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Abstract

In this study, we give an extension of Korovkin’s theorem for functions belonging to a special
class. Basically, we will obtain effective results by making use of the notion of statistical
convergence in sense of the power series method which is widely used in approximation theory.
With given example, we offer a stronger point of view than the classical meaning and we study
the the rates of P 2

P−statistical convergence.
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1 Introduction

The concept of statistical convergence, which has attracted great interest in recent years, was
presented for the first time independently by Fast ([12]) and Steinhaus ([20]). Later, this idea
was developed to double sequences by Moricz ([15]). In fact, double sequences can be considered
a generalization of simple sequences because they have some specific properties (for example, the
property that a double sequences can converge without being bounded). Therefore, we have treated
some of the results in this study as generalizations of known results regarding simple sequences.

Korovkin’s theorem has a very important place in the approximation of a scalar valued function
with the properties of positive linear operators in approximation theory ([14]). However, Serra-
Capizzano obtained a new Korovkin theorem by taking a matrix valued function instead of a
scaler-valued function ([10, 11, 17, 18]). From this point of view, many studies have been done for
matrix-valued functions ([7, 8]).

More recently, the concept of statistical convergence with respect to the power series method
was introduced in [22]. The fact that this new type of convergence is not compared with statistical
convergence makes the studies meaningful. Studies in recent years have contributed to the literature
by extending this new convergence to single/double sequences and different spaces ([1, 3, 5, 6, 9, 21]).

The aim of this paper is to study a Korovkin theorem result with the help of the notion of
P 2
P−statistical convergence, where P 2

P−statistical convergence is statistical convergence with re-
spect to the power series method by including the matrix-valued functions. With given example, we
offer a stronger point of view than the classical meaning and we study the the rates of P 2

P−statistical
convergence.

Now let’s recall the basic definitions and notations used in the study.
A double sequence x = (xmn) is said to be convergent in Pringsheim’s sense if, for every ε >

0, there exists N = N (ε) ∈ N0, belonging to the set of all natural numbers, such that |xmn − L| < ε
whenever m,n > N, where L is called the Pringsheim limit of x and denoted by P − lim

m,n
xmn = L
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(see [16]). We shall call such an x, briefly, P−convergent. A double sequence is called bounded if
there exists a positive numberM such that |xmn| ≤M for all (m,n) ∈ N2

0 = N0×N0. An important
point is that a convergent double sequence need not be bounded, this is one of the features that
distinguish it from single sequence. The concept of statistical convergence was introduced by Moricz
for double sequences ([15]).

If A ⊂ N2
0 is a two-dimensional subset of positive integers and let |.| denote the cardinality of

the set. The double natural density of A is given by

δ2 (A) := P − lim
p,r

|{m ≤ p, n ≤ r : (m,n) ∈ A}|
(p+ 1)(r + 1)

,

if it exists. The number sequence x = (xmn) is statistically convergent to L provided that for every
ε > 0, the set

A := Apr (ε) := {m ≤ p, n ≤ r : |xmn − L| ≥ ε}

has natural density zero that is δ2 (A) = 0, then we show st2-limxmn = L. It is worth mentioning
that a Pringsheim sense convergence of double sequence is statistically convergent to the same value
however its converse is not always true (more details, [15]).

Now let’s recall statistical convergence with respect to power series methods for our purpose.
Let us first consider the power series method and some of its properties.

Let (pmn) be a double sequence with p00 > 0, pmn ≥ 0 for every m,n ≥ 1 such that the
corresponding power series

p (u, v) :=

∞∑
m,n=0

pmnu
mvn

has radius of convergence 0 < R ≤ ∞ and u, v ∈ (0, R) . If for all u, v ∈ (0, R) ,

lim
u,v→R−

1

p (u, v)

∞∑
m,n=0

pmnu
mvnxmn = L

then we say that the double sequence x = (xmn) is convergent to L in the sense of power series
method and denoted by P 2

p − limxmn = L ([2]).
Also note here this method is regular if and only if

lim
u,v→R−

∞∑
m=0

pmνu
m

p (u, v)
= 0 and lim

u,v→R−

∞∑
n=0

pµnv
n

p (u, v)
= 0 , for any µ, υ,

hold (see, [2]).

Also, throughout the article, this method is always assumed to be regular.
Power series methods have an important place in summability methods. Well known of these

are Abel’s and Borel’s method. Let’s note an important detail, for R = 1, pmn = 1 and pmn =
1

(m+1)(n+1) for eachm,n ≥ 1, the power series methods coincides with Abel method and logarithmic

summability method. Also, if R = ∞ and pmn = 1
m!n! , the power series method coincides with

Borel summability method.
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The fact that the power series method is effective is that it cannot compare with statistical
convergence ([22]).

Recently, this concept has been expanded. The concepts of P 2
p−density and P 2

p−statistical
convergence for double sequences given by Yıldız, Demirci and Dirik are actually the motivation
point of our article and are defined in [23] as follows:

Let A ⊂ N2
0. If the limit

δ2Pp
(A) := lim

u,v→R−

1

p (u, v)

∑
(m,n)∈A

pmnu
mvn

exists, then δ2Pp
(A) is said to be the P 2

p−density of A. It is clear, the definition of a power series

method and P 2
p−density it is obvious that 0 ≤ δ2Pp

(A) ≤ 1 whenever it exists.

Let x = (xmn) be a double sequence. Then, x is called statistically convergent with respect to
power series method (P 2

p−statistically convergent) to L if for any ε > 0

lim
u,v→R−

1

p (u, v)

∑
(m,n)∈Aε

pmnu
mvn = 0

where Aε =
{
(m,n) ∈ N2

0 : |xmn − L| ≥ ε
}
, in other words δ2Pp

(Aε) = 0 for any ε > 0. So, we may

denote st2pp
− limxmn = L.

2 Power series statistical approximation for matrix-valued functions

In this section, we begin by mentioning other concepts that we need for our main result.
Let D2 a compact subset of R2 and for k, l ∈ N0, let C(D

2,Ck×l) denote the following space:

C(D2,Ck×l) =
{
F | F : D2 → Ck×l, F is continuous

}
.

Here
F (x, y) := [fij (x, y)]k×l ,

(
(x, y) ∈ D2, 1 ≤ i ≤ k, 1 ≤ j ≤ l

)
, (2.1)

where the notation [bij ]k×l states the k × l matrix. And it will be understood from the continuity

of F that all scalar valued fij functions are continuous on D2.
The norm ∥.∥k×l on the C(D2,Ck×l)

∥F∥k×l := max
1≤i≤k, 1≤j≤l

∥fij∥ := max
1≤i≤k, 1≤j≤l

(
sup

(x,y)∈D2

|fij (x, y)|

)
.

Throughout the article it will be assumed that the matrix valued fuctions have the property
(2.1).

Here we use the following test functions

E0ij (s, t) = Eij , E1ij (s, t) = sEij , (2.2)

E2ij (s, t) = tEij and E3ij (s, t) =
(
s2 + t2

)
Eij , (2.3)

for (s, t) ∈ D2, 1 ≤ i ≤ k, 1 ≤ j ≤ l, here Eij states the matrix of canonical basis of Ck×l being 1
in the position (i, j) and 0 otherwise.
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Let Φ : C(D2,Ck×l) → C(D2,Ck×l) be an operator with
(i) Φ (αF + βG) = αΦ (F ) + βΦ (F ) for any α, β ∈ C and F,G ∈ C(D2,Ck×l),
(ii) Φ (F ) ≤ KΦ (|F |) for any function F ∈ C(D2,Ck×l) and for K > 0.
If the above conditions are satisfied, the operator Φ is called the matrix linear positive operator

or mLPO ([17]). The inequality appearing in (ii) is understood to be componentwise, i.e., holding
for any component (i, j) ∈ {1, 2, ..., k}× {1, 2, ..., l} .

In [8], Dirik and Demirci expressed the Pringsheim sense version of the Korovkin theorem for
matrix-valued functions as follows.

Theorem 2.1. Let (Φmn) be a double sequence of mLOPs on C
(
D2,Ck×l

)
. Then, for all (i, j) ∈

{1, 2, ..., k} × {1, 2, ..., l} and for each r = 0, 1, 2, 3,

P − lim
m,n

∥Φmn (Erij)− Erij∥k×l = 0 (2.4)

where Erij is given by (2.2) and (2.3), iff for every F ∈ C
(
D2,Ck×l

)
as in (2.1),

P − lim
m,n

∥Φmn (F )− F∥k×l = 0. (2.5)

Let us now state our main result, which presents an effective perspective.

Theorem 2.2. Let (Φmn) be a double sequence of mLOPs on C
(
D2,Ck×l

)
. Then, for all (i, j) ∈

{1, 2, ..., k} × {1, 2, ..., l} and for each r = 0, 1, 2, 3,

st2PP
− lim ∥Φmn (Erij)− Erij∥k×l = 0 (2.6)

where Erij is given by (2.2) and (2.3), iff for every F ∈ C
(
D2,Ck×l

)
as in (2.1),

st2Pp
− lim ∥Φmn (F )− F∥k×l = 0. (2.7)

Proof. The condition (2.6) follow immediately from (2.7) by using the fact that each of the function
Erij (r = 0, 1, 2, 3) belongs to C

(
D2,Ck×l

)
. Assume that the condition (2.6) holds and let F ∈

C
(
D2,Ck×l

)
. Let (x, y) be fixed in D2.

First, let’s calculate |Φmn (F ;x, y)− F (x, y)| . We can specify that F (x, y) := [fij (x, y)]k×l ,
1 ≤ i ≤ k, 1 ≤ j ≤ l, using this, we can write,

F (x, y) :=

k∑
i=1

l∑
j=1

fij (x, y)Eij =

k∑
i=1

l∑
j=1

fij (x, y)E0ij (s, t) .

Hence, we obtain

Φmn (F (x, y) ;x, y) =

k∑
i=1

l∑
j=1

fij (x, y) Φmn (E0ij (s, t) ;x, y) . (2.8)
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By taking into account the continuity of fij on D2, for a given ε > 0, one gets

|fij (s, t)− fij (x, y)| ≤ ε for 1 ≤ i ≤ k, 1 ≤ j ≤ l, ∀ (s, t) ∈ D2. (2.9)

whenever √
(s− x)

2
+ (t− y)

2 ≤ δ.

We thus find that (x, y) , (s, t) ∈ D2 satisfying

√
(s− x)

2
+ (t− y)

2
> δ that

|fij (s, t)− fij (x, y)| ≤
2Mij

δ2
φ (s, t) for 1 ≤ i ≤ k, 1 ≤ j ≤ l, (2.10)

where Mij := sup
(x,y)∈D2

|fij (x, y)| and φ (s, t) = (s− x)
2
+ (t− y)

2
. Considering (2.9) to (2.10)

together, and we have for (s, t) ∈ D2 that

|fij (s, t)− fij (x, y)| ≤ ε+
2Mij

δ2
φ (s, t) . (2.11)

Then observe that, by (2.11)

|F (s, t)− F (x, y)| ≤ εE +
2Mij

δ2
φ (s, t)E, (2.12)

where E is the k × l matrix such that all entries 1, and

M := max
1≤i≤k,1≤j≤l

Mij = ∥F∥k×l .

We know that Φmn is a mPLO, so considering (2.8) and (2.12) together, we get

|Φmn (F (s, t) ;x, y)− F (x, y)|
≤ KΦmn (|F (s, t)− F (x, y)| ;x, y) + |Φmn (F (x, y) ;x, y)− F (x, y)|

≤ (εK +M)

k∑
i=1

l∑
j=1

|Φmn (E0jk (s, t) ;x, y)− E0ij (x, y)|

+
2KM

δ2
Φmn (φ (s, t)E;x, y) + εKM (2.13)

for K > 0. When the expression Φmn (φ (s, t)E;x, y) in (2.13) is calculated, we get

Φmn (φ (s, t)E;x, y) = Φmn

 k∑
i=1

l∑
j=1

φ (s, t)Eij ;x, y


=

k∑
i=1

l∑
j=1

{Φmn (E3ij ;x, y)− 2xΦmn (E1ij ;x, y)

−2yΦmn (E2ij ;x, y) +
(
x2 + y2

)
Φmn (E0ij ;x, y)

}
.
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Then,

Φmn

((
(s− x)

2
+ (t− y)

2
)
E;x, y

)
≤

k∑
i=1

l∑
j=1

|Φmn (E3ij ;x, y)− E3ij (x, y)|

+2A

k∑
i=1

l∑
j=1

|Φmn (E1ij ;x, y)− E1ij (x, y)|

+2B

k∑
i=1

l∑
j=1

|Φmn (E2ij ;x, y)− E2ij (x, y)|

+
(
A2 +B2

) k∑
i=1

l∑
j=1

Φmn (E0ij ;x, y)− E0ij (x, y) , (2.14)

where A := max |x| and B := max |y| . Combining (2.13) and (2.14), we thus find that,

|Φmn (F (s, t) ;x, y)− F (x, y)|

≤ (εK +M)

k∑
i=1

l∑
j=1

|Φmn (E0ij (s, t) ;x, y)− E0ij (x, y)|

+εKE +
4AKM

δ2

k∑
i=1

l∑
j=1

|Φmn (E1ij ;x, y)− E1ij (x, y)|

+
4BKM

δ2

k∑
i=1

l∑
j=1

|Φmn (E2ij ;x, y)− E2ij (x, y)|

+
2KM

δ2

k∑
i=1

l∑
j=1

|Φmn (E3ij ;x, y)− E3ij (x, y)|

+
2
(
A2 +B2

)
KM

δ2

k∑
i=1

l∑
j=1

|Φmn (E0ij (s, t) ;x, y)− E0ij (x, y)|

≤ εKE + C

k∑
i=1

l∑
j=1

3∑
r=0

|Φmn (Erij ;x, y)− Erij (x, y)| ,

where

C := max

{
εK +M +

2
(
A2 +B2

)
KM

δ2
,
4AKM

δ2
,
4BKM

δ2
,
2KM

δ2

}
.

Then, taking maximum of all entries of the corresponding matrices and taking supremum over
(x, y) ∈ D2, we get

∥Φmn (F )− F∥k×l ≤ εK + C


k∑

i=1

l∑
j=1

3∑
r=0

∥Φmn (Erij)− Erij∥k×l

 . (2.15)
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Now, for a given ε′ > 0, choose ε > 0 such that ε < ε′

K . Then define

∆ :=
{
(m,n) ∈ N2

0 : ∥Φmn (F )− F∥k×l ≥ ε′
}

and

∆rij =

{
(m,n) ∈ N2

0 : ∥Φmn (Erij)− Erij∥k×l ≥
ε′ − εK

4klC

}
,

where r = 0, 1, 2, 3 and 1 ≤ i ≤ k, 1 ≤ j ≤ l. Then it easy to see that

∆ ⊆
k
∪
i=1

l
∪

j=1

3
∪

r=0
∆rij .

So, we get

1

p (u, v)

∑
(m,n)∈∆

pmnu
mvn ≤ 1

p (u, v)

k∑
i=1

l∑
j=1

3∑
r=0

∑
(m,n)∈∆rij

pmnu
mvn. (2.16)

Letting 0 < u, v → R− in (2.16) and using the hypotheses (2.6), we have

lim
u,v→R−

1

p (u, v)

∑
(m,n)∈∆

pmnu
mvn = 0

which means
st2PP

− lim ∥Φmn (F )− F∥k×l = 0.

The proof is completed. q.e.d.

We now give an illustrative application that supports Theorem 2.2.

Example 2.3. Let a and b are two constant real numbers and D2 = [0, a]× [0, b] and a, b ∈ (0, 1) .
The double Szasz-Mirakjan was introduced by Favard [13]:

Smn (f ;x, y) = e−mxe−ny
∞∑
q=0

∞∑
r=0

f
( q
m
,
r

n

) (mx)
q

q!

(ny)
r

r!
. (2.17)

Let us now consider the matrix-valued Szasz-Mirakjan operators, expressed as follows:

Smn (F ;x, y) = e−mxe−ny
∞∑
q=0

∞∑
r=0

F
( q
m
,
r

n

) (mx)
q

q!

(ny)
r

r!
(2.18)

where F ∈ C
(
D2,Ck×l

)
function has the (2.1) property. With this property, we can reamend the

matrix-valued Szasz-Mirakjan type polynomials Smn as follows:

Smn (F ;x, y) = e−mxe−ny
∞∑
q=0

∞∑
r=0

k∑
i=1

l∑
j=1

fij

( q
m
,
r

n

) (mx)
q

q!

(ny)
r

r!
Eij (2.19)



152 K. Demirci, S. Çınar

where Eij is test functions. Then, by (2.18) or (2.19), we thus find that, for (i, j) ∈ {1, 2, ...k} ×
{1, 2, ...l} ,

Smn (E0ij ;x, y) = e−mxe−ny
∞∑
q=0

∞∑
r=0

(mx)
q

q!

(ny)
r

r!
E0ij

( q
m
,
r

n

)
= Eije

−mxe−ny
∞∑
q=0

∞∑
r=0

(mx)
q

q!

(ny)
r

r!
= E0ij (x, y) .

Similary, we get that, for (i, j) ∈ {1, 2, ...k} × {1, 2, ...l}

Smn (E1ij ;x, y) = e−mxe−ny
∞∑
q=0

∞∑
r=0

(mx)
q

q!

(ny)
r

r!
E1ij

( q
m
,
r

n

)
= xEij = E1ij (x, y)

and
Smn (E2ij ;x, y) = yEij = E2ij (x, y) .

Finally, we obtain that, for (i, j) ∈ {1, 2, ...k} × {1, 2, ...l}

Smn (E3ij ;x, y) = e−mxe−ny
∞∑
q=0

∞∑
r=0

(mx)
q

q!

(my)
r

r!
E3jk

( q
m
,
r

n

)
= E3ij (x, y) +

( x
m

+
y

n

)
.

Let (pmn) be defined as follows:

pmn =

{
1, m and n even
0, otherwise

,

and take the sequence

xmn =

{
0, m and n even
1, otherwise

.

In this case we easily see that
st2PP

− limxmn = 0, (2.20)

while (xmn) is not convergent in the Pringsheim sense. Using this (xmn) and considering Szasz-

Mirakjan polynomials Smn given with (2.17) or (2.18), we define the following mLOPs

Vmn (F ;x, y) = (1 + xmn)Smn (F ;x) (2.21)

where m,n ∈ N0, (x, y) ∈ D2 and F ∈ C
(
D2,Cs×t

)
function has the (2.1) property. Thus, using

the properties of Szasz-Mirakjan polynomials defined as in (2.18) or (2.19), we obtain the following
result,

∥(1 + xmn)Smn (Erij)− Erij∥k×l = xmn, r = 0, 1, 2
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and ∥Vmn (E3ij)− E3ij∥k×l = xmn +
(

x
m + y

n

)
, r = 3.

Then by (2.20), we get that st2Pp
− lim ∥Vmn (F )− F∥k×l = 0. Consequently, we observe that

Theorem 2.2 holds true for our operators defined by (2.21). However, since ∥Vmn (Erij)− Erij∥k×l =
xmn, r = 0, 1, 2 and (xmn) is not convergent in the Pringsheim sense, we can say that Theorem 2.1
does not work for our operator defined by (2.21). Finally, we conclude that our main Theorem 2.2
is a non trivial extension of Korovkin theorem.

3 Rates of P 2
P−statistical convergence

In this section we compute the rates of P 2
P−statistical convergence in Theorem 2.2 by means of the

modulus of continuity and the matrix valued functions. Let us now present the following definitions
given by Demirci, Yıldız and Dirik in [6] (see, for single case [4, 19]):

Definition 3.1. Let (αmn) be a positive non-increasing double sequence. A double sequence (xmn)
is st2Pp

−statistically convergent to a number L with the rate of o (αmn) provided that, for every
ε > 0,

lim
u,v→R−

1

p (u, v)

∑
(m,n)∈Sε

pmnu
mvn = 0,

where Sε := {(m,n) : |xmn − L| ≥ εαmn} and denoted by xmn − L = st2Pp
− o (αmn) .

Definition 3.2. Let (αmn) be defined as in Definition 3.1. A double sequence (xmn) is st
2
Pp
−statistically

bounded with the rate of O (αmn) provided that, if there is an M > 0,

lim
u,v→R−

1

p (u, v)

∑
(m,n)∈Gε

pmnu
mvn = 0,

where Gε := {(m,n) : |xmn| ≥Mαmn} and denoted by xmn − L = st2Pp
−O (αmn) .

Let the function F ∈ C
(
D2,Ck×l

)
has the (2.1) property. Consider the following modulus of

continuity w (fij , δ) :

w (fij , δ) := sup

{
|fij (s, t)− fij (x, y)| : (s, t) , (x, y) ∈ D2,

√
(s− x)

2
+ (t− y)

2 ≤ δ

}
, δ > 0.

Then, we define the matrix-modulus of continuity of F as follows:

wk×l (F, δ) := max
1≤i≤k, 1≤j≤l

w (fij , δ) .

In order to obtain our result, we will make use of the elemantary inequalities, for all F ∈ C
(
D2,Ck×l

)
and λ, δ > 0,

wk×l (F, λδ) ≤ (1 + [λ])wk×l (F, δ) , (3.1)

where [λ] is defined to be the greatest integer less than or equal to λ and wk×l (F, δ) ≤ 2 ∥F∥k×l .
Then we can immediately present the following result.
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Theorem 3.3. Let (αmnij) and (βmn) be two non-increasing sequences of strictly positive real
numbers and let (Φmn) be a double sequence of mPLOs acting from C

(
D2,Ck×l

)
into itself. Then

for all (i, j) ∈ {1, 2, ..., k} ×{1, 2, ..., l} and for each r = 0, 1, 2, 3,

a) ∥Φmn (E0ij)− E0ij∥k×l = st2Pp
− o (αmnij)

b) wk×l (F, δmn) = st2Pp
− o (βmn) where F ∈ C

(
D2,Ck×l

)
and δmn :=

√
k∑

i=1

l∑
j=1

∥Φmn (ψij)∥k×l

where ψij (s, t) =
{
(s− x)

2
+ (t− y)

2
}
Eij for each (x, y) , (s, t) ∈ D2.

Then we get, for each F ∈ C
(
D2,Ck×l

)
as in (2.1),

∥Φmn (F )− F∥k×l = st2Pp
− o (γmn) ,

where γmn := max
1≤i≤k, 1≤j≤l

{αmnij , δmn} for all (m,n) ∈ N2
0. Also, similar results assume that the

”o” symbol has been replaced by ”O”.

Proof. Let (x, y) ∈ D2 and F ∈ C
(
D2,Ck×l

)
be fixed, and (a) and (b) hold. Since Φmn is a

mPLOs, we get
|Φmn (F (s, t) ;x, y)− F (x, y)|

≤ KΦmn (|F (s, t)− F (x, y)| ;x, y) + |Φmn (F (x, y) ;x, y)− F (x, y)| ,

where K is a positive constant. Also,

|F (s, t)− F (x, y)| ≤ wk×l

(
F ;

√
(s− x)

2
+ (t− y)

2

)
E

≤

(
1 +

(s− x)
2
+ (t− y)

2

δ2

)
wk×l (F ; δ)E, (3.2)

where E is the k × l matrix such that all entries 1. As in the proof Theorem 2.2, we may write

|Φmn (F (x, y) ;x, y)− F (x, y)| ≤M

k∑
i=1

l∑
j=1

|Φmn (E0ij (s, t) ;x, y)− E0ij (x, y)| (3.3)

where M := maxMij
1≤i≤k, 1≤j≤l

= ∥F∥k×l .
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By (3.2) and (3.3), we obtain

|Φmn (F (s, t) ;x, y)− F (x, y)|

≤ Kwk×l (F ; δ) Φmn (E;x, y) +
K

δ2
wk×l (F ; δ)

k∑
i=1

l∑
j=1

Φmn (ψij ;x, y)

+M

k∑
i=1

l∑
j=1

|Φmn (E0ij (s, t) ;x, y)− E0ij (x, y)|

≤ Kwk×l (F ; δ)

k∑
i=1

l∑
j=1

|Φmn (E0ij (s, t) ;x, y)− E0ij (x, y)|

+
K

δ2
wk×l (F ; δ)

k∑
i=1

l∑
j=1

Φmn (ψij ;x, y) +Kwk×l (F ; δ)E

+M

k∑
i=1

l∑
j=1

|Φmn (E0ij (s, t) ;x, y)− E0ij (x, y)|

Taking supremum over (x, y) ∈ D2 on the both-sides of the above inequality and

δ := δmn :=

√√√√ k∑
i=1

l∑
j=1

∥Φmn (ψij)∥k×l,

then we obtain

∥Φmn (F )− F∥k×l ≤ 2Kwk×l (F ; δmn)

+ (2K + 1)M

k∑
i=1

l∑
j=1

∥Φmn (E0ij ;x, y)− E0ij∥k×l .

Now considering the above inequality, the hypotheses (a), (b) and Lemma 2 in ([6]), the proof is
completed at once. q.e.d.

References
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