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Abstract

In this study, we give an extension of Korovkin’s theorem for functions belonging to a special
class. Basically, we will obtain effective results by making use of the notion of statistical
convergence in sense of the power series method which is widely used in approximation theory.
With given example, we offer a stronger point of view than the classical meaning and we study
the the rates of P} —statistical convergence.
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1 Introduction

The concept of statistical convergence, which has attracted great interest in recent years, was
presented for the first time independently by Fast ([12]) and Steinhaus ([20]). Later, this idea
was developed to double sequences by Moricz ([15]). In fact, double sequences can be considered
a generalization of simple sequences because they have some specific properties (for example, the
property that a double sequences can converge without being bounded). Therefore, we have treated
some of the results in this study as generalizations of known results regarding simple sequences.

Korovkin’s theorem has a very important place in the approximation of a scalar valued function
with the properties of positive linear operators in approximation theory ([14]). However, Serra-
Capizzano obtained a new Korovkin theorem by taking a matrix valued function instead of a
scaler-valued function ([10, 11, 17, 18]). From this point of view, many studies have been done for
matrix-valued functions ([7, 8]).

More recently, the concept of statistical convergence with respect to the power series method
was introduced in [22]. The fact that this new type of convergence is not compared with statistical
convergence makes the studies meaningful. Studies in recent years have contributed to the literature
by extending this new convergence to single/double sequences and different spaces ([1, 3, 5, 6, 9, 21]).

The aim of this paper is to study a Korovkin theorem result with the help of the notion of
P2 —statistical convergence, where P3—statistical convergence is statistical convergence with re-
spect to the power series method by including the matrix-valued functions. With given example, we
offer a stronger point of view than the classical meaning and we study the the rates of P3—statistical
convergence.

Now let’s recall the basic definitions and notations used in the study.

A double sequence x = (Z,,,) is said to be convergent in Pringsheim’s sense if, for every ¢ >
0, there exists N = N (g) € Ny, belonging to the set of all natural numbers, such that |z,,, — L| < &
whenever m,n > N, where L is called the Pringsheim limit of z and denoted by P — lrllmnxmn =1L

Advanced Studies: Euro-Tbilisi Mathematical Journal 16, supplement issue 3 (2023), pp. 145-157.
DOI: 10.32513/asetmj/1932200823311
Thbilisi Centre for Mathematical Sciences.

Received by the editors: 16 july 2023.
Accepted for publication: 05 October 2023.



146 K. Demirci, S. Cmar

(see [16]). We shall call such an z, briefly, P—convergent. A double sequence is called bounded if
there exists a positive number M such that |z,,,| < M for all (m,n) € N2 = Ny x Ng. An important
point is that a convergent double sequence need not be bounded, this is one of the features that
distinguish it from single sequence. The concept of statistical convergence was introduced by Moricz
for double sequences ([15]).

If A C N2 is a two-dimensional subset of positive integers and let |.| denote the cardinality of
the set. The double natural density of A is given by

i

—p_ppmsEp n<r: (mn) e Al
52 (A) =P 1w TS

if it exists. The number sequence x = (2,,,,) is statistically convergent to L provided that for every
€ > 0, the set
A=A, () ={m<p, n<r:|e,, — Ll >¢}

has natural density zero that is d5 (A) = 0, then we show sto-lim z,,,, = L. It is worth mentioning
that a Pringsheim sense convergence of double sequence is statistically convergent to the same value
however its converse is not always true (more details, [15]).

Now let’s recall statistical convergence with respect to power series methods for our purpose.
Let us first consider the power series method and some of its properties.

Let (pmn) be a double sequence with pog > 0, pmn > 0 for every m,n > 1 such that the
corresponding power series

o0
p(u,v) = Z Dm0 O™
m,n=0

has radius of convergence 0 < R < oo and w,v € (0, R). If for all u,v € (0, R),

oo
E pmnumvnxmn =1L

m,n=0

. 1
lim
uo—R- P (U, v)

then we say that the double sequence = = (z,,,) is convergent to L in the sense of power series
method and denoted by P} —lim Z,, = L ([2]).
Also note here this method is regular if and only if

18

oo
m n
Z PmyU Punv
0

lim 2= —(Qand lim =2 =0, for any u,v,
u,v—+R~ p(u,v) u,v—+R~ P U,U)

hold (see, [2]).

Also, throughout the article, this method is always assumed to be regular.
Power series methods have an important place in summability methods. Well known of these
are Abel’s and Borel’s method. Let’s note an important detail, for R = 1, py, = 1 and  pppn =

m for each m,n > 1, the power series methods coincides with Abel method and logarithmic
1

summability method. Also, if R = oo and pmn = 1,
Borel summability method.

the power series method coincides with
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The fact that the power series method is effective is that it cannot compare with statistical
convergence ([22]).

Recently, this concept has been expanded. The concepts of Pg—density and Pg—statistical
convergence for double sequences given by Yildiz, Demirci and Dirik are actually the motivation
point of our article and are defined in [23] as follows:

Let A C N3. If the limit

1
2 o : E m,n
6Pp (A) T u,gf}{’ p (u, U) ( )eApm"u ’

exists, then 6?% (A) is said to be the P?—density of A. It is clear, the definition of a power series
method and Pj—density it is obvious that 0 < 6%, (A) < 1 whenever it exists.

Let © = (z;mn) be a double sequence. Then, x is called statistically convergent with respect to
power series method (sz—statistically convergent) to L if for any € > 0

1

u,uf}%p(u,v) Z Pt 0
where A. = {(m,n) € N3 : |z, — L| > €}, in other words (512% (A;) =0 for any € > 0. So, we may
denote stf,p —limz,,, = L.

2 Power series statistical approximation for matrix-valued functions
In this section, we begin by mentioning other concepts that we need for our main result.
Let D? a compact subset of R? and for k,l € Ny, let C(D?,C¥*!) denote the following space:
C(D*,CPY ={F| F:D?— C* Fis continuous} .
Here
F(2,y) = [fij (@Yl ((@y) €D* 1<i<k 1<5<1), (2.1)

where the notation [b;], ., states the & x [ matrix. And it will be understood from the continuity

of F that all scalar valued f;; functions are continuous on D?.
The norm ||. ||, on the C(D?, Ck*?)

[F[lgy; = max |fi[[:=  max ( sup | fi (Cﬂ,y)|>~

1<i<k, 1<;<l 1<i<k, 1<5<1 \ (4.4 D2

Throughout the article it will be assumed that the matrix valued fuctions have the property
(2.1).
Here we use the following test functions
EOij (S, t) = Eij, Elij (S, t) = SEij, (2.2)
EQZ']' (S7 t) = tEZ'j and Egij (S, t) = (82 + t2) EZ‘]‘, (23)

for (s,t) € D?,1<i <k, 1<j<I, here E;; states the matrix of canonical basis of C**! being 1
in the position (4, j) and 0 otherwise.
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Let ® : C(D?,CF*!) — C(D?,C**!) be an operator with

(i) ® (aF + BG) = a® (F) + B (F) for any a, 8 € C and F,G € C(D? CF*!),

(i) ® (F) < K® (|F|) for any function F € C(D?,C*¥*!) and for K > 0.

If the above conditions are satisfied, the operator @ is called the matrix linear positive operator
or mLPO ([17]). The inequality appearing in (i) is understood to be componentwise, i.e., holding
for any component (4,7) € {1,2,....,k} x {1,2,...,1}.

In [8], Dirik and Demirci expressed the Pringsheim sense version of the Korovkin theorem for
matrix-valued functions as follows.

Theorem 2.1. Let (®,,,) be a double sequence of mLOPs on C (DQ, C’”l). Then, for all (z,5) €
{1,2,..,k} x{1,2,...,1} and for each r = 0,1, 2,3,

P —lim ||q)mn (E”'j) - Erij”kxl =0 (24)

where E,;; is given by (2.2) and (2.3), iff for every F' € C' (D?,C**!) as in (2.1),

P~ lim |8 (F) — Fll = 0. (2.
Let us now state our main result, which presents an effective perspective.
Theorem 2.2. Let (®,,,) be a double sequence of mLOPs on C (DQ, Ck“) . Then, for all (i, j) €
{1,2,...,k} x {1,2,...,1} and for each r = 0,1, 2, 3,

sty — Um || @y (Erij) — Erigllyy, =0 (2.6)

where E,;; is given by (2.2) and (2.3), iff for every F' € C' (D? CF*!) as in (2.1),
st3, — lim [y (F) = Fl . 0. (2.7
Proof. The condition (2.6) follow immediately from (2.7) by using the fact that each of the function
E.;; (r=0,1,2,3) belongs to C (Dz,(Cle) . Assume that the condition (2.6) holds and let F' €

C (D?,C**1) | Let (x,y) be fixed in D2
First, let’s calculate |®,,, (F;z,y) — F (z,y)|. We can specify that F (z,y) := [fi; (z,y)]

kxl?
1<i<k,1<j<I, using this, we can write,
ko1 ko1
F(z,y) = ZZfij (z,y) Bij = ZZfij (z,y) Eoij (s,1) -
i=1j=1 i=1j=1
Hence, we obtain
kool
D, (F (:Z?, y) 3 Ly y) = sz” (.CE, y) Dy (EOij (57 t) y Ly y) . (28)

i=1j=1
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By taking into account the continuity of f;; on D?, for a given £ > 0, one gets
\fij (5,8) — fij (m,y)| <efor 1 <i<k,1<j<l, V(s,t)€ D

whenever

Vs -2+ -y <6

We thus find that (z,y), (s,t) € D? satisfying \/(5 —2)® + (t —y)® > & that

2M;;
| fij (s,1) = fij (2, 9)] < 52”<P(S7t) for 1 <i<k1<j<lI,

where M;; :== sup |fi; (z,y)| and ¢ (s,t) = (s—z)? + (t —y)*. Considering (2.9) t

(z,y)eD?
together, and we have for (s,t) € D? that

[fij (s,t) = fij (x,y)] < e+ 2%“@ (s,t).

Then observe that, by (2.11)

2M;;
[F(s,8) = F(2,9)| < eE+ =0 (s,1) B,
where F is the k x [ matrix such that all entries 1, and
Mij = [[Fllex -

‘=  max
1<i<k,1<5<
We know that ®,,, is a mPLO, so considering (2.8) and (2.12) together, we get

[Py (F (s,t)52,y) — F (z,y)]

< K@ (|F (s5,t) = F(2,9)];2,9) + |Pomn (F (2,y);2,y) — F (2,)]
kol
< (K +M)Y > [ @mn (Boji (5,1); 2, y) — Eoij (2, )]
i=1j=1
2KM

for K > 0. When the expression ®,,,, (¢ (s,t) E;x,y) in (2.13) is calculated, we get

k1

i=1j=1

ko1
D @ (Baijs ,y) — 20®,p (Briji 2, y)

i=1j—=1
—2y®rnn (Baiji ,y) + (27 + 4°) Conn (Boiji 2, 9) } -

149

(2.10)

o (2.10)

(2.11)

(2.12)

(2.13)
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Then,
D.n (((s — :c)2 +(t— y)2) E;x,y)

k1

i=1j=1

IN

kol
+2AZZ [P (Briji 2, y) — Evig (2, 9)]

i=1j=1

k 1
+QBZZ |Prmn (B2ij; 7, y) — Eaij (z,9)]
i=1j=1
k l

+ (A2 + Bz) Zz‘bmn (EOij; Z, y) - EOij (SL‘, y) , (214)

i=1j=1
where A := max |z| and B := max|y|. Combining (2.13) and (2.14), we thus find that,
|(I)mn (F ($7t) ;sc,y) - F (z,y)\

k l
< (€K+M) ZZ‘(I)"”L (EOij (S7t);xay)_E0ij (x7y)‘
i=1j=1
k l
4AKM
+eKE + TZZ |[®rn (Bij; ,y) — B (2, y)]
i=1j—1
ABK M <A
DD [P (Baigi v, y) — Baij (2,)|
i=1j=1
I M
+TZZ |(I)mn (ESij;xay) - ESij (‘Tﬂ y)|
i=1j=1
2 (A2 4+ B?) KM &L
+ ( = ) S 1@ (Eoij (5,) 52, y) — Eoij (2,9)]
i=1j—1
k l 3
< eKFE+ CZZZ |‘I)mn (E'r'ij; a:,y) - ETij (x,y)| )
i=1j=1r=0

where

52 B Y Y

Then, taking maximum of all entries of the corresponding matrices and taking supremum over
(z,y) € D?, we get

2(A2+ B?) KM 4AKM ABKM 2KM
C::maX{EK-l-M-i— ( ) :

k1 3
H‘I)mn (F) - F”kxl S ek + C ZZZ ”(I)mn (Erij) - Em'j”kxl . (215)

i=1j=1r=0
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Now, for a given &’ > 0, choose € > 0 such that ¢ < %. Then define
A= {(m,n) € N§ : | @ (F) = Fll,p,; > €'}
and / K
e —e¢
Arij = {(m n) S No Hq)mn( rzj) - E’r‘inle 2 W}7
where 1 =0,1,2,3 and 1 <1¢ < k,1 < j <. Then it easy to see that

1 3
A C U U A,
= i=1j=1r=0 '

Ca

So, we get

D P S ZZZ S D™ (2.16)

(m,n)eA z 1j=1r=0(m,n)€A;

7

Letting 0 < u,v — R~ in (2.16) and using the hypotheses (2.6), we have

Z Prntt 0" =0

(m,n)eA

lim
u,v—R~ p

which means
sty — Hm || @y, (F) — F|} = 0.

The proof is completed. Q.E.D.

We now give an illustrative application that supports Theorem 2.2.

Example 2.3. Let a and b are two constant real numbers and D? = [0,a] x [0,b] and a,b € (0,1).
The double Szasz-Mirakjan was introduced by Favard [13]:

Sn (f32,y) = €™ *”yZZf( ) )q (ry)” (2.17)

|
q=07r=0 r

Let us now consider the matrix-valued Szasz-Mirakjan operators, expressed as follows:

Sn (Fi,y) = e ey "5 F (L2 (ma)” (”Z{)T (2.18)

q=0r=0

where F' € C'(D? C**!) function has the (2.1) property. With this property, we can reamend the
matrix-valued Szasz-Mirakjan type polynomials S,,,, as follows:

co oo k

S (Fi,y) = e ”yZZZZfJ (L.2) W;T) (nf!) T8 (2.19)

q=0r=0i=1j5=1
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where E;; is test functions. Then, by (2.18) or (2.19), we thus find that, for (7,j) € {1,2, ..k} x
{1,2,...1},

,mm’f’ﬂooooqunyr q
Sun (Buggia,y) = e ey S () (8

S|=
~—

|
g=0r=0 q: T
oo o0 q T
— _ mx n
= Eije mTeTny E E ( Q') ( ;U') = EOij (xay)'

q=0r=0

Similary, we get that, for (i,7) € {1,2,..k} x {1,2,...1}

<

oo oo q r
Sran (Eriji x,y) = e_mme_nyzz(mﬂf) ) Euij (%’ 7)

|
st S rl
= 2Ej = Eyj (z,y)
and
Smn (B2ij; v, y) = yEij = Eaj (2,y) -
Finally, we obtain that, for (i,5) € {1,2,..k} x {1,2,...l}

Smn (E3ij7 z, y) =e € yzz q' rl E3jk (Ea E)
q=0r=0
< Y
S (7 f) .
3ij (2 y) + (-
Let (pmn) be defined as follows:
| 1, mandneven
Pmn = 0, otherwise ’
and take the sequence
S 0, m and n even
™1 1, otherwise
In this case we easily see that
st — limz,,, =0, (2.20)

while (z,,,) is not convergent in the Pringsheim sense. Using this (z,,,) and considering Szasz-

Mirakjan polynomials S, given with (2.17) or (2.18), we define the following mLOPs
Vinn (F52,y) = (1 + Zmn) Smn (F; ) (2.21)

where m,n € Ny, (z,y) € D? and F € C (D?,C**") function has the (2.1) property. Thus, using
the properties of Szasz-Mirakjan polynomials defined as in (2.18) or (2.19), we obtain the following
result,

H(]- + xmn) Smn (Erij) - Erinle =Tmn, = 07 ]-v 2
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and ||an (Egij) — Eginle = Tmn + (% + %) , T = 3

Then by (2.20), we get that st%p — lim ||Vinn (F) — F||y; = 0. Consequently, we observe that
Theorem 2.2 holds true for our operators defined by (2.21). However, since ||Vinn (Erij) — Ervijll o =
Tmn, T = 0,1,2 and (x,,,,,) is not convergent in the Pringsheim sense, we can say that Theorem 2.1
does not work for our operator defined by (2.21). Finally, we conclude that our main Theorem 2.2
is a non trivial extension of Korovkin theorem.

3 Rates of P2—statistical convergence

In this section we compute the rates of P3—statistical convergence in Theorem 2.2 by means of the
modulus of continuity and the matrix valued functions. Let us now present the following definitions
given by Demirci, Yildiz and Dirik in [6] (see, for single case [4, 19]):

Definition 3.1. Let (n,) be a positive non-increasing double sequence. A double sequence (Z,,,)
is st%p—statistically convergent to a number L with the rate of o (cu,,) provided that, for every

e >0,
Z Pmntt™ 0" =0,
(m n)eS.

lim
u,v—R~ p u,

where S; :={(m,n) : |Tmn — L| > eamn} and denoted by z,,,, — L = st%p — 0 (Qmn) -

Definition 3.2. Let (ay,) be defined as in Definition 3.1. A double sequence () is st%p —statistically
bounded with the rate of O () provided that, if there is an M > 0,

Z Pmnu"v" =0,

(m n)eG.

lim
u,v—+R~ p

where G, := {(m,n) : |Zmn| > Mam,} and denoted by 2y — L = st%p — O (amn) -

Let the function F € C (DZ,(C’”Z) has the (2.1) property. Consider the following modulus of
continuity w (fi;,9) :

w (fij, ) := sup {|fij (5,t) — fij (x,9)| : (5,1), (z,y) € D?, \/(s —2) 4+ (t—y)?’ < 5} , 6> 0.
Then, we define the matrix-modulus of continuity of F' as follows:

wixt (F,0) := 1<ich 1<g<z w(fij0).-

In order to obtain our result, we will make use of the elemantary inequalities, for all F € C' (D2, Chkx l)
and A\, > 0,
Wt (F,A0) < (1 + [A]) wexq (F,6), (3.1)

where [)] is defined to be the greatest integer less than or equal to A and wyx (F,0) < 2[|F|[,., -
Then we can immediately present the following result.
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Theorem 3.3. Let (tnnij) and (Bmn) be two non-increasing sequences of strictly positive real
numbers and let (®,,,) be a double sequence of mPLOs acting from C (DQ, (C’“Xl) into itself. Then
for all (i,7) € {1,2,...,k} x{1,2,...,1} and for each r =0, 1,2, 3,

@) [|Ponn (Boij) = Eoijll = sth, — 0 (mnig)

k1
b) wrxi (F,0mn) = stzpp — 0(Bmn) where F € C (DQ,(Cle) and dpn i= 4 [ 20 D0 (1P (Vi) || o

i=1j=1
where ;5 (s,t) = {(s — )+ (t— y)2} E;; for each (z,y), (s, t) € D2
Then we get, for each F' € C (DQ, (Cle) as in (2.1),

1@ (F) = Fllyq = stB, = 0 (Ymn)

where Y, = max {@mnij, Omn} for all (m,n) € N3. Also, similar results assume that the
1<i<k, 1<j<l
9 0

0” symbol has been replaced by "O”.

Proof. Let (z,y) € D? and F € C (D? C**!) be fixed, and (a) and (b) hold. Since @, is a
mPLOs, we get
|(I)mn (F (Sat) ;:my) - F (-T7y)|

< K@y, (|F (s,t) = F(z,9)52,9) + [®rn (F (2,9) 52, y) — F (2,y)],

where K is a positive constant. Also,

|F (s,t) = F (2, 9)]

IN

Wi (F; Vs =2+ (- y)2> I

2 2
(1 L -2 ;“ ) ) wixt (F30) E, (3.2)

IN

where E is the k& x [ matrix such that all entries 1. As in the proof Theorem 2.2, we may write

ko1
‘(I)mn (F (:c,y) 5 :v,y) - F (l',y)| S MZZ |(I)mn (EOij (S,t) ;xay) - EOij (x7y)| (33)

i=1j=1

where M := maxM;; = ||F||k><l
1<i<k, 1<j<1
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By (3.2) and (3.3), we obtain

‘q)mn (F (S,t) ;x,y) - F (x,y)\

kool
K
< Kuwgxi (F36) @y (Bs2,y) + 52 Wkt (F;0) ) @ (Y3552, y)
i=1j=1
kol
MY N @ (Eoij (5,1) 5 2,) — Eoij (,9))|
i=1j=1
ko1
< Kuwgx (F;9) ZZ [Pn (Eoij (s,);2,y) — Eoij (z,9)]
i=1j=1

I
K
+53 Whxt (F;0) > o (Vi3 2,y) + Kwir (F;6) B

i=1j=1

kol
JrMZZ [P (Eoij (s,t);2,y) — Eoij (x,y)]

i=1j=1

Taking supremum over (x,y) € D? on the both-sides of the above inequality and

k1
§ = = ZZ H‘I)mn (wij)Hkxl’

i=1j=1
then we obtain

”(I)mn (F) - FHkxz < 2Kwix (F§6mn)
k1
+ (2K + 1) MZZ ||(I)mn (EOij; $7y) - EOij”le .

i=1j=1

Now considering the above inequality, the hypotheses (a), (b) and Lemma 2 in ([6]), the proof is
completed at once. Q.E.D.
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