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Abstract

Introducing a new class of submanifolds is one of the key concepts in submanifold theory
of semi-Riemannian manifolds. The purpose of this study is to introduce radical invariant
lightlike hypersurfaces of almost product-like Lorentzian manifolds. Some examples of these
hypersurfaces are presented herein. The main identities admitting Riemannian curvature tensor
fields of these hypersurfaces are established with the aid of statistical structures.
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1 Introduction

The study of hypersurfaces furnished with a degenerate metric is a subject of great interest in
differential geometry and physics. For a smooth manifold furnished with a Lorentzian metric,
there is an inherent existence of lightlike submanifolds. Lightlike hypersurfaces firstly appeared
in Einstein’s theory of general relativity as a models of black holes. The geometry of lightlike
submanifolds was developed by K. L. Duggal, A. Bejancu and B. Sahin in [13, 14, 16]. Later, a
large number of manuscripts have been published on these submanifolds involving several smooth
structures such as contact and product structures.

The theory of product manifolds contains a significant results in the field of differential geometry
and has several physical and geometrical applications. For example, the Minkowski spacetime is
a Lorentzian manifold that can be considered a product of 3-dimensional space and 1-dimensional
time. There exist also some applications of product manifolds in the Kaluza-Klein theory and
the gauge theory (cf.[10, 21], etc.). A semi-Riemannian manifold (L, k) furnished with a semi-
Riemannian metric 4 is called an almost product manifold if there exists a tensor field F on L
satisfying F?> = I and N N

hWFZy,FZy) = h(Z1, Zs), (1.1)

where I indicates the identity transformation [27]. Using differential geometry tools, several sub-
manifolds of product manifolds were examined in [3, 22, 23|, etc. As a generalization of product
manifolds, the concept of almost product-like semi-Riemannian manifolds was introduced in [17] as
follows: o

A semi-Riemannian manifold (L, h) is called an almost product-like semi-Riemannian manifold
if it admits two almost product structures F' and F™* satisfying

WFZy, F*Zy) = h(Zy, Zs) (1.2)
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for Z1,72, € F(TE). In this case, the equation
W(FZy,Zs) = h(Z1, F* Z5) (1.3)

is also satisfied and we obtain (F*)* = F. An almost product-like semi-Riemannian manifold is
indicated by (L, g, F).

Considering the above-mentioned concepts, the following issues arise on almost product-like
semi-Riemannian manifolds:

e The problem of investigating existence of degenerate and non-degenerate hypersurfaces of
these manifolds.

e The problem of introducing and examining these hypersurfaces that satisfy specific geometric
conditions.

In the degenerate case, the existence of lightlike submanifolds of an almost product-like sta-
tistical manifold was shown in [1]. The main purpose of this study is to determine the primary
identities and properties of radical invariant lightlike hypersurfaces on these manifolds.

2 Statistical manifolds

Let V be a linear connection with zero torsion on a Lorentzian manifold (Z,E) The triple (E,E, %)
is said to be a statistical manifold if there exists another linear connection V* such that

Z3h(Z1, Zo) = h(N 2, X1, Zo) + W(21,V%, Z5) (2.1)

holds for tangent vector fields Z1, Z5 and Z3 on L. The linear connection V* is called the dual
connection of V. We note that V* is torsion-free and V*h is symmetric. Moreover, we find
(V*)* = V and

~ 1 ~ ~
VY, Zy = i(vzl Zy+ V%, Zy), (2.2)
where V0 is the Levi-Civita connection [2]. The pair (V, V*) is said to be the statistical structure.

Let (Z E %) be a statistical manifold. We indicate the curvature tensors defined with the
statistical structure as R and R*. Subsequently, it follows that

h(R(Zl, Z9)Zs, Zy) = —h(Zg, R*(Zl7 Z2)Zy). (2.3)
The manifold is said to be of constant curvature ¥ if

R(Z1,Z2) 75 =0 {E(ZQ, Z3) 20 — h(Z1, Z3)ZQ} (2.4)

is satisfied for any Zy, Zy, Zs € I(TL). We note that from (2.3) and (2.4), the triple (L, h, V) is of

constant curvature if and only if (Z,lNL, 6*) is also of constant curvature. For more details related
to statistical manifolds of constant curvature, we refer to [18].

From (2.3), we see that R and R* are not symmetric. Thus, these tensors lose their geometric
importance. For this reason, B. Opozda [24] defined the notion of K —sectional curvature for
statistical manifolds as follows:
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Let II be a non-degenerate plane section on I'(T'L) and {Z1, Z>} be an orthonormal frame field
on II. The K —sectional curvature of II is denoted by K*(I1) = K*(Z,, Z;) and defined by

~ 1 o S
K°() = §€(Z1)6(Z2) {h(R(Zl, Z9)Zo, Z1) + W R*(Z1, Z2) Za, Zy)
—2h(R°(21, ZQ)ZQ>Z1)}7 (2.5)
where R® is the Riemannian curvature defined by V°, e(Zy) = h(Z1,71) = F1 and £(Z5) =

ﬁ(Zg, Z5) = F1 [24]. Tt is clear that the K —sectional curvature is symmetric on II. The sectional
curvatures with respect to V and V* are formulated as

K(IT) = e(21)e(Z2)h(R(Z1, Z3) Za, Z1) and K*(I1) = e(Z1)e(Z2)h(R*(Z1, Z2) Za, Z1),  (2.6)
respectively. Thus, we find

Ke(I0) = {f{(n) + K*(IT) — zf?o(n)} : (2.7)

N =

where K is the sectional curvature map defined by V°.

Let dimL = n+1 and {E}, ..., E,41} be an orthonormal frame field of I(TL). In this manner,
the Ricci tensors can be defined by

n+1
S(Z1,25) =Y e(Z1)e(Zs)h(R(Z1, E;)E}, Z), (2.8)
S*(Z17ZQ) = E(Zl)€(Zg)h(R*(Zl,Ej)Ej,Z2) (29)

and

n+1
~ 1 -~
$*(21,2%2) = 5 Y e(Z0)e(22) {W(R(21, B} By, Z2) + WE (21, E})E;, 25)
j=1
—2h(R%(21, E;)E;, ZQ} . (2.10)
Thus, the Ricci curvatures of E; for i € {1,...,n+ 1} are given by
n+1 n+1 n+1
Ric(E ZK (Ei,E;), Ric (E;) ZK* (E;, E;) and Ric (E;) ZKS Ei, Ej). (2.11)

Ric’ is said to be the K —Ricci curvature. Furthermore, the scalar curvatures at p € L are formu-
lated as

n+1 n+1 n+1
=Y K(E,E), 7(p)= Y K*(E,Ej)and7(p)= Y K(E;E). (2.12)
i,5=1 i,5=1 3,j=1
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7% is said to be the K —scalar curvature.

For more relations dealing with curvatures of statistical manifolds, we refer to [5, 6, 7, 12, 25],
etc.

3 Lightlike hypersurfaces
Since the metric h is degenerate for a lightlike hypersurface (L, h) of (Z,E), we write

Rad(TL) = TLNTL* # {0},

where TL! indicates the normal bundle. A complementary vector bundle S(T'L) in TL is called
a screen distribution and it is usually denoted by S(T'L) [13]. For any lightlike hypersurface
(L, h,S(TL)), there exists a unique null section N of the transversal space ltr(7T'L) that satisfies

h(€,N) =1, h(N,N) = (N, Z) =0, VZ € T(S(TL)). (3.1)
The Gauss and Weingarten formulas for the Levi-Civita connection VO are given by
VY, Zo = VY, Zy + B%(Z1, Z2)N (3.2)

and B
VY N =—AYZ, +1°(Z1)N, (3.3)

where A%, is the shape operator and 79 is a 1—form. A lightlike hypersurface (L, h,S(T'L)) is called
totally geodesic if B® = 0 and it is called totally umbilical if there exists a differentiable function
such that B%(Zy, Zs) = ph(Zy1, Zs) for any Zy,Zs € T(TL) [15]. Furthermore, the hypersurface is
called minimal if traceS(TM)BO = 0, where we denote the trace with respect to S(T'L) as traceg(rr,)
[11].

Let {ej,ea,...,e,} be an orthonormal frame field on T'(S(T'L)). Then, the induced Ricci-type
tensor R(%2) of L is defined by

RO2)(Z,, Z,) Zh (€5, Z1)Z2,€;) + (R (€, Z1) Z5, N). (3.4)

We note that R(%?) is not symmetric. If S(T'L) is integrable, then R(>-?) is symmetric [13].

The screen Ricci curvature and screen scalar curvature on (M, g, S(TM)) are defined by

RICS(TL) Zh’ etae] €j,€ ) (35)
and .
Tg‘(TL)(p) = Z h(R®(es, e5)e;, €:), (3.6)
i,j=1

respectively [20].
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4 Almost product-like manifolds with statistical structures

We begin this section with the following example:

Example 4.1. Let R} be a smooth manifold with the local coordinate system (21, 22, 23, 24 ), which
admits the following almost product structure F":

0 0 01
0 010
F_0100
10 0 0

Then the pair (Rf, F) is an almost product manifold. If we set

—e* 0 0 0 ]
~ 0 1 0 0
h= 0 01 0 ’
0 0 0 e |
then we find -
0 0 0 -1
. 0 01 0
= 0 1 0 O ’
=10 0 0 |

which yields h(Fd;, F*0;) = h(8;, 0;) for i,j € {1,2,3,4}. Here, {01, 02, 03,04} is the natural frame
field on Rf. Thus, (R}, h, F) and (R{, h, F*) are almost product-like Lorentzian manifolds.

Definition 4.2. [17] If (2.1) and (2.2) are satisfied on (L,h, F), then the manifold is called an
almost product-like statistical manifold and it is indicated by (L, h, V, F).

Definition 4.3. [17] An almost product-like statistical manifold is said to be a locally product-like
statistical manifold if VF = 0.

Let (E,?L, V,F ) be a locally product-like statistical manifold. Considering (1.3), we arrive at
h((V 2, F) 22, Zs) = (22, (V, F*) Zs), (4.1)

which implies that VF = 0 < V*F* = 0.

Example 4.4. Let (R%,TL,F ) be an almost product-like Lorentzian manifold of Example 4.1 and
{01, 02, 03,04} be the standard frame field of ['(R}). By a straightforward computation, we obtain

- - 1 - . 1
Vo, 0h =V, 04 = 55'1, V5,01 = Vp,01 = 55‘47

63182 = 63231 = 681 O3 = 63381 =0,
63283 = 63332 = 65)264 = 63482 = %0334 = 63483 =0
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and
o * 7 1 7 * o * 1
Valal = V8434 = 581, V8184 = V8481 = 584,
V3,02 = V01 = Vi, 05 = V5,01 = 0,
V5,08 = V5,00 = V5,0, = V5,00 = V5,0, =V, 05 = 0.
Thus, (R‘f,ﬁ, v, F) is a locally product-like statistical manifold and so is (R%,TL, V*, F*).

Further examples can be derived.

For any lightlike hypersurface (L, h, S(T'M)) of (L, h,V, F), the Gauss and Weingarten formulas
defined on the statistical structure (V V*) could be represented by

V2,2 = V2,2 + B(Z1, Z3)N, (4.2)
V2N = —ANZ) +w*(Z)N (4.3)
and
7Y =V Zy+ B*(Z1, Z2)N, (4.4)
Vi N = —AnZi +w(Z1)N (4.5)

for any Z1,Zs € I'(TL), where V and V* are induced linear connections, Ay and A}, are shape

operators with respect to V and V* w and w* are 1—forms.
The Gauss and Weingarten-type formulas on S(T'L) are given by

Ny, PZy =N 4, PZy+ C(Z1, PZy)E, (4.6)
Vz.& = —AcZ1 —w(Z1)§ (4.7)
and .
5. PZy =Ny PZs+ C*(Z1, PZ)E, (4.8)
V3, €= —AZ1 — wH(Zh)E, (4.9)

where Vz, PZ5 and v;1PZ2 belong to I'(S(T'L)), A¢ and Zg are local shape operators defined on
I'(S(T'L)), P denotes the projection of T'(T'L) onto I'(S(T'L)).
It is known from [8, 9] that the followings hold for any Z;, Z, € I'(T'L):

B(Z1,8) + B*(21,6) =0, h(ANZy + A% Z1, Z5) = 0, (4.10)
C(Z1,PZy) = (AN Z1, PZy), C*(Z1,PZy) = h(AxZy, PZy) (4.11)
and
B(Z1, %) = 9(Ai 21, Z) + B*(Z1,€)h(Z2, N), (4.12)
B*(Zy1, Z3) = WMAc 2y, Za) + B(Z1,€)h(Za, N). (4.13)

A lightlike hypersurface (L, h, S(TM)) of a statistical manifold is called screen conformal with
respect to V (or V*) if Ay = ade (or Ay = azz) holds where « is a differentiable function.
Furthermore, (L, h,S(TL)) is called totally geodesic with respect to VifB=0, totally geodesic
with respect to V* if B* = 0, S(TL)—geodesic with respect to Vif C =0 and S(TL)—geodesic
with respect to V* if C* = 0 [8, 19].
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5 Radical invariant lightlike hypersurfaces
Definition 5.1. Let (L, h, S(T'L)) be a lightlike hypersurface of (L, h, F). If F and F* are invariants
on the radical space Rad(T'L), then (M, h,S(TL)) is called a radical invariant lightlike hypersurface.

Suppose that Rad(TL) = Span{{} and ltr(TM) = Span{N}. If (L,g,S(TL)) is a radical
invariant lightlike hypersurface, then we can write F¢ = A&, where \; is a smooth function.
Considering F? = I, we have \; = F1. Similarly, we find F*¢ = ¢, FN = N, F*N = FN and
FZ,F*Z e T(S(TL)) for any Z € T'(S(TL)).

Considering the above facts, we have

Theorem 5.2. Every radical invariant lightlike hypersurface is screen invariant; that is, S(T'L) is
invariant under the actions of F' and F™*.

Proof. It Z € T(S(T'L)), then we have

WFZ,€)=h(Z,F*¢) =0, (5.1)
hW(F*Z,€) = h(Z,F¢) =0 (5.2)

and
WFZ,N)=h(Z F*N) =0, (5.3)
W(F*Z,N) = h(Z,FN) = 0. (5.4)
In view of (5.1), (5.2), (5.3) and (5.4), we obtain that S(T'L) is invariant under the actions of F’
and F*. Q.E.D.

We remark that the converse part of Theorem 5.2 is generally not true. That is, a screen
invariant lightlike hypersurface does not need to be radical invariant under the actions of F' and
.

As a result of Definition 5.1 and Theorem 5.2, we obtain

Corollary 5.3. Every radical invariant lightlike hypersurface is both F'—invariant and F*—invariant.
Example 5.4. Consider the following hypersurface of (R%,E, F), which is given in Example 4.1:
L= {(z1,20,23,24) - 21 = 24}

In this case, the induced metric h of L is given by

0 00
h=]10 10
0 01

Therefore, we have

Rad(TL) = Span{{ = 01 + 04}, ltr(TL) = Span{N = 1(—31 +04)},

4
S(T'L) = Span{e; = 02,62 = 03} .
Since F¢ = &, F*¢ = =, FN = —N and F*N = N, we obtain that (M,h,S(TL)) is radical

invariant.
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Further examples of these lightlike hypersurfaces can be provided.

For any radical invariant lightlike hypersurface, we can write Z = PZ + n(Z)¢, where n(Z) =
h(Z,N). We find herewith

FZ =F(PZ+n(Z)§) =pPZ +en(2)E, (5.5)
where pPZ € T'(S(TL)) and € = F1. From Theorem 5.2, we can see that
oPZ =¢pZ (5.6)
is satisfied for any Z € I'(T'L).

Proposition 5.5. For any radical invariant lightlike hypersurface (L, h, S(TL)) of a locally product-
like Lorentzian manifold, we get

VZQQOZ1 — 77(Z1)Z§ZQ = QDVZQZl, (57)
C(Z2,920) + Z2 [n(Z1)] — en(Z1)7(Z2) = n(V 2, Z1) (5.8)

and
B(Za, pZ1) + en(Z1)B(Z2,§) = eB(Za, Z1). (5.9)

Proof. For any Zy,Z5 € I'(TL), we can write from (4.2), (5.5) and (5.6) that
V2, FZ =V 3,07 + B(Zy,0Z1)N + eV z,0(Z1 ). (5.10)
Besides this fact, we also get

V 2.0(Z1)E = Zo [0(Z1)) € +1(Z1) [V 2,€ + B(Z2,€)N]. (5.11)

Substituting (5.11) into (5.10), we find

V2, FZy =V 2,021 + C(Za, 021)E — en(Z1)Ag Zg — en(Z1)T(Z2)€ + en(Z1) B(Z2, §)N.  (5.12)
On the other hand, we write
FN 2,71 = oV 2,71 + en(V 2,21 )€ + B(Zy, Z1)FN. (5.13)

Using the fact that V., FX; = FV 2, Z; and considering (5.12) and (5.13), we have (5.7), (5.8) and
(5.9) immediately. Q.E.D.

Theorem 5.6. (L,h,S(TL)) is totally geodesic with respect to V if and only if B vanishes in
Rad(TL).

Proof. Assume that B vanishes on Rad(T'L). In view of (5.9), we obtain B(XZs,pZ; — Z1) = 0.
Therefore, we see that either ¢Z; = Z; is satisfied or (L, h,S(T'L)) is totally geodesic. The first
case contradicts the fact that F' # I. Thus, we get (L, h,S(T'L)) is totally geodesic. The converse
part is straightforward. Q.E.D.
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Theorem 5.7. ¢ is parallel with respect to V if and only if (L, h, S(T'L)) is totally geodesic with
respect to V* and C' vanishes identically.

Proof. By using the fact that
V2,921 = oV 2,21 + (Vz,0) 21
and from (4.6), we obtain
OV 2,21 =V 2,071 + C(Za,021)& — (V 2,0) Z1 = V 7,021 — 0(Z1) A¢ Zs. (5.14)
The equation (5.14) implies that
(V2,0) 21 = C(Z2, 0 Z1)6 4+ 1(Z1) Ac Zs. (5.15)

If Vz,p = 0, then C(Z2,pZ;1) = 0 and A¢Zy = 0. Therefore, we obtain that the hypersurface

is totally geodesic with respect to V* and C' vanishes identically. The converse is straightforward
from (5.15). Q.E.D.

Proposition 5.8. Let (L, h, S(TL)) be a radical invariant lightlike hypersurface of a locally product-
like statistical manifold (L, h, V, F'). Then, the following relations hold for any Z;, Zs € I'(S(T'L)):

Vz,0Zy = oV 7,2, W*Zl ©*Zo = "Ny Zs, (5.16)
B(Z1,pZ2) = eB(Z1, Z2), B*(Z1,¢* Z2) = eB*(Z1, Z2), (5.17)
C(Z1,9Z2) = n(V z,22), C*(Z1,9"Z2) = n(Vg, Z2), (5.18)
(,D*ANZQ = ANSDZQ7 @A?vZQ = A;(VQO*ZQ. (519)
Proof. Using the fact that %ZIFZQ = F%Z1 Z5, we obtain
V2,075 + B(Z1, 0Z)N = ¢V 5, Zo + 1(V 2, Zo)E + B(Zy, Zs) FN. (5.20)
In view of (5.20), we find that B(Z1, pZs) = eB(Z1, Z3) and
Vz2,90Zs = ¢V 2,25+ 1(Vz,Z2)¢E. (5.21)
From (4.6) and (5.21), we obtain
V2,92 + C(Z1,0Z2)E = ©V 2, Za + 1(V 2, Z2)E,
which indicates that Vz,¢0Zs = ¢V z, Zo and C(Zy, 0 Zs) = n(Vz,Zs).
With similar arguments to (5.20), we obtain
V59" Z2 = ¢*V 7,22 + 0(Vy, Z2)E. (5.22)

The equation (5.22) implies that ﬁ*zl ©*Zy = ©*Ny Zy and B*(Z1,¢*Zy) = eB*(Z1, Z3). Substi-
tuting (4.11) into (5.18), we obtain (5.19). Q.E.D.
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For any lightlike hypersurface, it is known that any screen distribution does not have to be
integrable with respect to V. In [13], K. L. Duggal and A. Bejancu proved the following theorem:

Theorem 5.9. Let (L,h,S(T'L)) be a lightlike hypersurface. Then, the following situations are
equivalent:

i) S(T'L) is integrable.
ii) €0 is symmetric on T'(S(TL)).
iii) A% is self-adjoint with respect to h.

Now, we discuss the necessary conditions of S(T'L) to be integrable with respect to V and V*
as follows:

Theorem 5.10. For any radical invariant lightlike hypersurface of locally product-like statistical
manifold (L, h, V, F), the following situations are equivalent:

i) S(T'L) is integrable with respect to V.
i) C(Zy,075) = C(pZy1, Zs) is satisfied for any Z,, Z € T'(S(T'M)).

iil) h(AnwpZa, Z1) = h(ANpZ1, Za) or equivalently, h(AnZ1,0Z2) = h(ANZa,pZ1) is satisfied
for any 71, Zs € T'(S(TM)).

Proof. In view of (5.18), we have
C(Z1,pZ3) =n(Vz Z2) and C(Za,pZ1) =n(Vz,Z1). (5.23)
If we subtract the equations in (5.23), we arrive at
C(Z1,922) — ClpZr, Z2) = (V2,21 — NV 2,2),
which is the proof of i)«<ii). The proof of ii)«iii) is straightforward based on (4.11). Q.E.D.

In analogy to Theorem 5.10, we have

Theorem 5.11. For any radical invariant lightlike hypersurface of locally product-like statistical
manifold (L, h, V, F), the following situations are equivalent:

i) S(TL) is integrable with respect to V*.
ii) C*(Z1,¢*Zs) = C(¢*Z1, Zs) is satisfied for any Z1,Zs € I'(S(T'L)).

ili) h(Ax9*Za, Z1) = h(Axp*Z1, Z2) or equivalently, h(ANZ1,9Z2) = h(ANZa, p*Z1) is satis-
fied for any 71, Zs € T'(S(TL)).
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6 Identities involving Riemannian curvature invariants

Let (E,E, V, F) be a locally product-like statistical manifold. Considering the definitions of Rie-
mannian curvature tensor fields R and R*, we get the following equalities:

R(Z1, 25)F Zs = FR(Zy, Za)Zs, R*(21,25)F* Zs = F*R* (%1, Z2) Zs, (6.1)
R(FZy,FZy)Zs = R(Zy, Z2) Zs, R*(F*Zy,F*Zy)Z3 = R*(Zy, Z5) Zs, (6.2)
S(FZy,FZy) = S(Z1, Z5), S(F*Zy, F*Zy) = 8(Z1, Zs). (6.3)

for any Z1, Zs, Z3 € F(TE). Next, let us suppose that the equality

R(Zy,Z2) 25 =¥ [ﬁ(zz, Z3)Zy — W2y, Z3) Zo + h(Zo, FZ3)F Z,
W2y, FZ3)F Zs + h(FZy, Zs)F Zs — h(Z1, FZQ)FZ;;} (6.4)

is satisfied. From (2.3), it is clear that

R*(2122)Z5 =9 [E(ZQ, 73) 21 — W(Z1, Z3) Zo + h(Zo, F* Z3) F* Z,
—W(Zy, F* Z3)F* Zy + h(F* Zy, Z5) F* Z3 — h(Zy, F*ZQ)F*Z3} (6.5)

is also satisfied.

Inspired by the notion of Riemannian product manifolds with constant curvatures, the following
definition can be given:

Definition 6.1. A locally product-like statistical manifold (L, h, V, F) is said to be of constant
curvature ¥ if the equation (6.4) is satisfied.

From (2.3), it is clear that (L, h, V, F) is of constant curvature with respect to R if and only if
it is of constant curvature with respect to R*.

Example 6.2. Let (R%,E,F) be an almost product-like statistical manifold in Example 4.4. By
straightforward computation, we find R(9;,0;)0; = 0 for any 4,5 € {1,2,3,4}. Then, it is of
constant curvature such that 9 = 0.

Following the definition of almost constant curvature manifolds in Riemannian product mani-
folds (cf. Theorem 2.5, page 422 in [27]), we can state the following definition, which is a generalized
version of locally product-like statistical manifolds with constant curvatures:

Definition 6.3. A locally product-like Lorentzian manifold (z,ﬁ,%,F ) is said to be an almost
constant curvature-like manifold if the equation

WR(Z1,72)%3,24) = [E(Zh Z3)M(Za, Z3) — W(Z1, Z3)W(Za, Z4)
+1(Zy, FZ3)W(F Zy, Zs) — W(Z1, F Z3)W(F Zo, Zy)
+h(F 2y, Zo)h(F Zs, Z) = h(Z1, FZ2)h(F 23, Z,)|
+by [E(Zh FZ) W Za, Z3) — W(Z1, F Z3)1(Zo, Z4)

Vh(Z1, Za)W(Z2, F Z3) —E(Z1,Z3)E(Z27FZ4)} (6.6)
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holds for any 7y, Zs, Z3,Z4 € F(Tz), where a; and by are constants. For simplicity, we indicate an
almost constant curvature-like manifold by L(aq,b).

Considering the equations (2.3) and (6.6), it is clear that
WR(Z21,75)73,7Z4) = as [ﬁ(zl, Z0) W Za, Z3) — W(Zy1, Z3)h(Za, Z4)
A1 Za, F* Z3)h(F* 2y, Zs) — h(Zy, F* Zs)h(F* Za, Zs)
Fh(F*Zy, Zo)W(F* Z3, Z4) — h(Z, F*Z2)71(F*Z324)}
by [ﬁ(zl,F*Z4)'ﬁ(Zg, Zs) — (2, F* Z3)(Za, Z4)
+R(Z1, Z)W(Za, F* Z3) = W(Z1, 25 Za, F* 24)] (6.7)
is also satisfied, where ay and by are constants.

Now, we recall the following lemma [8]:

Lemma 6.4. Let (L,h,V) be a statistical manifold and (L, h,S(T'L)) be a lightlike hypersurface
of (L, h,V). Then, we have

R(Z1,22)Zs = R(Z1,Z2) %3 — B(Zy, Z3) A% Z1 + B(Z1, Z3) A% Zs
+ (B(ZQ, Zg)T*(Zl) — B(Zl, ZB)T*(ZQ)) N
+((V2,B)(Z2,Z3) — (V2,B)(Z1, Z3))N (6.8)
and
R*(Z1,75)Zs = R*(Zy,22)Zs — B*(Za, Z3)AnZy + B*(Z1, Z3) AN Zs
+(B*(Z2, Zg)T(Zl) — B*(Zl, Z3)7‘(Z2))N
+((V%,B*)(Z2, Z3) — (Vy,B*)(Z1, Z3))N (6.9)
for any Z1,725,7Z3,Z4 € T(TL).
In view of Lemma 6.4, we get
WR(Z1, Z2)Zs, Z1) = M(R(Zy, Z2) Z3, Z4) — B(Za, Z3)g(AN Z1, Z4)
+ B(Zy1, Z3)h(A% Zy, Z4) (6.10)
and
W(R*(Zy, Z2) 23, Zs) = h(R*(Z1, Z3) Zs, Zs) — B*(Za, Z3)h(An Z1, Z4)
+ B*(Z1, Z3)W(An Z3, Zy). (6.11)

Let us denote the screen Ricci curvatures of (L, h, S(T'L)) with respect to V and V* by Ricg(rr
and Ric§(p . For any unit vector field Z € T'(S(TL)), we write

Ricg(rr)(Z Zh (Z,ej)ej, Z) and Ric§rp,)(Z Zh (Z,ej)ej, 7). (6.12)
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Also, we write the screen Ricci curvatures of (Z,iNL, 6) with respect to V and V* as follows:

n

Rics(rr,) Zh R(Z,¢j)e;,Z) and Ricgrp)(Z) =Y h(R*(Z,e;)e;, Z). (6.13)

j=1

Proposition 6.5. Let (L, h,S(TL)) be a lightlike hypersurface of a statistical manifold (L, h, V).
Then, we have the following equalities for each unit vector field Z € T'(S(T'L)):

Ricg(rr)(Z) = Rics(rr)(Z) — trace(A (AN Z, Z) + WAL Z, AN Z), (6.14)
Ricg(rr)(Z) = Rickp,(Z) — trace(Ah(AnZ, Z) + h(AcZ, Ay Z). (6.15)
Proof. Let {e1,ea,...,e,} be an orthonormal frame field of T'(S(T'L)). From (6.10), we obtain

n n
E h( (e1,€j)ej,e1) E h (e1,€j)ej,e1) E B(ej,ej)h(Ayer,er)
; =

+ ZB e1,ej)h(Aye;, er). (6.16)
Using
Z B(ej,e;)h(Ayer,e1) = trace(AE) (Ayer,er) — Z h(Ayer,e;)h(Ayer, ;)
j=2 j=1
= trace(Ag)h(Ajer, e1) + h(Ager, Ayer) (6.17)
in (6.16) and putting e; = Z, we find (6.14). Using similar arguments to the proof of (6.14), the
equation (6.15) can be proved. Q.E.D.

Let us denote the screen scalar curvatures of (L, h,S(T'L)) with respect to V and V* by 7g(rr)
and Tg(TL). We write

n n
T5(rLy(p) = ZRiCS(TL)(ei) and 74rp)(p) = ZRicg(TL)(ei). (6.18)

i=1
Also, we write the screen scalar curvatures of (EE 6) with respect to V and V* as follows:
Ts(rL) (P ZRICS(TL)(GZ) and TS(TL) ZRIC s(rry(eqd). (6.19)
i=1

Proposition 6.6. Let (L, h,S(TL)) be a lightlike hypersurface of (L, h, V) and {e1, ez, ..., en} be
an orthonormal frame field of I'(S(T'L)). Then, the following equalities hold for a point p € L:

Ts(rr)(p) = Ts(rry(p) —n trace(zz)tmce(/ﬁv) + Z h(zzei, Ayei), (6.20)
i=1
ey (P) = T8 (p) —n trace(A¢)trace(An) + Z h(Agce;, Ane;). (6.21)

i=1
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Proof. Taking the trace in (6.16) and considering (6.18) and (6.19), we find (6.20). The proof of
(6.21) can be obtained in a similar manner. Q.E.D.

Proposition 6.7. Let E(al, b1) be an almost constant curvature-like manifold. Then, the following
situations hold:

i) For any unit vector field Z € T'(S(T'L)), we have

Rics(r1)(Z) = ax [n + (traceF)(FZ, Z) — 2 |\F*Z||2}

+by [(n— NG(FZ,Z) + traceF — |[F*X||? — (W(FZ, Z)) } (6.22)

and

*

Ricgiry)(Z) = as [n + (traceF*)h(F*Z,Z) — 2 ||FZH2}

+ by [(n— NW(F*Z, Z) + traceF* — |FX | — h(F*Z, Z)) } (6.23)

ii) For any point p € E, we have

Forny(p) = ar [n? + (trace F)? —2[F*|?]
+ by {(Qn — 2)traceF — (trace F)? — ||F*H2} (6.24)
and
~% _ 2 %\ 2 2
) (p) = ag [n + (traceF*)* — 2 || F|| ]
+ by [(271 — 2)traceF* — (traceF™*)? — ||F||2} . (6.25)
Proof. Let {e1, ea,...,en} be an orthonormal frame field of I'(S(T'L)). From the definition of almost
constant curvature manifolds, we get
Zh (e1,e5)ej,e1) = [(n—1) Z (Fej,ej)g(Fer,er) — (h(Fey,e1))?

—n > h(Fey,e;)h(F*ey,e;) + (h(Fey,e;))?
Jj=1

n

+> (h(F*ej 1))’ = (M(Fer,er))?

Jj=1

3

+ (h(Fej,e1))? + (h(Fer,er))?]. (6.26)
j=1
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Using

n

Zh Feq,ej)h h(F* e1,ej) = h(Fey, F*e1) = h(er,e) =1

n (6.26), we obtain (6.22). The proof of (6.23) can be obtained in a similar manner to (6.22).

Taking the trace in (6.22) and considering the definitions of following squared norms

IFI* = D (h(Feiye;))® and |[F*|* = Y (A(F*ei, ),
ij=1 ij=1
we find (6.24). The proof of (6.25) can be obtained in a similar manner to (6.24). Q.E.D.

Lemma 6.8. Let (L, h,S(TL)) be a lightlike hypersurface of (Z,Tl,%) Then, the following in-
equality holds for any Z € T'(S(T'L)):

WANZ, A 2) < S (142017 + | AR 2. (6.27)

<L
2
The equality case of (6.27) holds if and only if one of the following statements occurs:

i) ANZ = A Z

ii) A% =0 and Ag = 0.
Proof. Let {e1,e2,...,e,} be an orthonormal frame field of T'(S(T'L)). Then, we can write Ay Z =
En: Aie; + App1€ and ZZZ = En: wie;. Using the fact that 0 < f:()\z — ui)?, we get

i=1 i=1 i=1
D 2ip <N+ (6.28)
i=1 i=1

Based on (6.28), the proof is easy to follow. Q.E.D.

In the first case of Lemma 6.8, we see that (L, h,

h,S(T'M)) is screen conformal with respect to V*
for a* = 1. In the second case, we obtain that (L, h, S

(T'L)) is totally geodesic and S(T'L)—geodesic
with respect to V*.

Theorem 6.9. Let (L, h, S(T'L)) be a lightlike hypersurface of (L, h, V). Then we have

ey (p) > Tocrny(p) + . trace(Aptrace(A%) — 3 (14217 + A431) (6.29)

The equality case of (6.29) holds if and only if one of the following situations occurs:
i) (L,h,S(TL)) is screen conformal with respect to V* for a* = 1.

ii) (L,h,S(TL)) is totally geodesic and S(T'L)—geodesic with respect to V*.
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Proof. Taking into account (6.20) and Lemma 6.8, the proof is straightforward. Q.E.D.

Lemma 6.10. Let (L, h,S(TL)) be a lightlike hypersurface of (Z,E, 6) The following inequality
is satisfied for any Z € I'(S(T'L)):

_ 1 _
hAnZ,AeZ) < 5 (IAeZ]? + | AN 2P - (6.30)

The equality case of (6.30) is satisfied if and only if one of the following statements occurs:
i) ANZ = AcZ.
11) AN =0 and Zg =0.

In the first case of Lemma 6.10, we see that (L, h,S(TL)) is screen conformal with respect to V
for & = 1. In the second case, we obtain that (L, h, S(T'M)) is totally geodesic and S(T'L)—geodesic

with respect to V.
Theorem 6.11. Let (L, h,S(TL)) be a lightlike hypersurface of (L, h, V). Then we have

i () 2 Fra (p) + 7 trace(Ag)trace(An) — S(14ell* + | 4x ). (6:31)
The equality case of (6.31) holds if and only if one of the following situations occurs:
i) (L,h,S(TM)) is screen conformal with respect to V for a = 1.
ii) (L,h,S(TM)) is totally geodesic and S(TM)—geodesic with respect to V.
Proof. Taking into account (6.21) and Lemma 6.10, the proof is straightforward. Q.E.D.
As a result of (6.24) and Theorem 6.9, we find

Theorem 6.12. Let (L, h, S(T'M)) be a radical invariant lightlike hypersurface of L(ay, by). Then,
we have

Ts(ra) (P) > a1 n?+ (traceF)2 -2 HF*||2] + by [(Qn — 2)traceF — (traceF)2 — HF*||2
+ ntrace(A7)race(A}) — (14217 + A3, (6.32)
The equality case of (6.32) is true if and only if one of the following situations occurs:
i) (L,h,S(TL)) is screen conformal with respect to V* for a* = 1.

ii) (L,h,S(TL)) is totally geodesic and S(TL)—geodesic with respect to V*.

As a result of (6.25) and Theorem 6.11, we find
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Theorem 6.13. Let (L, h, L(TM)) be a radical invariant lightlike hypersurface of L(ay, by). Then,
we have

ey (p) = a2 [nQ + (traceF*)* — 2 ||FH2} + by [(271 — 2)traceF* — (traceF*)? — ||FH2}
— 1
+ ntrace(A¢)trace(Ay) — 5 (|| A¢ll” + (| An*)- (6.33)
The equality case of (6.33) is true for any p € L if and only if one of the following situations
occurs:
i) (L,h,S(TL)) is screen conformal with respect to V for o = 1.
ii) (L,h,S(TL)) is totally geodesic and S(T'M)—geodesic with respect to V.

In the remaining part of this paper, we provide some relations involving the K —sectional,
K —Ricci and K —scalar curvatures:

For any lightlike hypersurface, the Gauss-type equation with respect to the Levi-Civita connec-
tion VO is given by

WRY(Zy, Z3) Z3, Z4) = W(R%(Zy, Z) Zs3, Zs) — B®(Z1, Z3)h(AX Zs, Zs)
+ BY(Z2, Z3)h(AN 21, Za), (6.34)

where Z1, Z, Z5, Z4 € T(S(TL)). Using (6.10), (6.11) and (6.34) in (2.5), we find

~ 1
K*(I) = K*(I) — 3 [—B(Za, Zo)h(ANZ1, Z1) + B(Zy1, Z2) (AN Zo, 7))
—B*(Zy, Z2)W(ANZ1, Z1) + B*(Z1, Zo)W( AN Za, Z4))]
— B%(Zy, Z2)h(AXN Z1, Z1) + B%(Z1, Zo)h(AX 2o, Z1) (6.35)
such that

= {h (21, 22) 22, Z1) + M(R*(Z1, Z2) Za, Z1) = 2h(R(Z1, Z2) Z2, Z1)} . (6.36)

Let us denote the screen Ricci curvatures in terms of the K —sectional curvature by Ricg(TL) and
ffi\i/c;(TL). Then, we write

n

Ricgrpy(ei) = ZKS(ei,ej) and RICS (rr)(€i) Z (ei,€5). (6.37)

Jj=1

Furthermore, the screen scalar curvatures in terms of the K —sectional curvature are defined by

S(r) (P ZRIC ei) and Tgpp(p ZRlC €i)- (6.38)

i=1
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Lemma 6.14. Let (L, h, S(TL)) be a lightlike hypersurface of (L, h, V). Then we have

Ricg(g1,)(Z) = Rickgp(Z) — trace(AL)WANZ, Z) + WAL Z, AN Z)
—trace(A¢)h(ANZ, Z) + h(Ae¢ Z, AN Z)
— trace(AN)WAYZ, Z) + WAL Z, A\ Z) (6.39)
for any unit vector field Z € I'(S(T'L)) and
~s s a* * S T* *
TS(rL) (p) = TS(r ) (p) — trace(Ag)trace(Ay) + Z h(Agei, Axei)
i=1

— trace(A¢)trace(Ay) + Z h(Agei, Ane;)

i=1
- trace(A?V)trace(Ag) + Z h(A*gei, A%e). (6.40)
i=1
Proof. Taking the trace in (6.35) and using (6.37) and (6.38), the proofs of (6.39) and (6.40) are
straightforward. Q.E.D.

Proposition 6.15. Let (L, h,S(TL)) be a radical invariant lightlike hypersurface of L(as,br).
Then we have

1 1
! [nz + (traceF)?* — 2 ||F*H2} + §b1 [(Qn — 2)traceF — (traceF)* — ||F*||2]

1 1
—|—§a2 {n2 + (traceF*)* — 2 HF||2} + 5()2 [(Qn — 2)traceF* — (traceF*)? — ||FH2}

= Tg(TM)(p) + Tg(TM)(p) — trace(ZE)trace(Afv) + Z h(Zzei, Aye;)
i=1

—trace(A¢)trace(An) + Z h(Agei, Ane;) + Z h(A*gei, A%e;)
i=1 i=1
—trace(A?v)trace(Ag). (6.41)

Proof. By considering (6.24) and (6.25) in Lemma 6.14, we have (6.41). Q.E.D.
Corollary 6.16. Let (L,h,S(T'M)) be a totally geodesic radical invariant lightlike hypersurface
with respect to V and V*. Then we have
s 1 2
ey (B) + 700y () = 501 [ + (traceF) — 2| F*|]

1
+ §b1 [(271 — 2)traceF — (traceF)* — HF*||2]

+ —as [nZ + (traceF*)? — 2 ||F||2]

=N

+ =bo [(Qn — 2)traceF* — (traceF*)? — ||F||2} . (6.42)

[\
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Corollary 6.17. Let (L, h,S(TL)) be a totally geodesic radical invariant lightlike hypersurface of
L(ay,by) such that a; = b; = 0. Then we have

Té)(TL) (p) = _7'§(TL) (p). (6.43)

7 Conclusions and future works

In this study, the geometry of radical invariant lightlike hypersurfaces, where almost product struc-
tures F' and F™* are invariant in the radical space, is examined. Considering these facts, new types
of lightlike hypersurfaces can be defined by defining the different effects of F' and F'* on the radical
space, screen space and transversal space. For example, several cases in which almost product struc-
tures ' and F* are anti-invariant in the radical space or invariant and anti-invariant on the screen
space can be examined. Thus, the problem of the existence of new types of lightlike hypersurfaces
of an almost product-like statistical manifold arises.

It is known that any screen distribution of a lightlike hypersurface does not need to be integrable.
This makes it topologically impossible to examine geometric structures on subdistributions that can
be defined on any screen distribution. The conditions required for the screen distribution of any
lightlike hypersurface to be integrable were examined (cf. Theorem 5.9). It was proven that every
lightlike hypersurface whose screen distribution is integrable is locally isometric to 8 x L*, where (3 is
a null curve on the normal space and L* is a leaf on the screen distribution. We present the required
integrable conditions on any screen distribution of a radical invariant lightlike hypersurface of an
almost product-like statistical manifold (cf. Theorem 5.10 and Theorem 5.11). The conditions for
the screen distribution to be integrable can be investigated on new types of lightlike hypersurfaces
of an almost product-like statistical manifold.

In the sixth section of this study, we compute the Riemannian curvatures of radical invariant
lightlike hypersurfaces in terms of statistical structures. With the aid of obtained relations, Chen-
like inequalities can be derived in the future studies.
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