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Abstract
Let N be a positive integer and N = p{' - p3? - pi" the prime power decomposition of N
where p; = 1 (mod 4), for all 1 < ¢ < r. There, without the Girard-Fermat Theorem by no
means, are integers a and z such that a® + 2> = 0 (mod N) by using a special imprimitive
action of some modular subgroups. Finally we put a conjecture at the end of the paper.
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1 Introduction

The characterization of prime numbers of rational integers are so important not only in number
theory but also in almost all areas of mathematics. One of the important theorems is the Girard-
Fermat Theorem on which several authors worked, see [4, 10, 9], is as follows.

Theorem 1.1. Let p be a prime of the form p =1 (mod 4), then there exist integers z and y such
that p = 22 4 92.

Of course, our claim in abstract follows from Theorem 1.1, which will mention at the end of
paper. But here, we prove the claim by using completely a different approach, an imprimitive action
for some modular subgroups. For this, we outline the followings.

The modular group I' consists of 2 X 2 matrices with determinant 1 and integers entries. That
is,

I = ( Z Z > :a,b,c,dare integers and ad — bc = 1

which is the well known discrete group on which several works were performed [2, 1, 5, 6].We below
give some subgroups of I' which will be needed in the subsequent work. For any natural number
N

)

To(N) = (Cc‘ Z)EF:C:O(modN) ,

Ton(N) = { ( CCL Z ) €Ty(N) :a =d(mod n), or equivalently

a®> = 1(mod n), n|N}7
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and that,

A, (N) = { < Z Z ) € To(N) : a® = d? (mod n), or equivalently

a* =1 (mod n), n|N}

are all subgroups of I'.
We now introduce imprimitive transitive permutation groups as follows.
Let (G, X) be a transitive permutation group. The relation on X defined by, for all a,b € X,

a ~ bif and only if g(a) = g(b) for all g € G,

is an equivalence relation called G-invariant, and the equivalence classes are called blocks.

It is easily seen that any transitive permutation group (G,X) has at least two G-invariant
equivalence relations as

(i) am=b < a =D (trivial relation),

(ii) a = b, for all a,b € X (universal relation)
If the group (G, X) has a G-invariant equivalence relation other than the above two then the relation
(or the group (G, X)) is called imprimitive otherwise primitive.

Lemma 1.2. [3, Theorem 1.6.5] Let (G, X) be a transitive permutation group. Then, for alla € X,
the stabilizer G, is maximal in G if and only if the group (G, X) is primitive.

Lemma 1.3. [5, p.319] Let (G, X) be a transitive permutation group, H a subgroup of G, and for
some a € X,
G, SHSG (1.1)

and that if for any x,y € X,z = g(a),y = h(a), for some, g, h € G then, the relation defined by
x~yif and only if gh™' € H
is an imprimitive G-invariant equivalence relation and the number of blocks is the index |G : H|.

2 Main calculations

Lemma 2.1. Let n, N be naturel numbers, n odd and n | N and that n = p{* - p32 - - - p@" be the
prime power decomposition of n. Then p; =3 (mod 4) for 1 <i < rifand only if A,,(N) =T ,(N).

Proof. Tt is clear that I'g,(N) < A, (). For the converse, let < Z Z ) € A, (N). Then a* =1

(mod n). So we get (a®> — 1)(a® + 1) = 0 (mod n). Since, for all 1 < i < r, the legendre symbol
(‘p—l) # 1, p; = 3 (mod 4). This shows that p; | a® — 1, that is, a®> = 1 (mod n). This gives that

( (2 Z ) € T'gn(N). This completes the proof. Q.E.D.
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Corollary 2.2. Let n, N be as above. If one of the prime divisor of p of n is of the form p =1
(mod 4) then I'y ,(N) < Ap(N).

Proof. The proof follows easily from Lemma 2.1. Q.E.D.

We use Lemma 1.3 to calculate some indexes of some modular subgroups from above. Let
G =Ty(N),H =Ty ,(N) and G, = I'g(N)s = the stabilizier of co in I'g(N), and X = Qn =
{3#% | a,b € Z}. Then we get I'o(N)oo < To,n(IN) < To(N). Of course, it is easy to see that I'o(NV)
is transitive on Q. As in Lemma 1.3, if %, yiN € Qu then there exist elements g, h in To(N) and
that g(co) = [ and h(oco) = . Therefore
r x

— ~ —— = gh !l eTy.(N).
sN = gN g € Lon(N)

N _ (T To ~1 _ ( "o —royN —rao+rox : .
g = (sN 80)7 h = (yN y())’ gh™ = (sNyg—soyN —sNxo+50:c> € Ty n(N) if and if
only 7yo = spz (mod n). Since, 759 = 1 (mod n),zyo = 1 (mod n) then so = r~1 (mod n) and
yo = 2~ ! (mod n). That is, at the end,

SLnyiN <~ r’=2> (mod n).

Therefore with this relation "~” (Io(N), Q) is an imprimitive transitive permutation group by
using the subgroup 'y ,,(N). lfhe number y(n) of equivalence classes under = is give by

~(n) =| To(N) : Ton (V) | by lemma 1.3, "

Proposition 2.3. Let n, N be positive integers n | N,n > 2 odd, and let n = p{* - p5?---p& be

_ #(n)
2r

the prime power decomposition of n then ~v(n) where ¢ is the Euler function.

Proof. We first show that v is a multiplicative function. Let n = ny - ny with (ny,n2) = 1. We have
to show that
r~gif and only ifr x zand r = =
n

ni na

~ T ~ _Z
where r ~ shows % NN
It is clear that r ~ x gives r &~ x and r =~ x. For the converse, suppose that r; ~ x; and
ni no 1
ro & Ta. Since (n1,nge) = 1, there exist integers ki, ko, k3, k4 such that
na

TT —T9o = —k1n1 + kz?’LQ and 1 — T = —k3n1 + k4’ﬂ2

Therefore rq + kiny = ro + kang and o1 + k3ny = a9 + kang. So it is easily seen that (rq +king)? =
(x1 + k3ni)? (mod ny - no). That is 7y + kiny ~ o1 + kany (or ro + kang ~ 9 + kyno). This

concludes that v(n) = y(n1) - 7(nz2), which is what we want. Therefore, it is enough to calculate

only v(p*) where p* | N and (po‘, %) = 1. Let r ~ x. Then 72> = 2% (mod p®). Notice that
pa
pr—1
2

x ~ p® —x. So the representatives can be choosen from the sequence 1,2, ..., , whose number
oo

is %ﬁ. r? = 2% (mod p®) gives (r — z)(r + ) =0 (mod p*). Therefore, p* | r — x or p* | r + .

From the choice of representatives we get p* | r — x. That is, r = x. This completes the proof that

~y(p®) = —“’(ga). This concludes that y(n) = %. Q.E.D.



142 S. Oztiirk, Y. Kesicioglu, H. Unal

Lemma 2.4. Let p is a prime of the form p = 1 (mod 4) and « be a positive integer. Then
| Ape (p®) = To,pe (p*) |= 2

Proof. Let Q (p) denote the orbit of co under Ape (p®). Then Q (p*) = {7z a* =1 (mod p*)}.
From a* = (mod p*) we get a =1 (mod p®), or a = —1 (mod p®), or a®> + 1 =0 (mod p%). So
we have ¥1+k” € Q(p*) where k,b € Z. On the other hand p =1 (mod 4) gives a solution py of

a?+1=0 (mod p®). Then jprtlp € Q(p®) where [, c € Z. Consequently, it is easily seen that

Q) = {%ﬁiﬁ, % 1 k,b,l,ceZ and pg = —1 (mod p®)}.
Now we will get the primitive transitive permutation group (Apa (p“),@(po‘)) by the group

Lo pe (p*) as follows. As in Lemma 1.3, if J7=, = € Q (p®) then
r i 2 _ .2 o
— R — = =T mod . 2.1
S (mod p) (21)
So it is easily seen that ﬂ:"jpa n ELEmRT ng Fotlp® o Frotup® g a1l kom,b,c,, 1t u,v € Z.
4 cp™ tpe vp
And that il‘;kp 7% ipg;lp . Therefore, there are just 2 classes of the equivalence relation. This
completes the proof. Q.E.D.

Theorem 2.5. Let N be an odd natural number and that N = p{* - p§?---p% be the prime
power decomposition of N, where p; = 1 (mod 4),1 < i < r. Then, there are x,a € Z such that
2?2 +a?> =0 (mod N).

Proof. Let N = Ny - Ny with (N1, No) = 1. We show that if 22 +a? =0 (mod Ni) and 22 + a3 =
(mod Ny) then there exist integers x and a such that 22 + a? = 0 (mod N). For this let = =
Noxzy + Nixe and a = Naaj; + Njas then it is easily seen that 22 + a®> = 0 (mod N). So to
prove the theorem it is enough to prove it only for prime powers p* with p = 1 (mod 4). Let
G =To(p*),H = Apa(p®),X = Qpo. If we use Lemma 1.3 we get that (I'o(p®),Qpe) is an
imprimitive transitive permutation group with respect to Aye(p®). In this situation, imprimitive
equivalence relation occurs as

a x
— ~ — (or shortlya ~ z) <= a*=2* (mod p®). (2.2)
bp*  yp®

It is clear that a ~ a +p® and that | ~ p® —I. So, the representatives of the equivalence classes can

be choosen from the sequence 1,2, ..., 2 2_1. From this we get, if | a |=| # | and a* = 2* (mod p®),
that is p® | a — 22 or p® | a®+22. The case p* | a® — 2 does not occur otherwise p* | (a—2)(a+x).
Then p® | a — x or p* | a + x. From the choice of representatives a = z which is not the case.

Consequently p® | a? + 22 that is 22 + a®? = 0 (mod p®). This completes the proof.

Q.E.D.

As promised above we conclude the paper to prove Theorem 2.5 for primes p = 1 (mod 4) by
using the Girard-Fermat Theorem (Theorem 1.1). Since p =1 (mod 4), then by the Girard-Fermat
Theorem, there exist integers u and v such that u? + v = p. And then for any natural number S,
1fwetakex+zy—(u+w)5 then we get 22 + 42 = p® and that (z,p) = (y,p) = 1. If( p)=1
then there exists an integer k such that kx = a (mod p?). Therefore k2z? + k?y? = a® + (ky)?
(mod p?). So, a? + (ky)? =0 (mod p?).

As a last step we give the conjecture

Conjecture. The Girard-Fermat Theorem can be obtained by means of Theorem 2.5.
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