])
JEMit1k—1] jelk=1,i)
= ( H (7; ' dyjis1ySrig-11) H (gn,jde,iJruSn,kq]))Sk = JiSk-
jeli+1,k—1] jelk—1,

At last, we suppose that k € |l —2,0]. For i € |n,l], we have
Zi = hi = gn.i—15k = Ji—15k = Z,.

Forie |l—1,k+1], we get

Zi = H (Zj_ldtj,iJrlJS[i,jfﬂ) H (hde,iJrlJS[i,lfﬂ)

jelit1,i—1] jell—1,)

= H (Z;‘_ldLj,iJrljSH,jfl]) H (hjd|1,i+187i,-17)
jelit1,i—1] jell—1,)

= H (g;—llsdej,i—&-ljS]'i,j—l'l) H (9n.j—15kd|1,i+1)5Ti1-17)
JETid1,i—1] jeli=1,i)

= ( H (gfldu»iJSFi—l,j—ﬂ) H (Gn,jd(1—1,i|S[i—1,1-21))Sk
JE[4,1-2] jell—2,i—-1]

= Ji—15K = Z;.

For i = k, we have

Zy = H (2;1dlj,k+1JSTk-,jfl]) H (hid |1 k41)57k,1-17)
jeENk+1,1—1] JjEl—1,k]

= I G 'dpweusps-) IT Rudissyspe-n)
jefk+1,1—-1] jell-1,k]
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= H (3}3‘_}1Skdu,k+ljsfk,jfl]) H (9n,j—156d 1, k+1]5Tk,1—17)

GEk+1,0-1] JEll-Lk+1]
= (T "sk)( H @j_ldu,kﬂjsrk,ﬂ))( H (9n,d[1=1,k+1S[ki-11))
JETk+1,1-2] jeli—2,k]
= (U "sk)

H @J‘ildLLHlJka,j—l]) H (gn,jdLl—l,k-',-ljS[k,l—Q'\))Sk
jelk+1,1-2] JEl—2,k]

= (T3, "sk) (si) = 1 = 7.

For i € |k —1,0], we get

Z; = H (ifld[j,wrljs[i,jfﬂ) H (hjid|1i41)875,0-17)
JENiTLI-1] jell—1,i)
= I G 'dpagspsn) T (udparygspea)
jETi+1,1—1] jell—1,)
= 11 @ 'sdyagsisan) T @lisedyirysri—n)
jeli+1,k—1] jelk+1,0-1]
H (gn.j—156d|1,i415Ti,0-11) H (9n,55Kd|1,i41)574,1-17)
jell—1,k+1] je€lk—1,i]
= I G 'sedygisyspg—n) [ @ 'sedysiengsiig)
jelitl,k—1] jelk,i—2]
H (9n.58%d(1i41)8T4,0-17)
jell—2.i]
= H (Q;ldu,iﬂjsﬁ,j—l]) H (gn,jdLlfl,iJrlJS[i,lfﬂ))Sk
JEMitL,-2) jell—2.i]
= UiSk = Z,.

Altogether, we obtain a simplicial map
Diag NG x A! A, Diag NG.

To prove that H is a simplicial homotopy from DgSg to idpiagneg, it remains to
show that ins)H = DgSg and insiH = idpiagng. For n € Ny, k € [0,n + 1],
(9n,i)ic|n—1,0) € Diag, NG, n € Ny, we have

(gn,i)ietnfl,OJ (DG)TL(SG)TL = (gn,idLn,iJrlJ )iGLnfl,OJ (SG)n = (yi)iGLnfl,OJ
with

Yi = H (yflduwrljs%j—ﬂ) H (9n,ing+1)dGiv1)STimn—11)
jefi+1,n—1] jE|n—1,7]

= H (yj_ldu,i+1jsﬁ,j—11) H (9n,jd ni+1)5Tim-17)
jefitl,n—1] jeln—1,i
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for i € [n—1,0], and

n+1— n+l1—k
((gni)icin—1.0/ T ) Ho = " icino10)
with
(n-‘rl—k) —

K2

Gni forie [n—1,k—1] NNy,
n+l1—k)\_
Hje[i+1,k—2'\ ((y]( )) ldljd-s-lJSfi,j—ﬂ)

'Hje\_kflij (9n,jd|k—1,i+1)5Tik—2]) for i € [k —2,0].
But by descending induction on ¢ € [n — 1,0/, we get
bi = H (yfldLj1i+1J5Fi,j—l1) H (gn,jdLn,i—&-ljSH,n—l])
jefi+1,n—1] jeln—1,i

0)y— 0
= H ((yj( )) 1d[j,i+1jsn,j—1]) H (gn,jdLn,z'-s-uS[i,n—l]) = yz( ).
j€fi+1,n—1] jE€ln—1,4]

Hence the simplicial map H fulfills
(gn,i)ie[nfl,oj (iDSO)an = ((gn,i>i€Ln71,0j7T0)Hn = (ygo))ie[nfl,oj
= (Yi)ie|n-1,0) = (9n,i)ie(n-1,0] (Dc)n(Sc)n
and
(gn,i)ietnfl,OJ (insl)an = ((gn,i)iGLnfl,OjanJrl)Hn = (gn,i)iG [n—1,0]

for each (gn,i)ic|n—1,0] € Diag, NG, n € N.

In order to prove that WG is a strong deformation retract of Diag NG, it remains
to show that H is constant along Si. Concretely, this means the following. For
(gi)iél_n—l,OJ € W,,G, we have

((94)ien-1,0) (SG)n, T TR H,, = ((yi)ieLnfl,oj,Tn+17k)Hn

= "N e 1)
where
Yi = H (yj_ldu,i-ms[i,j—ﬂ) H (954 15,i+1)5Tin—17)
jefitl,n—1] jeln—1,i]
and
yz(n—ﬁ—l—k) —
Yi forie [n—1,k—1] NNy,

n+l—k)\_—
Hje[iJrl,ku‘\((yJ(' )) 1d[j,i+1JSFi,j*ﬂ)

Tliepp—2,i) Wid e—1,i+1)81i,k-27) fori € [k —2,0].
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Now, we have to show that ymﬂ*k) =y; foralli € [n—1,0], k € [0,n+ 1]. For

k € {n+1,0}, this follows since H is a simplicial homotopy from DgS¢ to idpiag ne
and since S DgSe = Si. So we may assume that k € |n, 1| and have to show that

ygnﬂ_k) =y, for every i € |k —2,0]. But we have

yidUcfl,iJrlJS[i,kfﬂ
= ( H (yfldu,wljsfi,j—ﬂ) H (gjdu,i+1j5ﬁ,n—1]))
jeli+l,n—1] jeln—1,i

dk—1,i+1]8[i,k—2]

= H (yj'_ldLj,i+1jSh’,jfl]defl,iJrlJS[i,kfﬂ)
jE€fi+1,n—1]

T (Gdyicusin-11de—tir1srir—2)
jeln—1,]

= H (yfld[j,i+1jsfi,jfl‘\d[kfl,j+1jd[j,i+1JS[i,k72‘\)
JEli+1,k—1]

H (yfldtj,i+1jSﬁ,k—l]S[k,j—l]de_1,i+1JS[i,k—21)
j€fk,n—1]

H (9541 j,i+1)87i,k—115Tksn—11D [k—1,641]STi,k—2])
jEn—1,4]

= H (y]'_ldLj,i+1JdLi-‘,—k—l—j,i—&-lJS[i,j—ﬂdLj,i-&-ljS[i,k—Q])
jefi+1,k—1]

H (yj_ldu,iﬂjSm;k—ude—17i+1JS[i+1,i+j—mSﬁ,k—ﬂ)
j€[k,n—1]

H (959 ,i4 1186 k—11 A k—1,i11STit1,i+n—k]S[i,k—2])

jEn—1,3]
= H (yfld[kfl,i+1js(i,k—2]) H (y;lduiﬂjs“’jfu)
jelit1,k—1] jelk,n—1]
H (95d1j,i+157in—11),
jEn—1,3]

and this implies, by induction on ¢ € |k — 2,0/, that

yl(njtlfk)
n+l—~k)\—
= H ((yj(Jr )) 1d[j,i+1jsﬁ,jfl]) H (ydecfl,i+1jSH,k72'|)
jeli+1,k—2] jelk—2,i]
= H (yfldLj,z‘HJS[i,j—ﬂ) H (yjd[kfl,z#ljs(i,k—ﬂ)
Jjeli+1,k-2] J€k—2,i]

- H (yfldLjJJrlJSfi,j—ﬂ) H (Y5 d k—1,i+1)5[i,k—27)
jefi+1,k—2] j€lk—2,i+1]
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H (yj_ld\_kfl,z#ljs[i,kfﬂ) H (yj_ldl_j,z#ljs[i,jfl])
jelit1,k—1] jelkn—1]

H (gjdLj,iJrlJS[i,nfl‘\)
jeln—1,)

I @'duasysig—) T (@dyicsin-n) = vi
jelitl,n—1] j€ln—1,i

for all i € [k —2,0]. O
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