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Abstract

In this work, we will define rational type Hardy-Rogers contraction principle by α−series
using homogeneous functions in b−metric spaces and prove common fixed point theorems for
sequences of self mappings. This method is based on the convergence series of coefficients. Our
results are the generalized version of the results in the literature.
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1 Introduction

Metric spaces dating about a hundred years ago are an important tool in the transition from
classical analysis to modern analysis. Metrics and distances are used many areas of Mathematics
and other sciences such as chemistry, biology, networks, computer graphics, astronomy. Metric
spaces have many generalizations due to their widespread using. One of them is b-metric space
which has Hausdorff topology [6, 7, 8]. Most of fixed point results were gived in b−metric spaces
[1, 2, 5, 11, 13, 14, 15, 16, 17, 18, 19]

Fixed point and common fixed point theorems in metric spaces have become a popular research
topic since 1922, moreover in generalized metric spaces. Researchers proved fixed point theorems
with various conditions on contraction, mappings or sets. In [20] authors generalized the contraction
principle with α−series which are a larger class of convergent series with a new approach. Vats
et.al [21] developed tripled fixed point results using α−series. Gaba [9, 10] defined λ-sequence of
(0,∞) endowed with max metric specially which is also α−sequence. Bonab.et.al. [3] presented
the concept of JS-contractive type mappings using an α−series.

Definition 1.1. [20] Let {ar} be a sequence of [0,∞). The series
∑∞

r=1 ar is named α−series if
there exists 0 < α < 1 and r (α) ∈ N such that

∞∑
r=1

ar ≤ αL

for each L ≥ r (α).

Example 1.2. [3] Series
∑∞

r=1
1
2r and

∑∞
r=1

1
r are α−series. Note that all convergent series with

non-negative real sentences are α−series.
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In this work, we think a rational type form Hardy and Rogers contraction principle [12] by
α−series for the sequence of mappings and prove common fixed point theorems in b−metric spaces.
This method is based on the convergence of an appropriate series of coefficients.

Definition 1.3. [6] Let B ̸= ∅ be and a function b : B×B → [0,∞) satisfy the following properties
for all ξ0, ξ1, ξ2 ∈ B and any constant K ≥ 1,

(b1) b (ξ0, ξ1) ≥ 0 ,

(b2) b (ξ0, ξ1) = 0 ⇔ ξ0 = ξ1 ,

(b3) b (ξ0, ξ1) = b (ξ1, ξ0) ,

(b4) b (ξ2, ξ1) ≤ K (b (ξ2, ξ0) + b (ξ0, ξ1)).

Then (B, b) is called a b−metric space.
If K = 1, then b is a metric.

Let (B, b) be a b−ms. For any ξ1 ∈ B and ∀ε > 0, b−open ball centered at ξ0 with radius ε is

O (ξ0, ε) = {ξ1 ∈ B : b(ξ0, ξ1) < ε}.

The topology of b−metric is Hausdorff.

Example 1.4. Let B = [0, 100]. Define b : B2 → [0,∞), b (ξ0, ξ1) = 1
ξ0+ξ1

, then (B, b) is a
b−metric space. But not a metric space.

Example 1.5. Let B = {0} ∪ { 1
t : t ≥ 1, t ∈ N}. Define b : B2 → [0,∞) ,

b (ξ0, ξ1) = { 1, if ξ0 ̸= ξ1
0, if ξ0 = ξ1

Then (B, b) is a b−metric space.

Example 1.6. Let B = [0,∞). Define b : B2 → [0,∞), b (ξ0, ξ1) = min {1, |ξ0 − ξ1|}, then (B, b)
is a b−metric space.

Definition 1.7. [4] Let {ξn} ⊂ B be a sequence.

i. {ξn} is named b−convergent ⇔ there is ξ ∈ B ϶ limn→∞ b (ξn, y) → 0.

ii. {ξn} is named b−Cauchy sequence ⇔ limn,m→∞ b (ξn, ξm) = 0.

iii. A b−metric space is named b−complete if all b-Cauchy sequence is b−convergent.

In a b−metric space a b−convergent sequence has a unique limit.
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2 Common fixed point theorems

We denote the set Γ by
Γ = {G|G : [0,∞) → [0,∞), continuous, nondecreasing, sub-additive, homogeneus and G−1({0}) =
{0}}.

Theorem 2.1. Let (B, b) be a b-complete metric space and {kn} be a sequence of self mappings
on B and G ∈ Γ with degree s. Assume the sequences {an}, {cn} , {dn} and {en} of B such that

G (b (ki (x) , kj (y))) ≤ G

(
ϑi,jb (x, y) + βi,jb(x, ki (x)) + γi,jb(y, kj (y))

+ζi,j
b(x,ki(x))b(y,kj(y))

1+b(x,y)

)
(2.1)

for all distinct x, y ∈ B, where ϑi,j , βi,j , γi,j , ζi,j ∈ [0, 1), i, j = 1, 2, ... with ϑi,j+βi,j+γi,j+ζi,j < 1

and ϑi,j = b (ai, aj) , βi,j = b (ci, cj) , γi,j = b (di, dj) , ζi,j = b (ei, ej) . If
∑∞

i=1
(ϑi,i+1+βi,i+1)

s

1−(γi,i+1+ζi,i+1)s
is

an α−series, then {kn} has a unique common fixed point.

Proof. Let x0 ∈ B be any arbitrary element. We introduce a sequence xn = knxn−1 for all n ≥ 1.
From (2.1) and since G is nondecreasing,

G (b (x1, x2)) = G (b (k1 (x0) , k2 (x1)))

≤ G

(
ϑ1,2b (x0, x1) + β1,2b(x0, k1 (x0)) + γ1,2b(x1, k2 (x1))

+ζ1,2
b(x0,k1(x0))b(x1,k2(x1))

1+b(x0,x1)

)

= G

(
ϑ1,2b (x0, x1) + β1,2b(x0, x1) + γ1,2b(x1, x2)

+ζ1,2
b(x0,x1)b(x1,x2)

1+b(x0,x1)

)
≤ G ((ϑ1,2 + β1,2)b (x0, x1) + (γ1,2 + ζ1,2)b(x1, x2)) .

By homogeneity and sub-additivity of G, we have

G (b (x1, x2)) ≤ (ϑ1,2 + β1,2)
sG (b (x0, x1)) + (γ1,2 + ζ1,2)

sG(b(x1, x2)). (2.2)

Hence,

G (b (x1, x2)) ≤
(ϑ1,2 + β1,2)

s

1− (γ1,2 + ζ1,2)s
G (b (x0, x1)) .

Therefore we get,

G (b (x2, x3)) ≤
(ϑ2,3 + β2,3)

s

1− (γ2,3 + ζ2,3)s
(ϑ1,2 + β1,2)

s

1− (γ1,2 + ζ1,2)s
G (b (x0, x1)) .

Continuouning this process

G (b (xn, xn+1)) ≤ Πn
i=1

(ϑi,i+1 + βi,i+1)
s

1− (γi,i+1 + ζi,i+1)s
G (b (x0, x1)) . (2.3)
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For p > 0, by triangular inequality of b and definition of G,

G (b (xn, xn+p)) ≤ Ks [G (b (xn, xn+1)) +G (b (xn+1, xn+2)) + ...+G (b (xn+p−1, xn+p))]

≤ Ks[Πn
i=1

(ϑi,i+1 + βi,i+1)
s

1− (γi,i+1 + ζi,i+1)s
G (b (x0, x1))

+Πn+1
i=1

(ϑi,i+1 + βi,i+1)
s

1− (γi,i+1 + ζi,i+1)s
G (b (x0, x1))

+...

+Πn+p−1
i=1

(ϑi,i+1 + βi,i+1)
s

1− (γi,i+1 + ζi,i+1)s
G (b (x0, x1))]

= Ks[

n+p−1∑
k=n

Πn+k
i=1

(ϑi,i+1 + βi,i+1)
s

1− (γi,i+1 + ζi,i+1)s
G (b (x0, x1))].

Therefore

G (b (xn, xn+p)) ≤ Ks[

n+p−1∑
k=n

Πn+k
i=1

(ϑi,i+1 + βi,i+1)
s

1− (γi,i+1 + µi,i+1)s
G (b (x0, x1))]

≤ Ks[

n+p−1∑
k=n

λkG (b (x0, x1))]

≤ Ks λn

1− λ
G (b (x0, x1)) .

Letting limit as n → ∞, using continuity of G and G(0) = {0}, we get b (xn, xn+p) → 0 and {xn}
is a b-Cauchy sequence. Since (B, b) is b−complete, there exists a y ∈ B with xn → y. For any
m ∈ N,

G (b (xn, km(y))) ≤ G (b (kn (xn−1) , km (y)))

≤ G

 ϑn,mb (xn−1, y) + βn,mb(xn−1, kn (xn−1))
+γn,mb(y, km (y))

+ζn,m
b(xn−1,kn(xn−1))b(y,km(y))

1+b(xn−1,y)


As n → ∞,

G (b (y, km(y))) ≤ G

 ϑn,mb (y, y) + βn,mb(y, y)
+γn,mb(y, km (y))

+ζn,m
b(y,y)b(y,km(y))

1+b(y,y)


= G (γn,mb(y, km (y)))

= γs
n,mG (b(y, km (y))) .

Thus by γ ∈ [0, 1), we have G (b (y, km(y))) = 0. So y = km(y) i.e. y is common fixed point of
{km} .
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Now we show that uniqueness of fixed point. Suppose {km} has different fixed points y, z. By
(2.1),

G (b (y, z))) = G(b (km(y), km(z)))

≤ G

(
ϑn,mb (y, z) + βn,mb(y, km(y)) + γn,mb(z, km(z))

+ζn,m
b(y,km(y))b(z,,km(z)

1+b(y,z)

)

= G

(
ϑn,mb (y, z) + βn,mb(y, y)) + γn,mb(z, z)

+ζn,m
b(y,y)b(z,z)
1+b(y,z)

)
= G(0) = 0

which is a contradiction. Thus {km} has a unique fixed point. q.e.d.

Example 2.2. Let B = [0, 1]. Let define b : [0, 1]× [0, 1] → R , b (x, y) = (x− y)
2
and G : [0,∞) →

[0,∞), G(x) = x1/2. Then b is a b-metric on [0, 1] and G ∈ Γ.
For the sequences (ai) = ( 1

2i ), (ci) = (di) = ( 1
(1+4i) ) , (ei) = ( 1

1+i2 ). Thus, we have for i, j ≥ 1

ϑi,j =

(
1

2i
− 1

2j

)2

, βi,j = γi,j =

(
1

1 + 4i
− 1

1 + 4j

)2

ζi,j =

(
1

1 + i2
− 1

1 + j2

)2

.

Let ki : B → B, ki(x) =
x
4i . Then, we get

G (b (ki (x) , kj (y))) = G

((
x

4i
− y

4j

)2
)

=

∣∣∣∣ x4i − y

4j

∣∣∣∣
≤

∣∣∣∣ 12i − 1

2j

∣∣∣∣ |x− y|

= G (ϑi,jb(x, y))

≤ G

(
ϑi,jb (x, y) + βi,jb(x, ki (x)) + γi,jb(y, kj (y))

+ζi,j
b(x,ki(x))b(y,kj(y))

1+b(x,y)

)
.

All conditions of previous theorem are satisfied. 0 is common fixed point of {kn}.

Corollary 2.3. Let (B, b) be a b-complete metric space and {kn} be a sequence of self mappings
on B and G ∈ Γ with degree s. Assume the sequences {an} ⊂ B such that

G (b (ki (x) , kj (y))) ≤ G (ϑi,j [b (x, y) + b(x, ki (x)) + b(y, kj (y))])

for all distinct x, y ∈ B, where 0 ≤ ϑi,j < 1
3 , ( i, j = 1, 2, ...) and ϑi,j = b (ai, aj). Then {kn} has

a unique common fixed point.

Corollary 2.4. Let (B, b) be a b-complete metric space and {kn} ⊂ B be a sequence of self
mappings and G ∈ Γ. Assume the sequence {an} ⊂ B such that

G (b (ki (x) , kj (y))) ≤ G (ϑi,j [b(x, ki (x)) + b(y, kj (y)])
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x, y ∈ B with x ̸= y and 0 ≤ ϑi,j < 1
2 , ϑi,j = b (ai, aj) ( i, j = 1, 2, ... ). Then {kn} has a unique

common fixed point.

Corollary 2.5. Let (B, b) be a b-complete metric space and {kn} be a sequence of self mappings
on B and G ∈ Γ with degree s. Assume the sequences {an}, {cn}, {dn} and {en} of B such that

G (b (ki (x) , kj (y))) ≤ G
(

ϑi,j [b(x, ki (x)) + b(y, kj (y))] + ζi,j
b(x,ki(x))b(y,kj(y))

1+b(x,y)

)
for all distinct x, y ∈ B, where ϑi,j , ζi,j ∈ [0, 1), i, j = 1, 2, ... with ϑi,j+ζi,j < 1 and ϑi,j = b (ai, aj) ,
ζi,j = b (ei, ej). Then {kn} has a unique common fixed point.

Corollary 2.6. Let (B, b) be a b-complete metric space and {kn} ⊂ B be a sequence of self
mappings and G ∈ Γ. Assume the sequences {an} , {cn} ⊂ B such that

G (b (ki (x) , kj (y))) ≤ G (ϑi,j [b(x, ki (x)) + b(y, kj (y)] + ζi,jb (x, y))

x, y ∈ B with x ̸= y and ϑi,j , ζi,j ∈ [0, 1) , ϑi,j = b (ai, aj) , ζi,j = b (ci, cj) ( i, j = 1, 2, ... ). Then
{kn} has a unique common fixed point.

Corollary 2.7. Let (B, b) be a b-complete metric space and {kn} be a sequence of self mappings
on B. Assume the sequences {an}, {cn}, {dn} and {en} of B such that

b (ki (x) , kj (y)) ≤ ϑi,jb (x, y) + βi,jb(x, ki (x)) + γi,jb(y, kj (y)) + ζi,j
b(x, ki (x))b(y, kj (y))

1 + b (x, y)

for all distinct x, y ∈ B, where ϑi,j , βi,j , γi,j , ζi,j ∈ [0, 1), i, j = 1, 2, ... with ϑi,j+βi,j+γi,j+ζi,j < 1

and ϑi,j = b (ai, aj) , βi,j = b (ci, cj) , γi,j = b (di, dj) , ζi,j = b (ei, ej) . If
∑∞

i=1
(ϑi,i+1+βi,i+1)

s

1−(γi,i+1+ζi,i+1)s
is

an α−series, then {kn} has a unique common fixed point.

3 Application

Let consider the following integral equation

x (t) =

∫ t

0

Ki (t, r, x(r))]dr, t ∈ [0, a] (3.1)

where a > 0, Ki : [0, a] × [0, a] × R → R. Let us consider B = (C [0, a] ,R) be the set of all
continuous functions x : [0, a] → R and the sequence of mappings ki : B → B be defined by

ki (x) (t) =

∫ t

0

Ki (t, r, x(r))]dr, t ∈ [0, a].

Let us consider the b−metric on B,

b(x, y) = sup
t∈[0,a]

|x (t)− y (t)|2

for all x, y ∈ B. Then (B, b) is complete b−metric space with constant K = 2.
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Theorem 3.1. Suppose the following hypotheses hold:
(i) the functions Ki are continuous,
(ii) for all t, r ∈ [0, a] and x, y ∈ R

|Ki (t, r, x)−Ki (t, r, y)| ≤
√

1

t
.

1

2i+j+2

(
|x(t)− y(t)|2 + |x(t)− ki (x) (t)|2

+ |y(t)− kj (y) (t)|2 + |x(t)−ki(x)(t)|2|y(t)−kj(y)(t)|2
1+|x(t)−y(t)|2

)1/2

for i, j = 1, 2, .... Then integral equation (3.1) has a unique solution.

Proof. Endow B = (C [0, a] ,R) with the b-metric

b(x, y) = sup
t∈[0,a]

|x (t)− y (t)|2 .

Consider the sequence of mappings

ki : B → B , ki (x(t)) =

∫ t

0

Ki (t, r, x(r)) dr, t ∈ [0, a]

For all x, y ∈ B, using Cauchy Schwarz inequality and (ii), we have

|ki (x(t))− kj (y(t))|2 =

∣∣∣∣∫ t

0

Ki (t, r, x(r)) dr −
∫ t

0

Kj (t, r, y(r)) dr

∣∣∣∣2
≤

(∫ t

0

1dr

)(∫ t

0

|Ki (t, r, x(r))−Kj (t, r, y(r))|2 dr
)

≤ 1

t

1

2i+j+2

∫ t

0

 |x(t)− y(t)|2 + |x(t)− ki (x) (t)|2

+ |y(t)− kj (y) (t)|2

+
|x(t)−ki(x)(t)|2|v(t)−kj(y)(t)|2

1+|x(t)−y(t)|2

 dr

≤ 1

t

1

2i+j+2

 |x(t)− y(t)|2 + |x(t)− ki (x) (t)|2

+ |y(t)− kj (y) (t)|2

+
|x(t)−ki(x)(t)|2|y(t)−kj(y)(t)|2

1+|x(t)−y(t)|2

∫ t

0

dr

Thus, we get

b (ki(x)− kj (y)) ≤ ϑi,jb (x, y) + βi,jb (x, ki (x)) + γi,jb(y, kj (y))

+ζi,j
b (x, ki (x)) b (y, kj (y))

1 + b (x, y)
.

for ϑi,j , βi,j , γi,j , ζi,j = 1
2i+j+2 . So, by Corollary 2.7, integral equation (3.1) has a unique solution.

q.e.d.
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