
Solutions of congruence equations via an imprimitive action
of some modular subgroups
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Abstract

Let N be a positive integer and N = pα1
1 · pα2

2 · · · pαr
r the prime power decomposition of N

where pi ≡ 1 (mod 4), for all 1 ≤ i ≤ r. There, without the Girard-Fermat Theorem by no
means, are integers a and x such that a2 + x2 ≡ 0 (mod N) by using a special imprimitive
action of some modular subgroups. Finally we put a conjecture at the end of the paper.
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1 Introduction

The characterization of prime numbers of rational integers are so important not only in number
theory but also in almost all areas of mathematics. One of the important theorems is the Girard-
Fermat Theorem on which several authors worked, see [4, 10, 9], is as follows.

Theorem 1.1. Let p be a prime of the form p ≡ 1 (mod 4), then there exist integers x and y such
that p = x2 + y2.

Of course, our claim in abstract follows from Theorem 1.1, which will mention at the end of
paper. But here, we prove the claim by using completely a different approach, an imprimitive action
for some modular subgroups. For this, we outline the followings.

The modular group Γ consists of 2× 2 matrices with determinant 1 and integers entries. That
is,

Γ =

{(
a b
c d

)
: a, b, c, d are integers and ad− bc = 1

}
which is the well known discrete group on which several works were performed [2, 1, 5, 6].We below
give some subgroups of Γ which will be needed in the subsequent work. For any natural number
N ,

Γ0(N) =

{(
a b
c d

)
∈ Γ : c ≡ 0 (mod N)

}
,

Γ0,n(N) =

{(
a b
c d

)
∈ Γ0(N) : a ≡ d (mod n), or equivalently

a2 ≡ 1 (mod n), n|N

}
,
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and that,

Λn(N) =

{(
a b
c d

)
∈ Γ0(N) : a2 ≡ d2 (mod n), or equivalently

a4 ≡ 1 (mod n), n|N

}

are all subgroups of Γ.
We now introduce imprimitive transitive permutation groups as follows.
Let (G,X) be a transitive permutation group. The relation on X defined by, for all a, b ∈ X,

a ≈ b if and only if g(a) ≈ g(b) for all g ∈ G,

is an equivalence relation called G-invariant, and the equivalence classes are called blocks.
It is easily seen that any transitive permutation group (G,X) has at least two G-invariant

equivalence relations as
(i) a ≈ b ⇐⇒ a = b (trivial relation),
(ii) a ≈ b, for all a, b ∈ X (universal relation)

If the group (G,X) has a G-invariant equivalence relation other than the above two then the relation
(or the group (G,X)) is called imprimitive otherwise primitive.

Lemma 1.2. [3, Theorem 1.6.5] Let (G,X) be a transitive permutation group. Then, for all a ∈ X,
the stabilizer Ga is maximal in G if and only if the group (G,X) is primitive.

Lemma 1.3. [5, p.319] Let (G,X) be a transitive permutation group, H a subgroup of G, and for
some a ∈ X,

Ga ≨ H ≨ G (1.1)

and that if for any x, y ∈ X,x = g(a), y = h(a), for some, g, h ∈ G then, the relation defined by

x ≈ y if and only if gh−1 ∈ H

is an imprimitive G-invariant equivalence relation and the number of blocks is the index |G : H|.

2 Main calculations

Lemma 2.1. Let n,N be naturel numbers, n odd and n | N and that n = pα1
1 · pα2

2 · · · pαr
r be the

prime power decomposition of n. Then pi ≡ 3 (mod 4) for 1 ≤ i ≤ r if and only if Λn(N) = Γ0,n(N).

Proof. It is clear that Γ0,n(N) ≤ Λn(N). For the converse, let

(
a b
c d

)
∈ Λn(N). Then a4 ≡ 1

(mod n). So we get (a2 − 1)(a2 + 1) ≡ 0 (mod n). Since, for all 1 ≤ i ≤ r, the legendre symbol(
−1
pi

)
̸= 1, pi ≡ 3 (mod 4). This shows that pi | a2 − 1, that is, a2 ≡ 1 (mod n). This gives that(

a b
c d

)
∈ Γ0,n(N). This completes the proof. q.e.d.
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Corollary 2.2. Let n,N be as above. If one of the prime divisor of p of n is of the form p ≡ 1
(mod 4) then Γ0,n(N) < Λn(N).

Proof. The proof follows easily from Lemma 2.1. q.e.d.

We use Lemma 1.3 to calculate some indexes of some modular subgroups from above. Let
G = Γ0(N), H = Γ0,n(N) and Gα = Γ0(N)∞ = the stabilizier of ∞ in Γ0(N), and X = QN =
{ a
bN | a, b ∈ Z}. Then we get Γ0(N)∞ < Γ0,n(N) < Γ0(N). Of course, it is easy to see that Γ0(N)

is transitive on QN . As in Lemma 1.3, if r
sN , x

yN ∈ QN then there exist elements g, h in Γ0(N) and

that g(∞) = r
sN and h(∞) = x

yN . Therefore

r

sN
≈ x

yN
⇐⇒ gh−1 ∈ Γ0,n(N).

g =

(
r r0
sN s0

)
, h =

(
x x0

yN y0

)
, gh−1 =

(
ry0 − r0yN −rx0 + r0x
sNy0 − s0yN −sNx0 + s0x

)
∈ Γ0,n(N) if and if

only ry0 ≡ s0x (mod n). Since, rs0 ≡ 1 (mod n), xy0 ≡ 1 (mod n) then s0 ≡ r−1 (mod n) and
y0 ≡ x−1 (mod n). That is, at the end,

r

sN
≈
n

x

yN
⇐⇒ r2 ≡ x2 (mod n).

Therefore with this relation ”≈
n
” (Γ0(N),QN ) is an imprimitive transitive permutation group by

using the subgroup Γ0,n(N). The number γ(n) of equivalence classes under ≈
n
is give by

γ(n) =| Γ0(N) : Γ0,n(N) | by lemma 1.3.

Proposition 2.3. Let n,N be positive integers n | N,n ≥ 2 odd, and let n = pα1
1 · pα2

2 · · · pαr
r be

the prime power decomposition of n then γ(n) = φ(n)
2r , where φ is the Euler function.

Proof. We first show that γ is a multiplicative function. Let n = n1 ·n2 with (n1, n2) = 1. We have
to show that

r ≈
n
x if and only if r ≈

n1

x and r ≈
n2

x

where r ≈
n
x shows r

sN ≈
n

x
yN .

It is clear that r ≈ x gives r ≈
n1

x and r ≈
n2

x. For the converse, suppose that r1 ≈
n1

x1 and

r2 ≈
n2

x2. Since (n1, n2) = 1, there exist integers k1, k2, k3, k4 such that

r1 − r2 = −k1n1 + k2n2 and x1 − x2 = −k3n1 + k4n2

Therefore r1+ k1n1 = r2+ k2n2 and x1+ k3n1 = x2+ k4n2. So it is easily seen that (r1+ k1n1)
2 ≡

(x1 + k3n1)
2 (mod n1 · n2). That is r1 + k1n1 ≈

n
x1 + k3n1 (or r2 + k2n2 ≈

n
x2 + k4n2). This

concludes that γ(n) = γ(n1) · γ(n2), which is what we want. Therefore, it is enough to calculate

only γ(pα) where pα | N and
(
pα, N

pα

)
= 1. Let r ≈

pα
x. Then r2 ≡ x2 (mod pα). Notice that

x ≈
pα

pα−x. So the representatives can be choosen from the sequence 1, 2, . . . , pα−1
2 , whose number

is φ(pα)
2 . r2 ≡ x2 (mod pα) gives (r − x)(r + x) ≡ 0 (mod pα). Therefore, pα | r − x or pα | r + x.

From the choice of representatives we get pα | r− x. That is, r = x. This completes the proof that

γ(pα) = φ(pα)
2 . This concludes that γ(n) = φ(n)

2r . q.e.d.
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Lemma 2.4. Let p is a prime of the form p ≡ 1 (mod 4) and α be a positive integer. Then
| Λpα(pα) : Γ0,pα(pα) |= 2

Proof. Let Q (pα) denote the orbit of ∞ under Λpα(pα). Then Q (pα) = { a
bpα : a4 ≡ 1 (mod pα)}.

From a4 ≡ 1 (mod pα) we get a ≡ 1 (mod pα), or a ≡ −1 (mod pα), or a2 + 1 ≡ 0 (mod pα). So

we have ∓1+kpα

bpα ∈ Q (pα) where k, b ∈ Z. On the other hand p ≡ 1 (mod 4) gives a solution p0 of

a2 + 1 ≡ 0 (mod pα). Then ∓p0+lpα

cpα ∈ Q (pα) where l, c ∈ Z. Consequently, it is easily seen that

Q (pα) = {∓1+kpα

bpα , ∓p0+lpα

cpα : k, b, l, c ∈ Z and p20 ≡ −1 (mod pα)}.
Now we will get the primitive transitive permutation group

(
Λpα(pα),Q (pα)

)
by the group

Γ0,pα(pα) as follows. As in Lemma 1.3, if r
spα ,

x
ypα ∈ Q (pα) then

r

spα
≈ x

ypα
⇐⇒ x2 ≡ r2 (mod pα). (2.1)

So it is easily seen that ∓1+kpα

bpα ≈ ∓1+mpα

cpα and ∓p0+lpα

tpα ≈ ∓p0+upα

vpα for all k,m, b, c, , l, t, u, v ∈ Z.
And that ∓1+kpα

bpα ̸≈ ∓p0+lpα

cpα . Therefore, there are just 2 classes of the equivalence relation. This
completes the proof. q.e.d.

Theorem 2.5. Let N be an odd natural number and that N = pα1
1 · pα2

2 · · · pαr
r be the prime

power decomposition of N , where pi ≡ 1 (mod 4), 1 ≤ i ≤ r. Then, there are x, a ∈ Z such that
x2 + a2 ≡ 0 (mod N).

Proof. Let N = N1 ·N2 with (N1, N2) = 1. We show that if x2
1+a21 ≡ 0 (mod N1) and x2

2+a22 ≡ 0
(mod N2) then there exist integers x and a such that x2 + a2 ≡ 0 (mod N). For this let x =
N2x1 + N1x2 and a = N2a1 + N1a2 then it is easily seen that x2 + a2 ≡ 0 (mod N). So to
prove the theorem it is enough to prove it only for prime powers pα with p ≡ 1 (mod 4). Let
G = Γ0(p

α), H = Λpα(pα), X = Qpα . If we use Lemma 1.3 we get that (Γ0(p
α),Qpα) is an

imprimitive transitive permutation group with respect to Λpα(pα). In this situation, imprimitive
equivalence relation occurs as

a

bpα
≈ x

ypα
(or shortly a ≈ x) ⇐⇒ a4 ≡ x4 (mod pα). (2.2)

It is clear that a ≈ a+pα and that l ≈ pβ − l. So, the representatives of the equivalence classes can
be choosen from the sequence 1, 2, ..., pα−1

2 . From this we get, if | a |=| x | and a4 ≡ x4 (mod pα),
that is pα | a2−x2 or pα | a2+x2. The case pα | a2−x2 does not occur otherwise pα | (a−x)(a+x).
Then pα | a − x or pα | a + x. From the choice of representatives a = x which is not the case.
Consequently pα | a2 + x2 that is x2 + a2 ≡ 0 (mod pα). This completes the proof.

q.e.d.

As promised above we conclude the paper to prove Theorem 2.5 for primes p ≡ 1 (mod 4) by
using the Girard-Fermat Theorem (Theorem 1.1). Since p ≡ 1 (mod 4), then by the Girard-Fermat
Theorem, there exist integers u and v such that u2 + v2 = p. And then for any natural number β,
if we take x + iy = (u + iv)β , then we get x2 + y2 = pβ and that (x, p) = (y, p) = 1. If (a, p) = 1
then there exists an integer k such that kx ≡ a (mod pβ). Therefore k2x2 + k2y2 ≡ a2 + (ky)2

(mod pβ). So, a2 + (ky)2 ≡ 0 (mod pβ).
As a last step we give the conjecture

Conjecture. The Girard-Fermat Theorem can be obtained by means of Theorem 2.5.
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