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Abstract

This paper deals with approximation properties of bivariate sampling Durrmeyer operators for
functions belonging to weighted spaces of functions. After a short preliminaries and auxilary
results we present well-definiteness of (S§;<). Main results of the paper includes pointwise
and uniform convergence of the family of operators, rate of convergence via bivariate weighted
modulus of continuity and quantitative Voronovskaja type theorem.
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1 Introduction

Whittaker-Kotel'nikov-Shannon (WKS) sampling theorem aims to reconstruct a function from its
sample values and approximate version of WKS sampling theorem was one of the pioneering work
done by P. L. Butzer and his school at RWTH Aachen, in the late 1970s. The generalized sampling
series, in univariate case, defined in [20], is given by

(GX 1) ( Zf( > (wz —k), zeRw>0, (1.1)

keZ

where f: R — R is any function for which the series is convergent for every x € R, and xy : R - R
(called the kernel of the operator) denotes a continuous, discrete approximate identity which satisfies
suitable assumptions, and its generalized form can be found in [23].

The generalized sampling series has been widely studied since the 1980s (|21, 22, 35]) and also
through the study of the series (1.1), various applications, particularly in signal theory, have been
developed. For example, we quote here, applications to signal theory [35], to box splines [21], to
image processing [15, 10]. Nevertheless, it should be noted that most real-world signals, including
digital images, do not have a mathematical representation as continuous. Since generalized sam-
pling operators are not bounded in L' (R) spaces, Kantorovich version of the generalized sampling
operators was introduced in [13], by replacing the sample values in (1.1) with the mean values

fkk+1)/w u) du of the form:

(k+1)/w
(KX ( ZX wr —k) |w / fwdu|, zeR, (1.2)
keZ o
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where f is a locally integrable function and x is a kernel function, and its generalized form can be
found in [26]. Kantorovich type sampling operators and their multivariate versions has an exten-
sive working area such as linear prediction [3], image processing [12, 25, 27], inverse approximation
[24, 28], non-linear approximation [42]. While the Kantorovich modification of the operators (1.1)
presents an approximation method for functions belonging to L', the approximation method for
functions belonging to LP spaces is to construct Durrmeyer modification according to [32]. Dur-
rmeyer modification of (1.1) was introduced in [14], using a general convolution integral instead of
the integral means, by

k=—o00

+oo
(S$f) () = Z ¢ (wx — k)w/((wu —k) f(uw)du, ze€R, (1.3)
R

where ( is a kernel function which satisfies suitable conditions and its generalized form can be found
in [18]. The sampling Durrmeyer operators have been studied in several works, for some of them
we refer the readers to [29, 30, 31, 16].

Among the all mentioned sampling type operators above, there is an important version of
generalized sampling operators named exponential type sampling operators, firstly introduced by
Bardaro et al. in [17] and they have been studied by many researchers, see [19, 40, 6, 7, 41].

In the context of studying generalized sampling series (1.1) in continuous function spaces, the
focus is usually on the space C° (R), which consists of uniformly continuous and bounded functions
on R. However, in a recent paper [4], the authors investigated polynomial weighted spaces of contin-
uous functions to enlarge the space of target functions and explore the approximation behaviors of
generalized sampling series in a broader class of continuous functions, and for bivariate generalized
sampling series in similar context see [8]. The similar approach was taken for generalized sam-
pling Kantorovich series in [5], for generalized sampling Durrmeyer series in [9] and for generalized
exponential sampling type series in [11].

In this paper, we study bivariate generalized sampling Durrmeyer series defined by

(SS°F) (zr,m2) = D C(w(wy,m2) — (ky ko)) w? | C(w(ug,ug) — (K, k2)) f (ur, uz) duyus
(k1 ,kz) €72 R

(1.4)
for functions that belong to the polynomial weighted space of bivariate continuous functions, suit-
able kernel functions ¢ and w > 0. We state some notations and auxilary results in Section 2.
Main results begin with the well definiteness of (S5¢) which is given in Section 3. We continue
with pointwise and uniform convergence in Section 4 and present rate of convergence of (Sff) in
Section 5. At the end we illustrate a quantitative Voronovskaja type theorem and corresponding
to this theorem a qualitative form of Voronovskaja type theorem.

2 Preliminaries

Let us denote by N2 NZ and Z? the sets of vectors k = (k1,k2) positive integers, non-negative
integers and integers, respectively. We set |k| := k; + ko. Furthermore, by R? we will denote the
2—dimensional Euclidean space consisting of all vectors (z1,x3) € R? .

Let x = (21, 22),y = (y1,92). We say that x >y if and only if ; > y; for i = 1,2 and we will
denote by 0 := (0,0) and by R? the space of all vectors x > 0. Given x,y € R? and A € R the
usual operations are given by B
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X+y = (1 +y1, 22 +y2),
and
Ax = (Azq, Axa) .

We will put by (x) = z122 and we write k! = k1!ks!. Moreover, the product and division of two
vectors of R? are given by

&X = (mlyl, $2y2) )

and
- (ml,m), (y; #0 for all i =1,2).
y Y Y2
The norm of a vector x := (z1,22) € R? is given by |x| = ||(z1,22)| = /27 + 23, and the

Euclidean distance is d (x,y) := ||z — y|| for x,y € R%
A function p is called a weight function if it is a positive continuous function on the whole R?.
In this paper, we consider the weight function

1

plx,y) = —— .y €R.
p(z,y) 12147 T,y

We denote the space of functions whose product with the weight function p on R? is bounded by
B; (R?), that is,

B; (R?) = {f :R* = R: sup p(z,y) |f (z,y)| € R}-
z,yeR

We denote the space of continuous function on the whole R? by C° (RQ). We can also consider the
following natural subspaces of Bx (RQ):

C5 (R?) :=C° (R?) N B; (R?),
C; (R?) ¢={f€Cﬁ(R2) :3 px,y) f(x,y) GR},

Uz (RQ) = {f €y (Rz) : pf is uniformly continuous} .

im
Il (z,y)||—=+oc0

The linear space of functions Bx (RQ), and its above subspaces are normed spaces with the norm
[£ll5:= sup p(2,9)|f (z,9)|
z,y€R

see [1, 2, 33, 34, 36].
In Section 5 we aim to study rate of convergence of the operators S$¢. To follow this aim

we mention the weighted modulus of continuity for bivariate functions. It was defined in [38] for
f€C%(R?) by
|f(x—|—u,y—|—v) — f(xvy)‘
Q(f;01,02) = . 2.1
(f 1 2) ‘u‘<§3|1:3‘<52 (1 +U2 +,02) (1 +I2 +y2) ( )

(z,y) ER?
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The weighted modulus of continuity has following properties (as in one dimensional case):
Q(f;061,02) = 0 for 67 — 0,50 — 0 (2.2)
and for A\; > 0, Ay > 0,
Q(f;M101,X202) <41+ A1) (1+A2) (1+67) (14063) Q(f,01,682). (2.3)

To get more information about bivariate weighted modulus of continuity, we direct readers to see
[37, 38]. Here, we present an auxiliary result that will be utilized in the following section.
Remark 2.1 ([8]). In the inequality (2.3) if we replace \; = M267?rl‘,>\2 = %,(Il,yl) €
R2, (29,92) € R?,81,02 > 0 and consider the definition of the weighted modulus of continuity, the
inequality

|f (w2,y2) — f(z1,91)]

3 3 3 3
<16 (14 8)" (14 8)” (Lt a3 o) (1300, 14 2 hy Jram il e sl e =l
05 03 05 o3
holds. Finally we obtain
|f (2,92) — f (z1,51)]
2 2 . ly2 — Z/1|3 |zo — !E1|3 ly2 — y1|3 |2 — 331|3
<256 (14 27 +yi) Q(f;01,82) |1+ + + (2.4)

03 o 03 o

with the choice of §; < 1 and do < 1.

Let ¢ be a function belonging to L* (R?), such that ¢ is bounded in a neighborhood of the
origin, and satisfies

Z ¢ ((uy,u2) — (k1,k2)) =1, for every (uy,us) € R? (2.5)
(k1 ,k2)€Z2

and

/C (u1,uz) durdug = 1. (2.6)
R2

We recall that for any j > 0, the discrete and continuous absolute moments of order j are defined
by
M;(¢):== sup Z C((ur,u2) = (b, k2)) [|(ur, u2) — (ks k2) |7
(u1,u2)E€R? () 1o yen

and

~

A (C) = / ¢ (s )| (s w2) | sy s,
R2

respectively. Throughout out the paper, ¢ will be called kernel if it satisfies the conditions (2.5),
(2.6) such that there exist a, 5 > 0 with M; (¢) < +o00 and M (¢) < +oc.
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Lemma 2.2 ([26]). Let ¢ be a kernel with some 3 > 0 and continuous on RZ.
1. For every n > 0 there holds:

lim > ¢ (w (z1,22) — (K1, k2))| = 0,

w—s
[I(k1,k2)—w(z1,22)||>wn

uniformly with respect to (z1,29) € R2.
2. For every £ > 0 and € > 0 there exists a constant C' > 0 such that
w? ¢ (w (uy, ug) — (K1, k2))| durdusy < ¢,
[I(w1,u2)|>C

for sufficiently large w > 0 and (kq, k2) such that ||(kq, k2)|| < &w.

3 Well definiteness of the operators S$°
Proposition 3.1. Let ¢ be kernel with o = 8 = 2. Moreover, we denote by p (x1,x2) :=
1+ 22 + 23, (v1,22) € R%. Then

1
p(z1,x2)

(559) (v < M0 (0) (0 (0 + 2872 (0)) + 4310 (0) (532 (©) + M (O) v,
holds.

Proof. Using definition of the operators S$¢ we have
|(S5p) (21, 22)|

< Y IC(w (@, @) — (b, ko)) w2/ (¢ (w (u1,ug) = (K1, k)| (14 uf + ud) duy dus
(k1,k2)€Z? R2

1111 + IQ.
It is easy to see that I; < My (¢) ]\NJO (¢). Let us estimate Iy. By simple calculation we get:

L= > [C(w(zr,x2) — (k1,k2))l w2/ ¢ (w (ur, uz) — (K, k)| || (1, u2) || du dusy
R2

(k1,k2)€Z?

= > [C(w (@, w2) — (k k)l

(k1,k2)€Z?

X / 1€ (w (u1,u2) — (k1, k2))| |w (u1,u2) — (k1, k2) + (k17k2)H2duldu2
R2

< D> [C(w (@, we) — (K ko))l

(kl,kz)EZQ

X 2/ ¢ (w (ur, uz) — (K1, k2))| [Hw (ur,uz) — (ky, ko) l|” + || (ky, ko) || | dusdus
RQ

< =My (O) M2 (0
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2~

M) Y I (w(anms) = (ko)) (ks ke) = w (@1, 2) 4+ w (@, 2)
(k1,k2)€Z?

< =My (O) M2 (0

bl (@) It m) — () [0k Re) —w n,ma)| 4+ o, )
(k1,k2)€2?

< 2 My Q) M (€) + 5 Mo (€) (Mo (€) +wMy (), 2) 7).

At the end, by combining estimates I; and I we have

~

(559) (v < 30 (0) (0 (0 + 25812 (0)) + 4310 (0) (5302 (©) + Mo (O) v,

which is desired. Q.E.D.

Theorem 3.2. Let ¢ be kernel with a = 8 = 2. Then the inequality
~ 2 ~ ~ 1
1559 a0y < Mo ©) (30 ©) + 230 (0)) + 4810 () (¥ )+ M0 )

holds. In particular, S is a linear operator from B5 (RQ) to B; (RQ) for any fixed w > 0.
Proof. By using the definition of (SICU’C f) and Proposition 3.1 we have
(%) (21, 22)|
< D> [C(w (@, w2) — (K ko))l w2/ ¢ (w (u1,u2) = (k1, k)| [f (wr,u2)| duidus
R2

(k1,ko) €72

= > [¢(w(xy,w) - (kl,kz))\WQ/ ¢ (w (ur,u2) = (k1, k2))| p (21, 22) | f (ur,u2)| p (z1, v2) durdus

(k1,k2)€22 R2
<11y [0 (©) (310 + 25312 ©)) + 4310 (0 ( Ma 0) + M (O e aa)F) .

If we multiply both sides with p (z1,x2), we have

~ ~ 2 ~ ~ 1

7o) |(8559) (orvmn)| < 1515 [ M0 ©) (310 €) 4 Z5572(0)) +4370 (0) (0302 €+ 240 (©) )
By assumption, since ( is a kernel with a = § = 2, we conclude HS@’CH?) < +oo, that is SSCf €

B5 (Rz) . Now taking supremum over (x1,x2) € R? and the supremum with respect to f € B5 (]RQ)
with [|f]| <1 it turns out that

~ 2 ~ ~ 1
155 - mxey < Mo ©) (30 ) + 2310 (0)) + 4810 () (M )+ 0 0

which completes the proof. Q.E.D.
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4 Convergence of the family of operators S$¢

In this section, we present pointwise and uniform convergence of the sampling Durrmeyer operators
in weighted spaces of bivariate functions.

Theorem 4.1. Let f € Cj; (R?) be fixed and ¢ kernel with a = 8 = 2. Then

lim (ng’gf) (131,582) = f (371, .132) (41)
w—>—+00
holds for (z1,22) € R%. Moreover if f € Uz (R?), then
Jim [|S5ef = 5 =0. (4.2)

Proof. For all (z1,z2), (u1,uz) € R?, the inequality
1 1

p(ui,u)  p(x1,x2)

|f (u1,u2) — f(z1,22)| < p(ur,uz) | f (w1, uz)l

m |7 (ur,u2) f (u1,u2) — p(x1,22) f (21, 22)|

holds. By using the above inequality, linearity of (S$¢f) and definition of kernel we have
}(Sg;cf) (x1,22) — f (93171”2)|
< Z 1€ (w (21, 72) — (k1,k2))| w2/ 1€ (w (uy, uz) — (b1, k)| |f (w1, u2) — f (21, 20)| duydus
RQ

(kl,k2)€Z2

< Y (W (@) = (ki ko)) | w?

(k1,k2)€Z?

1 1

[ 1, m) = G R ) 1 ) | s = =

R2

+ Y [ (w (@) — (K ko) | w?
(k1,k2)€Z2

x / 1€ (w (t1, un) — (v, ko))| = [ (11, 02) f (1, ) — (1, ) f (21, 22) | dun sy
RQ

p(z1,72)

= 3w nas) = (b k) w?

(kl ,k2)€Z2

X/ ¢ (w (ur, uz) — (k1, k2))| § (ur, u2) | f (g, u2)| |uf 4+ uj — 23 — 23| duidus

R2
+ D (@, we) = (R k)| w?
(k1 k2)EZ2

x / 1€ (w (un, uz) — (ks ko) ﬁ 17 (un, u2) f (un, ua) — (@1, 22) f (@1, 22)| durduy

=0 + L.
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Firstly, we consider I;. Similar calculation given in [9], we have
|uf + 3 — af — o3|
S% {|wu1 — k|* + lwuy — k| [k + way| + [k — wz] |wuy — k|
+ |k — wx] k1 + wxy]] (4.3)
+% {|wu2 - k2|2 + Jwuy — kol |ka + wao| + ko — was| [wuy — ko
+ |k — wxa| |ko + waH .
Using (4.3) we obtain

LElfly | Y 1w ) = (b ko)) / € (w (w1, u2) = (ku, k)| (Jwus = ka4 fwuz = ko) deusdus

(k1,k2)€Z?

+ > K (w(w,ma) - (k1k2))||/€1+w$1|/|C (u1,u2) — (K1, k2))| [wur — k1| durdug
(ki ka) €22

+ Y ¢ (w (@, w2) — (k1 ka))| [y — wan | / € (w (w1, u2) = (k1, k2))| |wur — ki| durdus
(k1 kz) €22

+ Y ¢ (w (r,m2) — (k1 k)| [y — wan | [ky + wa | / € (w (u1, u2) — (k1, k2))| durdus
(k1,k2)€Z?

Y @) — (b)) ka4 was| / 1€ (0 (tr, un) — (v, ko)) fewtes — | ey s

(k‘l k}g €72

+ > [ (w(mr,w2) — (kyk2))| [ke — way| / € (w (w1, u2) = (k1 k2))| [wug — ka| duidus
(k1 kz) €22

+ Y ¢ (w (1, m2) — (ky k)| k2 — waa| [ky + wasl / ¢ (w (ur,u2) — (k1, k2))| durdus
(k1,k2)€Z? R2

Hfll

[ 2 (Q) My (¢) + 4My (¢) Ty (¢) + 20Mo (¢) My (¢) [l + |2

20y (¢) Mo (O) + 2wy (¢) Mo (€) [l + mn] .

Now, we estimate Iy by rewriting it into three parts:

1
L= —— Z ¢ (w (z1,22) — (k1 k2))|w
p($1a$2) [|w(m1,xz)(k1,k2)|<u§s
X / € (w (ur,ug) — (K1, k2))| [P (ur, u2) f(ur,u2) — p (21, 22) f (21, 72)| durdus

llw(ur,uz)—(k1,k2)|| < %2
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+ > ¢ (w (21, 22) — (k1 k2))| w?

llw(z1,z2)—(k1,ka2) || < %2

X / € (w (u1,ug) — (K1, k2))| |p (ur, u2) f (ur,u2) — p (21, 22) f (21, 22)| durdus

llw(u,uz)— (k1 ka)||> %2

+ Z ¢ (w (21, 29) — (k1 k2))| w?

lw(w1,22)—(k1,k2)|| > %2

></|C(w (u1,u2) = (K1, k2))| |p (u1, u2) f (ur,u2) — p(x1,22) f (21, 22)| durdus
R2

1
= m [1271 + I+ 1273] .
1,42

For (u1,us) € R? with the property |w (u1,us) — (k1, k2)| < %2 if we also have |w (z1, 2) — (k1, k)| <

%‘Sthenwehave
ki k ki k
(’U,l,UQ) - (172)‘+ ’(172) - (xla-TQ)
wow W w

Since pf € Cx (]R2) , we have I 1 < eMj (C) ]\NJO (¢). For Iy, taking supremum for (uy,us) € R?
we have

[(u1,u2) — (x1,22)] <

I <2||fll5 > 1€ (w (1, 22) — (k1 k2))| w?

lw(z1,22)—(k1,k2)]| < %2
X / ‘C(w (ulaUQ) - (kl,kQ))|dU1dUQ
llw(us,us)— (k1 ka)||> %2
and in view of Lemma 2.2

w? / 1€ (w (ua, u2) — (ka, k)| duaduy

llw(uy,uz)—(k1,k2)||> %2

= / 1€ ((y1,92))| dyrdy2 — 0 as w — 400

l(y1,m2) 1> %2

for sufficiently large w, so, we have
I <2|fl[; Mo (Q)e.

Finally, by Lemma 2.2, since for every n > 0, we have

im > € (w (21, 22) = (1, k2))| = 0
|w(z1,22)—(k1,k2)[>n
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uniformly with respect to (z1,72) € R? we get

Iy <2|fllzMo(¢)e
for sufficiently large w. Hence, combining all obtained estimates we have

I£1l5 [Mo (€) My (C) + 4My (¢) My (C) + 2wMy (€) My (€) [Jz1] + |a=l]

|(SE4S) (w1, 22) = f (1, 22)] <

w

~

20y (¢) Mo () + 2w () o () [l + xzu}

g

[7(371, x2)

[Mo () Mo () +21I£1; (Mo (€)+ A0y (Oﬂ |
(4.4)

By taking limit as w — +oo we get (4.1). Let us consider f € Us (Rz). If we multiply both sides
of (4.4) with p(x1,x2) ,we have

p (1, 22) [(SSCF) (w1, 22) — f (21, 22)|

/115
w?

+e [Mo (¢) My Q) +2[fll5 (MO () + Mo (OH

< [Mo () My (€) + 4M; (¢) My (C) + 2wMy (€) My (€) + 2Ms (€) Mo () + 2w, (¢) Mo <<>}

and taking supremum over (z1,xs) € R? we obtain (4.2) for w — +oo0. Q.E.D.

5 Rate of convergence of the operators 5$*

This section deals with the determine rate of convergence the operators S$¢ in the weighted spaces
of bivariate functions via weighted modulus of continuity given in (2.1).

Theorem 5.1. Let ¢ be kernel with o = 8 = 6. Then, for f € C5 (RQ) the inequality
155 f = £l <2562 (f3w ™", w™?)

~

. {Mo () Mo (¢) + 16V2 (Mo () 5 (¢) + M (O) Mo (c))

16 [Mo () M6 (¢) + 2Ms (¢) M (€) + Ms (€) Mo <<>] }

holds for w > 1.

Proof. By using definition of S5 ¢ and the inequality (2.4) we have
|(ng’<f) (1,22) — f (Il,xz)’
<256 (1427 +23) Q(f;01,02) Y [¢ (w (w1, 22) — (k1 ko)) w2/ ¢ (w (u1, uz) — (k1 k2))|
R2

(k:l JCz)EZQ

s g — 1) n up — 2| n luy — 21| Jug — 2| dundu
53 53 53 53 e
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<256 (14 a7 +a3) Q(f;61,02) > [C(w(wr,22) — (krk2))l w2/ € (w (u1,uz) — (K1, k2))|
]R2

(/Cl JCQ)EZQ

4 3 3 4 3 3
X{1+11)3(5i)’(|wu1_k1| +|wx1—k1\ )+w375§>)(|wu2—k2| +\wx2—k;2|)

Now, first we estimate I;. By simple calculations we have

I <256 (147 +23) Q(fi01,02) > ¢ (w(wr,x2) — (’fl,kz))WQ/K(w (w1, uz) — (k1, k2)))|
R2

(k1,k2)€Z?
4 /1 1 > 2\1?
X {1 + E (621)’ + 55’) |:2 <|U)’LL1 — kll + |’LU’LL2 - k2| )}
4 1 1 2 2\12
-‘r-ﬁ (5% + 5:2,’) [2 (|’UJ$1 — ]{)1‘ + "LU.’EQ - k2| )] }duldu2
=256 (14 03 4 a3) (00,8 3016w orvaa) — (huke))| 0 [ 1 (0 un,un) = ()
(k1,ko) €22 R?

8v2 /1 1 3 3
X {1 + 3 <(5% + (Sg) [<|wu1 — k1|2 + |’LUU2 - k‘2|2) + (\wxl - ]411|2 + |UJQL‘2 - k‘2|2) :| }dulduz

< 256 (1 + 27 + 23) Q(f;61,62)
. {Mo 100+ 22 (F+ ) (06 1(6) + 245 30 0)) } .

For I, from the facts that a®b® < (a? + b2)3 and a® < (a? + b2)3/2 for a,b > 0 we obtain

I =256 (14 a7 +a3) Q(f:61,62) > [ (w(w1,22) = (ki ka))] wz/ € (w (ur, ug) = (K1, k2))
(k1,k2)€Z2 R2

1
X % [\wul — k1|3 —+ |U/ZL'1 — ]{31|3:| |:|7J)U2 — ]{32|3 —+ |wx2 — k2|3i| duld’uQ

<256 (1+af +a3) Q(f;01,82) D [C(w(@r,@2) = (k1 ko))l w2/ ¢ (w (ur,u2) — (k1, k2))|
(k1 ,k2) €22 2

16
X 35300 [\wul — k1|3 |wu2 — 1{32|3 + |’U)U1 - k1‘3 |’LU$L’2 - k‘2|3
102w

+ \wxl — k?1|3 |UJUQ — k?2|3 + |’U)I1 — k‘1|3 |wx2 — k‘2|3j| duldu2

~ ~

<256 (1 a2 +.a3) (00, 02) g Mo (O) 3o (€)+ 203 ) M () + M (0) 10 6]
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Combining the above estimates, we have

[(S$Cf) (w1, @2) — f (21, 22)| < 256 (1 + af + 23) Q(f;01,02)

x{MMOMMO+i?($+;Q(MMOMAO+MAOMMO)

+grips | Mo (€)M (0) + 2002 (€) 13 (0 + Mo ) 3o (0| |

Finally, by choosing §; = w™!,d, = w™! and taking the supremum for (z,z2) € R? we get desired
result. Q.E.D.

6 Voronovskaja type theorem for the operators S$°¢

In this section, we present Voronovskaja type theorem in quantitative form for the operators S5¢
in the weighted spaces of bivariate functions.
Let x = (z1,22) ,k = (k1 k2) € Ri, k| = r, for a function f :R? — R by

a’l‘

DT = e

f

we denote the r-th order derivatives of f. For r € N, by C(") (K) we denote the subspace of C° (K)
which consist of all functions f with the derivatives up to the order 7 in C° (K). By the Taylor
expansion of f (see [39]),

(1, 22)

[ (s1,82) = f(x1,22) + (51 — 1) (1, 22) + (52 — 2)

Oy Oy (6.1)
+ Ry (s1,52),
where
0 0 0 0
Rl (81, 82) = {(81 - 1'1) |:31{1 (77301777:132) - 671{1 (x1a$2):| + (32 - ‘r2) |:6$fg (7796177712) - 871{.2 (1’1,:172):| }

(6.2)

such that 7, =x1+6(s1 —x1), Nay = T2+ 6 (52 —22) and 0 < 0 < 1.
In view of the inequality (2.4), with similar method presented in [1] and [8] we conclude that

|Ry (s1,52)]
<256 (1 + 27 + 23)
) 1 3 1 4 1 4 3
X 4 Q(fr,301,02) \81—x1|+57|52—$2| |51—$1\+g|81—$1| +W|51—$1| |s2 — 2|
2 1 1¥2

1 1 1
+ Q (fry;01,02) [|S2 — x| + 53 sy — zo|* + 53 |51 — x| |59 — 2| + 5353 |s2 — za|* |51 1’1|3] }
5 i 105
(6.3)
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Now, let h = (hq,h2) € Nj and let v = |h|. For u = (u1,u2) € RE we define the discrete and
continuous algebraic moments of order h of ( as

mp (Gu) = > C((ur,ug) — (ko)) (K1, k2) — (ua,us))®

(k1,k2)€Z?

= Y C(ur,up) = (k1 ko)) (ky — un)"™ (ke — up)"

(k1,k2)€Z2

and

e (Cou) = / ¢ ((u, u2)) (s, uz))Pdur duy
R2
:/g ((ul,uz))uﬁlugzduldug.
R2

We need one more assumption on the kernel function ¢ to estimate the order of approximation
under a local regularity assumption on function f. In particular, there exists a natural number
! € N such that h € N2 and |h| <1

mlfl (¢yu) = mlfl (¢) is independent of u.

~[n ~lh )
my, (¢,u) :=my, (¢) is independent of u.

Theorem 6.1. Let ¢ be kernel with « = =7 and (x) for [ = 1 such that

~1

(0 () 1,0 () + ) ()i (€)) #0

or
~1

(0 (€) oy (€) +mig.1) () o (€)) #0.
Then, for f’ € C% (R?) we have

~1 1 ~

"UJ [(SE;Cf) (w1, 22) — f (l’l,zz)] - (mo (C)m(m) () + ™M (1,0) (¢)mo (C)) % (w1, 72)

~ ~ 0
+ (1m0 (€) oy (€) + 1l 1y (€) e (©)) 52 (a1,

<256 (1 + i+ x%) [Q (fxl;wfl, wil) +Q (fmz; wil,wfl)]

~

< {VE (M0 (0311 6)+ 241 (€) B0 ©) ) + 10 (Mo (©) F14(0)+ 31 6) 30 )

512v2 (Mo (€)1 () + M (O) Mo <c>) } .
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Proof. Using definition of the operator S$¢ and consider the Taylor expansion given in (6.1) we
can write

(SGf) (zaa) = D C(w (@) — (kl,kz))UJQ/C (w (u1,u2) — (k1,k2)) f (w1, u2) durdus
R2

(k1,k2)€Z?

(k1,k2)€Z2

= Y Cwlona) — (k) e [ () - (k)
Rz

(11,502) —+ (UQ — 1'2) (I’l, 172) duldu2

x [f (21, 2) + (s fxl)% -

+ Z C (’LU (.’)31, CL‘Q) — (k‘lﬁk’g)) w2/C (’U} (u1, U2) — (]{?1, kg)) R1 (ul,ug) duldug
(k1,k2)€Z2 R2

= Il —|-12

where R; (u1,usz) is the remainder as in (6.2). Let us first estimate ;. Using definition of the
discrete algebraic moments and the operators we get

~1 ~

0
1= @) + o (mo (Ot 0(O) + ) (€)7o (O)) 52 (a1,22)

~ ~ 0
+ % (mo (©) mzo,n (€) + m%o,m (¢) mg (g)) 87;12 (21, 22) .

Now, we take into account that I». By using the inequality (6.3), we have

L] <256 (1+af+a3) > g(w(gghxg)—(kl,kQ))wQ/g(w(ul,w)—(khkz))
R2

(k1,k2)€Z2

1 1 1
x {Q(fz1;51752) {lm —ai|+ 55 fua — @’ Jur — @] + 5 lu —a|" + 5353 |u2 — @2/’ fur —l’llﬂ
2 1 1v2
Q . 1 4 1 3 1 1 4 3
+ (.f12751762) |u2_l‘2|+5f3|u2_x2| +5*3|U1_x1| ‘U2_ZL‘2‘ +W|U2_l’2| |U1—LB1| dU1dug
2 1 1¥2

and by considering the inequalities

[ur — 1| < |ur — 21| + Jug — x2| , lug — 2| < |ur — @1| + Juz — 2]

|lur — 331|4 < (|U1 - LE1|2 + |u2 — $2|2)2 ) |ug — 332|4 < (|u1 - 331|2 + |uz — $2|2)2
2

|u1 — 1‘1| |UQ — IE2|3 < 22 (|U1 — 1‘1|2 + ‘UQ — 1‘2|2) 5 |’LL1 - $1|3 ‘UQ — CL‘Ql < 22 (|U1 — 131|2 + |U2 — $2|2)

. . i Tz 7
lur — 1’ Juz — 22|* <22 (Jur — 21> + Juz — 22*) 2, Jur — x| Jue — 22® <22 (Jur — 21 * + |uz — 22]%) 2
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we get

15| <256 (1+af +a3) > |C(w (w1, 22) = (ki ko)) wz/ ¢ (w (w1, u2) = (k1, k2))|
(k1,k2)€Z?
2

2
X {Q(le;51,52) {|u1 —z1| + |uz — 2| + 3 (|U1 — a1+ fug — $2|2>
1 2 2 23 2 2\ 2
bl =l oz = )+ 5353 (I = 21 + Juz = 2ol
1
2 2\2
+Q (fr;01,02) |Jur — z1| + |uz — z2| + 53 (\ul —z1|” 4 |ug — 2 )
22 223 3
T3 (|U1 — 21 + Jug — $2|2) + 5553 (IU1 — 21|+ Jug — x2|2> | b dugdus.
i 102
Finally, by definition of absolute moments we conclude

<256 (1 + 27 +a3) {Q (fo1301,2) [f (#0312 (©) + 341 (€) B0 0))

~ ~

e (Mo (©) 14 0+ MO 30 (©)) + g (Mo ) 314 €) + M4 (0) 10 6))

ﬂ% (Mo (¢) M (¢) + My () Mg <<>)

~ ~

0 (fari81,52) M (340 (€)1 0+ 3. 310 (©)) + g (Mo ) 314 €) + 342 (0) 10 6))

~

32 (Mo (€) M4 (¢) + Ma (O) B (0) L 5122 (Mo () A7 (¢) + My (¢) Mo <<))] } .

T St PErE
Hence, choosing 6; = 6, = w™! we get
¢ ~1 1 ~ of
w [(SG4F) (wr,w2) = £ (o1, 22)] = (m0 () igagy (€) +mig) (0 (Q)) Fo- (a1,2)
~ ~ 0
+ (0 €) ity €) + by ) (Ot (€)) 30 (o112
§256(1—|—xf—|—x§) [Q(fwl;w_ , W )—i—Q(fM;w_l,w_l)]

V2 (M0 (€812 )+ 241 (©) B0 () ) +40 (Mo 6) 4 (0)+ 31 6) 30 )
+512v8 (Mo (€) 12 () + Mr () 10 (0)) |

which is desired result. Q.E.D.
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Corollary 6.2. Under the assumption of Theorem 6.1, in view of (2.2), we have a qualitative form
of the asymptotic formula for S$¢, i.e.,

~1

lim w [(Sfu)cf) (z,y)— f (x,y)] = (mo (©) M(1,0) Q)+ m%Lo) (©) my (C)) % (z1,22)

w— 400

. .\
+ (mo (C) mZO,l) (C) + m%(),l) (C) mo (C)) 873{‘2

At the end of the paper, we give examples of kernel functions which can be used for bivari-
ate sampling Durrmeyer series. In bivariate case, it is not easy to verify a function satisfies the
conditions of being kernel. According to [23], a a bivariate kernel can be obtained by product-
ing two univariate kernel. So, we will follow this process to obtain a bivariate kernel. Suppose
¢1,¢2 € LY (R), such that both bounded in a neighborhood of the origin,

dGu—k)=1, i=12

keZ

(I’l,l'g) .

for every u € R and

/Q (u)du, i=1,2.
R

Now we set ¢ (z1,z2) := (1 (1) (2 (z2). ¢ is a bounded function in a neighborhood of the origin
and also we have

Do C((wug) = (kik)) = Y Giur —k1) Y Go(us — ko) =1
(k1 k2) €22 = ksl

and

C(ul,u2) duldu2 = C (Ul) dU1 < (Ug) dUQ =1
/ [t

which means ( is a kernel function in bivariate setting.
Let B,, is a central B-spline of order n € N, and it is defined by

B, (1) == (nil)! :)(—1)” (?) (g—kt—j)fl, teR,

J

where (t)4 := maz{t,0}, t € R. Since B-spline is a univariate kernel, see [22, 16], we can use
it to obtain bivariate kernel. For simplicity, we take into account the case n = 2, i.e., we will
use By (t) = (1 — \t|)x[71 ,(1) &S a univariate kernel where y is a characteristic function. Putting,

(1 = (2 = By we construct a bivariate kernel

C(t1,t2) = G (t1) G2 (t2)
= B (t1,12)
(ti—1)(ts—1) 0<t;<land0<ty <1
—(t4+1)(ta—1) —1<t;<0and0<ty <1
(ty—1)(t2+1) 0<t; <land —1<t, <0
(i +1)(t2+1) —1<t;<0and — 1<ty <0
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Since B, are bounded on R? for all n € N with compact support [—%, 2], see [26, 23], we have
B € L' (R?) and the absolute moment condition M, (B ) < 400 satisfied for all r > 0.

Therefore, putting as a kernel {( = Bj » bivariate sampling Durrmeyer series comes out
(552,2732,2 f) (xl’ x2)

= Z BQ’Q (w (l’l,IEQ) — (/fl,kg)) w2/ 3272 (w (ul,u2) — (kl,kg))f(ul,’LLQ) du1u2
(k1 ,k2) €22 R

and since M, (B, ) < +oo for all r > 0, all results obtained in this paper can be used with this
kernel.
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