Journal of Homotopy and Related Structures, vol. 6(2), 2011, pp.183–209

EQUIVARIANT DOLD-THOM TOPOLOGICAL GROUPS

MARCELO A. AGUILAR and CARLOS PRIETO

(communicated by Paul Goerss)

Abstract Let M be a covariant coefficient system for a finite group G. In this paper we analyze several topological abelian groups, some of them new, whose homotopy groups are isomorphic to the Bredon-Illman G-equivariant homology theory with coefficients in M. We call these groups equivariant Dold-Thom topological groups and we show that they are unique up to homotopy. We use one of the new groups to prove that the Bredon-Illman homology satisfies the infinite-wedge axiom and to make some calculations of the 0th equivariant homology.

1. Introduction

Given a finite group G, a covariant coefficient system M for G, and a pointed G-set S, we defined in [2] an abelian group F^G(S, M). Using this construction, we associate to a pointed G-space X a simplicial abelian group F^G(S(X), M). Its geometric realization, denoted by F^G(X, M), is a topological group whose homotopy groups are isomorphic to the reduced Bredon-Illman G-equivariant homology of X with coefficients in M. Given a G-equivariant ordinary covering map p : E −→ X, we also defined a continuous transfer t^G_p : F^G(X^+, M) −→ F^G(E^+, M), that induces a transfer in equivariant homology, when M is a Mackey functor.

In [3] we showed that when the G-space X is a strong ρ-space (e.g. a G-simplicial complex or a finite dimensional countable locally finite G-CW-complex), there is a topology in the abelian groups F^G(X^δ, M), where X^δ stands for the underlying set of X. With this topology, F^G(X, M) is a topological group, which we denote by F^G(X, M). This is a smaller group than the group F^G(X, M) mentioned above. It has the property that its homotopy groups are isomorphic to the reduced Bredon- Illman G-equivariant homology of X with coefficients in M, provided that M is a homological Mackey functor. Furthermore, we proved in [4] that these topological groups admit a continuous transfer for G-equivariant ramified covering maps, whose total space and base space are strong ρ-spaces.

In this paper we present a different topology for the abelian group F^G(X^δ, M) and we denote the resulting topological group by F^G(X, M). We prove that for any

The authors were partially supported by PAPIIT grant IN101909. Received February 07, 2011, revised April 20, 2011; published on July 17, 2011. 2000 Mathematics Subject Classification: 55N91, 55P91, 14F43.

Key words and phrases: Equivariant homology, homotopy groups, coefficient systems, Mackey functors, topological abelian groups.

© 2011, Marcelo A. Aguilar and Carlos Prieto. Permission to copy for private use granted.

Journal of Homotopy and Related Structures, vol. 6(2), 2011 184

pointed G-space X of the homotopy type of a G-CW-complex, and for any coefficient system, the homotopy groups of F^G(X, M) are isomorphic to the reduced Bredon- Illman G-equivariant homology of X with coefficients in M. The assumptions on X and M are much weaker than those needed to define F^G(X, M). However, in such a generality, it does not seem possible to construct a continuous transfer even for ordinary covering G-maps.

These new topological groups F^G(X, M) can be used to prove the infinite wedge axiom for the Bredon-Illman homology. They also allow us to make some calculations of the 0th homology groups of a G-space X.

Those topological groups whose homotopy groups are isomorphic to the reduced Bredon-Illman G-equivariant homology of X with coefficients in M will be called Dold-Thom topological groups. Hence F^G(X, M), F^G(X, M), and F^G(X, M) are Dold-Thom topological groups. Furthermore, all these groups are algebraically subgroups of other topological groups, so they also have another natural topology, namely the subspace topology. These topological groups will be denoted by F^G(X, M), F^G(X, M), and F^G(X, M). The first two were studied in [3]. In this paper we prove that these groups are isomorphic to the former, if the coefficient system M takes values on k-modules, where k is a field of characteristic 0 or a prime p that does not divide the order of G. We also show that the Dold-Thom topological groups are unique up to homotopy. Other examples of Dold-Thom topological groups were constructed by Dold and Thom [7], McCord [15], Lima-Filho [12], dos Santos [10], and Nie [17].

The paper is organized as follows. In Section 2 we give the basic definitions that are needed. Then in Section 3 we define the new topological groups F^G(X, M) and F^G(X, M), and we prove that the former is a Dold-Thom topological group. Then in Section 4 we compare the new topological groups with the previously defined ones. In Section 5 we analyze the case of coefficients in k-Mod, with the field k as explained above. In Section 6 we prove the wedge axiom and we compute the 0th equivariant homology in some cases. Finally in Section 7, we study the Dold-Thom topological groups and we show that two Dold-Thom topological groups, which are locally connected and have the homotopy type of a CW-complex, are homotopy equivalent.

2. Preliminaries

We shall work in the category of k-spaces, which will be denoted by k-Top. We understand by a k-space a topological space X with the property that a set W ⊂ X is closed if and only if f^{−1}W ⊂ Z is closed for any continuous map f : Z −→ X, where Z is any compact Hausdorff space (see [14, 18]). Given any space X, one can clearly associate to it a k-space k(X) using the condition above, which is weakly homotopy equivalent to X. The product of two spaces X and Y in this category is X × Y = k(X ×_{top} Y ), where X ×_{top} Y is the usual topological product. Two important properties of this category are that if p : X ↠ X^′ is an identification and X is a k-space, then X^′ is a k-space, and if p : X ↠ X^′ and q : Y ↠ Y^′ are identifications, then p × q : X × Y ↠ X^′ × Y^′ is an identification too. If X

Journal of Homotopy and Related Structures, vol. 6(2), 2011 185

is a k-space, we shall say that A ⊂ X has the relative k-topology (in k-Top) if A = k(A_{rel}), where A_{rel} denotes A with the (usual) relative topology in Top. This topology is characterized by the following property: Let Y be a k-space. Then a map f : Y −→ A is continuous if and only if the composite i∘f : Y −→ X is continuous, where i : A → X is the inclusion (see [18]).

In what follows, we shall denote by G-Top_∗ the category of topological pointed G-spaces such that G acts trivially on the base point, or correspondingly G-k-Top_∗. Topab will denote the category of topological abelian groups in the category of k-spaces. Recall that a covariant coefficient system is a covariant functor M : O(G) −→ R-Mod, where O(G) is the category of G-orbits G/H, H ⊂ G, and Gfunctions α : G/H −→ G/K, R is a commutative ring, and R-Mod is the category of R-modules. A particular role will be played by the G-function R_g−1 : G/H −→ G/gHg^{−1}, given by right translation by g^{−1} ∈ G, namely

R_g−1 (aH) = aHg^{−1} = ag^{−1}(gHg^{−1}) .

We shall often denote aH by [a]_H . Observe that if X is a G-set and x ∈ X, then the canonical bijection G/G_x −→ G/G_{gx} is precisely R_g−1 . Here G_x denotes the isotropy subgroup of x, namely, the maximal subgroup of G that leaves x fixed.

Let S be a pointed G-set (where the base point x_0 remains fixed under the action of G) and M a covariant coefficient system. In [2] we defined an abelian group F (S, M) as follows. Consider the following union

^M = � H⊂G M(G/H) .

Then F (S, M) = {u : S −→ ^M | u(x) ∈ M(G/G_x) , u(x_0) = 0 ,

and u(x) = 0 for almost every x ∈ X} .

Indeed, this group F (S, M) is an R-module, whose structure is given by

(r · u)(x) = ru(x) ∈ M(G/G_x) .

It has as canonical generators the functions

lx : S −→ ^M given by lx(x^′) = � l if x^′ = x , 0 if x^′ ≠ x ,

where x ∈ S, x ≠ x_0, and l ∈ M(G/G_x). The group F (S, M) is a functor of S as follows. Let f : S −→ T be a pointed G-function. Then we define f_∗ : F (S, M) −→ F (T, M) on generators by

f_∗(lx) = M_∗( ^f_x)(l)f(x) ,

that is, the homomorphism whose value on y is M_∗( ^f_x)(l) if y = f(x) and 0 otherwise, where ^f_x : G/G_x ↠ G/G_{f (x)} is the canonical surjection.

There is an action of G on F (S, M) given on generators by

g · (lx) = M_∗(R_g−1 )(l)(gx) .

Journal of Homotopy and Related Structures, vol. 6(2), 2011 186

Then one can consider the submodule F (S, M)^G of fixed points under the G-action. Let f : S −→ T be as above. Since f_∗ is clearly a G-homomorphism, it restricts to a homomorphism between the submodules of fixed points, which we denote by

f^G_∗ : F^G(S, M) −→ F^G(T, M) .

This makes F^G(−, M) into a functor G-Set_∗ −→ R-Mod

On the other hand, there is a surjective homomorphism β_S : F (S, M) ↠ F (S, M)^G given by

β_S (lx) = γ^G_x (l) = � [g]∈G/G_x

M_∗(R_g−1 )(l)(gx) ,

that is, essentially taking the sum over the orbit of x. One can now use this to give a different functorial structure on F (S, M)^G, defining for a G-function f : S −→ T and a generator γ^G_x (l),

f^G_∗ (γ^G_x (l)) = γ^G_{f (x)}M_∗( ^f_x)(l) .

This defines another functor G-Set_∗ −→ R-Mod, which we call F^G(−, M).

These three functors are related by the commutativity of the following diagram: S f �

F^G(S, M)

� �^ιS �

f^G_∗ � F (S, M)^{βS} � �

f_∗ �

F^G(S, M)

f^G_∗ � T F^G(T, M)� � ι_T

� F (S, M)_{βT} � � F G(S, M) .

(2.1)

We shall use these groups to define different topological groups in the next section.

3. Topological groups and coefficient systems

First recall the following construction. Let X be a topological space and L an R-module. Then we have the R-module F (X, L) = {u : X −→ L | u(x_0) = 0, and u(x) = 0 for almost every x ∈ X}. Following [1] we have that this R-module can be topologized as follows (see also [15]). There is a surjective function μ : � k (L × X)^k ↠ F (X, L)

given by (l_1, x_1; . . . ; l_k, x_k) → l_1x_1 + · · · + l_kx_k . Then F (X, L) has the identification topology.

Given a pointed G-space X, we denote by X^H the pointed subspace of elements of X that remain fixed under the group elements of H.

Definition 3.1. Let M be a covariant coefficient system and let X be any pointed G-space. For each subgroup H ⊂ G consider the topological group F (X^H , M(G/H)) as defined above. Define p_H : F (X^H , M(G/H)) −→ F (X, M) by p_H (lx) = M_∗(q_{H,x})(l), where x ∈ X^H , l ∈ M(G/H), and q_{H,x} : G/H ↠ G/G_x, is the

Journal of Homotopy and Related Structures, vol. 6(2), 2011 187

canonical projection. Now take the homomorphism

p_X : � H⊂G F (X^H , M(G/H)) ↠ F (X, M)

given by p_X ((l_H x_H )_{H⊂G}) = � H⊂G p_H (l_H x_H ), where the product has the product topology of k-spaces. Given any generator lx ∈ F (X, M), lx can be seen also as an element in F (X^{Gx} , M(G/G_x)). Therefore p_X is surjective. Give the R-module F (X, M) the identification topology induced by p_X . We obtain a k-space, which we denote by F(X, M). By giving F^G(X, M) the relative k-topology we obtain another k-space, which we denote by F^G(X, M). Moreover, by taking on F^G(X, M) the identification topology given by the epimorphism β_X , we obtain another k-space, which we denote by F^G(X, M).

Proposition 3.2. The groups F(X, M), F^G(X, M), and F^G(X, M) are topological groups in the category of k-spaces.

Proof. Consider the following diagram � F (X^H , M(G/H)) × � F (X^H , M(G/H)) � +_H �

p_X ×p_X �

� F (X^H , M(G/H))

p_X � F(X, M) × F(X, M)_+ �

β_X ×β_X � F(X, M)

β_X � F^G(X, M) × F^G(X, M)_+ � F^G(X, M) .

The function on the top is given by the product of the sum on each topological group F (X^H , M(G/H)) and therefore it is continuous. Since p_X and β_X are homomorphisms, both squares commute. Furthermore, since p_X and β_X are identifications, so are p_X × p_X and β_X × β_X . Therefore F(X, M) and F^G(X, M) are topological groups. Finally, since F^G(X, M) has the relative k-topology, it is also a topological group.

Proposition 3.3. Let f : X −→ Y be a pointed G-map. Then the homomorphism f_∗ : F(X, M) −→ F(Y, M) is continuous. Thus the homomorphisms f^G_∗ : F^G(X, M) −→ F^G(Y, M) and f^G_∗ : F^G(X, M) −→ F^G(Y, M) are also continuous.

Proof. The following diagram commutes: � H⊂G F (X^H , M(G/H)) � f^H_∗ �

p_X �

� H⊂G F (Y^H , M(G/H))

p_Y � F(X, M)_{f∗} � F(Y, M) .

Journal of Homotopy and Related Structures, vol. 6(2), 2011 188

Indeed, if (l_H x_H )_{H⊂G} ∈ � H⊂G F (X^H , M(G/H)) is a generator, then

p_Y ( � f^H_∗ )((l_H x_H )_{H⊂G}) = p_Y ((l_H f(x_H ))_{H⊂G}) = � H⊂G M_∗(q_{f (xH )})(l_H )f(x_H ) , and f_∗p_X ((l_H x_H )_{H⊂G}) = f_∗( � H⊂G M_∗(q_{xH} )(l_H )x_H ) = � H⊂G M_∗( ^f_{xH} )M_∗(q_{xH} )(l_H )f(x_H ) .

Here we denote q_{H,xH} simply by q_{xH} . Both composites are equal, since ^f_{xH} ∘ q_{xH} = q_{f (xH )}.

Since p_X is an identification and � f^H_∗ is continuous, f_∗ is also continuous.

The next result shows the homotopy invariance of the functors F.

Proposition 3.4. Let f_0, f_1 : X −→ Y be G-homotopic pointed G-maps. Then f_{0∗}, f_{1∗} : F(X, M) −→ F(Y, M) are G-homotopic homomorphisms. Moreover, also f^G_{0∗}, f^G_{1∗} : F^G(X, M) −→ F^G(Y, M) and f^G_{0∗}, f^G_{1∗} : F^G(X, M) −→ F^G(Y, M) are homotopic homomorphisms.

Proof. For each H ⊂ G, take the restriction f^H_ν : X^H −→ Y^H , and let H : X × I −→ Y be a G-homotopy such that H(x, ν) = f_ν (x), ν = 0, 1, and denote by H^H : X^H × I −→ Y^H the restriction of H, which is a homotopy between f^H_0 and f^H_1 . By [15], there is a homotopy ~H^H : F (X^H , M(G/H)) × I −→ F (Y^H , M(G/H)) between (f^H_0 )_∗ and (f^H_1 )_∗, which is given by ~H^H (u, t) = (H^H_t )_∗(u), where H^H_t (x) = H^H (x, t), x ∈ X^H .

Define a homotopy R : � F (X^H , M(G/H)) × I −→ � F (Y^H , M(G/H)) by R((u_H )_{H⊂G}, t) = ( ~H^H (u_H , t))_{H⊂G}. Define K : F(X, M) × I −→ F(Y, M) by K(u, t) = H_{t∗}(u) and consider the diagram � F (X^H , M(G/H)) × I^R �

p_X ×id �

� F (Y^H , M(G/H))

p_Y � F(X, M) × I_K � F(Y, M) .

Since both R and K are homomorphisms for each fixed t, we may check the commutativity on a generator ((l_H x_H )_{H⊂G}, t) ∈ � F (X^H , M(G/H)) × I as follows:

p_Y R((l_H x_H )_{H⊂G}, t) = p_Y ((l_H H^H (x_H , t))_{H⊂G}) = � H⊂G M_∗(q_HH_{(xH ,t)})(l_H )H^H (x_H , t) ,

K(p_X × id)((l_H x_H ), t) = K � � H⊂G M_∗(q_{xH} )(l_H )x_H �

= � H⊂G M_∗( ^H_{txH} )M_∗(q_{xH} )(l_H )H(x_H , t) .

Journal of Homotopy and Related Structures, vol. 6(2), 2011 189

Both expressions are equal, since H^H is the restriction of H, and one clearly has that

q_HH_{(xH ,t)} : G/H −→ G/G_{H(xH ,t)} is equal to the composite G/H^{qxH}↠ G/G_{xH}

^H_{txH} ↠ G/G_{H(xH ,t)}. Since p_X × id is an identification, K is continuous and so it is a homotopy as desired.

The homotopy K is G-equivariant. Indeed, since H_{t∗} is G-equivariant, one has K(g · u, t) = H_{t∗}(g · u) = gH_{t∗}(u) = gK(u, t). Thus we can take the restriction of K, K^G : F^G(X, M) × I −→ F^G(Y, M), which is a homotopy between f^G_{0∗} and f^G_{1∗}, and by the naturality of β, we also have a commutative diagram

F(X, M) × I^K �

β_X ×id � F(Y, M)

β_Y � F^G(X, M) × I_{KG} � F^G(Y, M) ,

where K^G(v, t) = H^G_{t∗}(v). Thus f^G_{0∗}, f^G_{1∗} : F^G(X, M) −→ F^G(Y, M) are also homotopic.

We shall need the following G-equivariant version of the Whitehead Theorem.

Proposition 3.5. Let Y and Z be G-spaces and φ : Y −→ Z be a G-equivariant weak homotopy equivalence. Let y_0 ∈ Y and φ(y_0) ∈ Z be base points. Assume that (Y, y_0) and (Z, φ(y_0)) have the G-homotopy type of pointed G-CW-complexes. Then φ : (Y, y_0) −→ (Z, φ(y_0)) is a pointed G-homotopy equivalence.

Proof. Consider the square

(Y, y_0)^φ � (Z, φ(y_0))

≃_G � (C, c_0)

≃_G �

ψ � (D, d_0) ,

where (C, c_0) and (D, d_0) are pointed G-CW-complexes and ψ is defined so that the square commutes. Since the vertical arrows are G-homotopy equivalences, ψ is a G-equivariant weak homotopy equivalence.

Using [6, II(2.5)], one can show that ψ is a pointed G-homotopy equivalence. Therefore φ is also a pointed G-homotopy equivalence.

As a consequence of the previous two results we have the following.

Corollary 3.6. Let Y and Z be G-spaces and φ : Y −→ Z be a G-equivariant weak homotopy equivalence. Let y_0 ∈ Y and φ(y_0) ∈ Z be base points. Assume that (Y, y_0) and (Z, φ(y_0)) have the G-homotopy type of pointed G-CW-complexes. Then φ induces a homotopy equivalence of topological groups φ^G_∗ : F^G(Y, M) −→ F^G(Z, M).

Lemma 3.7. Let (X, x_0) be a pointed G-space of the G-homotopy type of a pointed G-CW-complex, and let S(X) be the singular simplicial G-set of X. Let

Journal of Homotopy and Related Structures, vol. 6(2), 2011 190

ρ_X : |S(X)| −→ X be given by ρ([σ, s]) = σ(s), where σ : Δ^q −→ X and s ∈ Δ^q . Then ρ^G_{X∗} : F^G(|S(X)|, M) −→ F^G(X, M) is a homotopy equivalence of topological groups.

Proof. By [5, 1.9(e)], we have |S(X)|^H = |S(X)^H |, and clearly |S(X)^H | = |S(X^H )|. Hence ρ^H_X : |S(X)|^H −→ X^H coincides with ρ_X H : |S(X^H )| −→ X^H , which by Milnor’s theorem (see [13]) is a weak homotopy equivalence. Therefore, ρ_X is a Gequivariant weak homotopy equivalence. Hence, by the previous corollary, the result follows.

Definition 3.8. Assume now that Q is a simplicial pointed G-set and consider the simplicial group F (Q, M) such that for any n, F (Q, M)_n = F (Q_n, M). Given a morphism μ : m −→ n in Δ, we denote by μ^Q : Q_n −→ Q_m the induced pointed Gfunction. Then we define μ^{F (Q,M)} = μ^Q_∗ : F (Q, M)_n −→ F (Q, M)_m. Hence one has two other simplicial groups F^G(Q, M) and F^G(Q, M). F^G(Q, M) is the simplicial subgroup of F (Q, M) induced by the restricted functor F^G(−, M) defined above. F^G(Q, M) is the simplicial quotient group of F (Q, M) induced by the quotient functor F^G(−, M) defined in page 186.

Theorem 3.9. There is a natural isomorphism of topological groups

Ψ_Q : |F (Q, M)| −→ F(|Q|, M) given by Ψ_Q([lx, t]) = M_∗(q_{x,t})(l)[x, t] ,

where q_{x,t} : G/G_x ↠ G/G_{[x,t]} is the canonical projection.

Proof. In [2, 2.6] we showed that Ψ_Q is a natural isomorphism of abelian groups. Thus we only need to prove that it is a homeomorphism. First recall [5, 1.9(e)] that |Q^H | = |Q|^H . Now we are going to see that the following diagram commutes. | � H⊂G F (Q^H , M(G/H))|^{∼=} �

|p_Q| �

� H⊂G |F (Q^H , M(G/H))| ∼= � ψ_{QH} � � H⊂G F (|Q^H |, M(G/H))

p_{|Q|} � |F (Q, M)|_{ΨQ} � F(|Q|, M) .

Take a generator [(l_H x_H )_{H⊂G}, τ] ∈ | � H⊂G F (Q^H , M(G/H))|. Then we can chase it down and we get � H⊂G M_∗(q_{xH} )(l_H )x_H , τ � , and then to the right to obtain � H⊂G M_∗(q_{xH ,τ} )M_∗(^p_{xH} )(l_H )[x_H , τ]. If we first go right and down with � ψ_QH , we get (l_H [x_H , τ]), and then down again with p_{|Q|}, we obtain � H⊂G M_∗(r_{xH} )(l_H )[x_H , τ], where

G/H^{rxH ,τ} �

p_{xH} � � G/G_{[xH ,τ ]}

G/G_{xH}

q_{xH ,τ} � �

Journal of Homotopy and Related Structures, vol. 6(2), 2011 191

are the canonical projections. By [13], the isomorphism on the top is a homeomorphism, and by [1], each ψ_QH is also a homeomorphism. Since p_Q is a surjective simplicial map, its realization |p_Q| is an identification. And since p_{|Q|} is also an identification, then Ψ_Q is a homeomorphism.

Corollary 3.10. There are natural isomorphisms of topological groups

Ψ^G_Q : |F^G(Q, M)| −→ F^G(|Q|, M) and Ψ^G_Q : |F^G(Q, M)| −→ F^G(|Q|, M) .

Proof. The following is clearly a commutative diagram:

|F^G(Q, M)|

� �^{|ιQ|} �

Ψ^G_Q � |F (Q, M)|^{|βQ|} � �

Ψ_Q ∼= �

|F^G(Q, M)|

Ψ^G_Q � F^G(|Q|, M)

� �^{ι|Q|} � F(|Q|, M)^{β|Q|} � � F_G(|Q|, M)

and the vertical arrows on the sides are isomorphisms of abelian groups (see [2, 2.6]). Since the one in the middle, by the previous theorem, is a homeomorphism, and the first horizontal arrows are embeddings, while the second ones are identifications, Ψ^G_Q and Ψ^G_Q are homeomorphisms too.

The following is the main result of this section.

Theorem 3.11. Let M be a covariant coefficient system for G and X a pointed G-space of the homotopy type of a G-CW-complex. Then the homotopy groups

π_q (F^G(X, M))

are naturally isomorphic to the (reduced) Bredon-Illman G-equivariant homology groups ~H^G_q (X; M_∗) with coefficients in M.

Proof. F^G(S(X), M) is a simplicial abelian group and hence, by [13], it is a chain complex with differential ∂^G_q : F^G(S_q (X), M) −→ F^G(S_{q−1}(X), M) given by ∂^G_q = �_q

i=0(−1)^i(d^{S(X)}_i )^G_∗ . By [2, 4.5] this chain complex is isomorphic to Illman’s chain complex S^G(X, ∗; M) given in [11, p. 15], whose homology is by definition the Bredon-Illman G-equivariant reduced homology of X with coefficients in M, denoted by ~H^G_q (X; M).

We shall give an isomorphism

H_q(F^G(S_∗(X), M)) −→ π_q (F^G(X, M)) .

To construct the isomorphism, we shall give several isomorphisms as depicted in the following diagram.

H_q (F^G(S(X), M)) �^{i∗}_{∼=} � π_q (F^G(S(X), M))^Ψ_{∼=} � π_q (S(|F^G(S(X), M)|)) Φ ∼= � π_q (F^G(X, M)) �^{∼=}_{(ρG∗ )∗} π_q (F^G(|S(X)|, M)) �^{∼=}_{ΨGS(X)∗} π_q (|F^G(S(X), M)|)

Journal of Homotopy and Related Structures, vol. 6(2), 2011 192

By [13, 22.1], i_∗ is an isomorphism. In particular, this shows that every cycle in ~H G(X; M) is represented by a chain u, all of whose faces are zero. We call this a special chain.

The homomorphism Ψ, which is given by Ψ(u)[τ] = [u, τ], where u is a special q-chain and τ ∈ Δ^q , is an isomorphism, as follows from [13, 16.6].

In order to define Φ, we must express Ψ(u) as a map γ : (Δ[q], Δ̇[q]) −→ (S|F^H (S(X), M)|, ∗). By the Yoneda lemma, γ is the unique map such that γ(δ_q ) = Ψ(u), where δ_q = id : q −→ q. The homomorphism Φ, defined by Φ[γ][f, τ^′] = γ(f)(τ^′), for f ∈ Δ[q]_n and τ^′ ∈ Δ^n, is given by the adjunction between the realization functor and the singular complex functor (see [13, 16.1]).

By Theorem 3.9, Ψ^G_{S(X)∗} is an isomorphism of topological groups. Finally, by Lemma 3.7, the homomorphism ρ^G_∗ is a homotopy equivalence.

Remark 3.12. Chasing along the diagram and using the canonical homeomorphism |Δ[q]| −→ Δ^q given by [f, τ^′] → f_#(τ^′), one obtains that the isomorphism H_q(F^G(S(X), M)) −→ π_q (F^G(X, M)) is given as follows. It maps a homology class [u] represented by a special chain u = � α γ^G_{σα} (u(σ_α)) to the homotopy class [u] given by u(τ) = � α γ^G_{σα (τ )}(M_∗(p_α)(u(σ_α))), where p_α : G/G_{σα} −→ G/G_{σα (τ )} is the quotient function and S(X)/G = {[σ_α]}.

4. Other topological abelian groups

A different way of topologizing the abelian groups F (X^δ, M) and F^G(X^δ, M) = F^G(X^δ, M), where X^δ denotes the underlying set of X, is as follows.

Definition 4.1. Let X be a pointed G-space (not necessarily a k-space) and M be a covariant coefficient system. Denote by S(X) the singular simplicial pointed G-set associated to X and consider the surjective map

π_X : |F (S(X), M)| ↠ F (X^δ, M) given by π_X ([lσ, t]) = M_∗(p_{σ,t})(l)σ(t) ,

where p_{σ,t} : G/G_σ ↠ G/G_{σ(t)} is the canonical projection.

Give F (X^δ, M) the identification topology defined by π_X and denote the resulting space by F(X, M). Moreover, denote by F^G(X, M) the group F^G(X^δ, M) with the relative k-topology induced by ι_X and denote by F^G(X, M) the group F^G(X^δ, M) with the quotient topology induced by β_X .

Consider the restriction of π_X

^π^G_X : |F^G(S(X), M)| ↠ F^G(X, M)

and denote by ^F^G(X, M) the resulting identification space.

We thus have a commutative diagram

|F^G(S(X), M)|

^π^G_X �

� �^{|ιS(X) |} � |F (S(X), M)|

π_X �

|β_{S(X)} |� �

|F^G(S(X), M)|

π^G_X � ^FG(X, M)_{id} � F^G(X, M)� � ι_X

� F(X, M)_{βX} � � FG(X, M) ,

Journal of Homotopy and Related Structures, vol. 6(2), 2011 193

where the vertical maps are identifications. Thus id : ^F^G(X, M) −→ F^G(X, M) is continuous.

Remark 4.2. The topological groups F^G(X, M) were defined in [3].

Recall [4] that a (pointed) G-space X is called a strong ρ-space if the map ρ_X : |S(X)| −→ X, given by ρ_X ([σ, t]) = σ(t), is a G-retraction.

Proposition 4.3. If X is a strong ρ-space, then id : F(X, M) −→ F(X, M) is a homeomorphism.

Proof. Consider the diagram

|F (S(X), M)|

π_X �

Ψ_{S(X)}

∼= � F(|S(X)|, M)

ρ_{X∗} � F(X, M)^{∼=}_{id} � F(X, M) .

One easily verifies that the diagram commutes. The map on the top is a homeomorphism by 3.9, the vertical map on the left is an identification by definition, and the vertical map on the right is an identification, since it is a retraction. Thus the identity on the bottom is a homeomorphism.

Corollary 4.4. If X is a strong ρ-space, then the topological groups F^G(X, M) and F^G(X, M) are equal, as well as the topological groups F^G(X, M) and F^G(X, M).

Example 4.5. If K is a simplicial G-set, then by [4], |K| is a strong ρ-space. Hence the topological groups F(|K|, M) and F(|K|, M) are equal, and thus also the topological groups F^G(|K|, M) and F^G(|K|, M) are equal, as well as the topological groups F^G(|K|, M) and F^G(|K|, M).

Proposition 4.6. If X is a strong ρ-space, then F^G(X, M) = F^G(X, M).

Proof. Since X is a strong ρ-space, the map ρ_X : |S(X)| −→ X is a G-retraction. Thus the epimorphism ρ^G_X : F^G(|S(X)|, M) ↠ F^G(X, M) is an identification. Consider the diagram

|F^G(S(X), M)|^ψ G M � π^G_X � F^G(|S(X)|, M)

ρ^G_∗ � F^G(X, M)_{id} � F^G(X, M) .

By definition of π^G_X it commutes and by 3.9, the arrow on the top is an isomorphism of topological groups. Since both vertical arrows are identifications, the result follows.

There are other topological groups related to the ones previously defined, that were studied in [3].

Journal of Homotopy and Related Structures, vol. 6(2), 2011 194 Definition 4.7. Let X be a pointed G-space (not necessarily a k-space) and M be a covariant coefficient system for G. Define the topological group (in the category of k-spaces) F (X, M) = |F (S(X), M)| , as well as the subgroup F^G(X, M) = |F^G(S(X), M)| and the quotient group F^G(X, M) = |F^G(S(X), M)|. One clearly has continuous homomorphisms F^G(X, M)^{ιX}→ F (X, M)^{βX}↠ F^G(X, M) given by ι_X = |ι_{S(X)}| and β_X = |β_{S(X)}|. The first is an embedding and the second a quotient map of topological groups.

Remark 4.8. One has identifications of topological groups

F^G(X, M) ↠ ^F^G(X, M) , F (X, M) ↠ F(X, M) , F^G(X, M) ↠ F^G(X, M) . We shall see below under which conditions the topological groups ^F^G(X, M) and F^G(X, M) are equal.

5. Coefficients in k-Mod

In this section we shall assume that M : O(G) −→ k-Mod, where k is a field of characteristic 0 or a prime p that does not divide the order of G,

Recall that if S is a pointed G-set, then we have homomorphisms F^G(S, M)^{ιS}→ F (S, M)^{βS}↠ F^G(S, M) .

We shall study the composite α_S = β_S ∘ ι_S : F^G(S, M) −→ F^G(S, M).

Proposition 5.1. Let S be a pointed G-set. Then α_S is a natural isomorphism.

Proof. Take a generator γ^G_x (l) = � [g]∈G/G_x

M_∗(R_g−1 )(l)(gx) ∈ F^G(S, M) .

Journal of Homotopy and Related Structures, vol. 6(2), 2011 195

Since γ^G_{gx}M_∗(R_g−1 ) = γ^G_x , we have

α_S (γ^G_x (l)) = β_S � � � [g]∈G/G_x

M_∗(R_g−1 )(l)(gx) � �

= � [g]∈G/G_x

β_S � M_∗(R_g−1 )(l)(gx) �

= � [g]∈G/G_x

γ^G_{gx}M_∗(R_g−1 )(l) = � [g]∈G/G_x

γ^G_x (l)

= [G:G_x]γ^G_x (l) = γ^G_x ([G:G_x]l) .

Since p ̸| |G|, the indexes [G : G_x], seen as elements in k, are invertible elements, i.e., there exist the elements [G:G_x]^{−1} ∈ k. Since for every generator γ^G_x (l), one has α_S (γ^G_x ([G:G_x]^{−1}l) = γ^G_x (l) , α_S is surjective. To see that it is injective, assume that u ∈ F^G(S, M) is such that α_S (u) = 0. Hence α_S (u)(x) = [G:G_x]u(x) = 0 ∀ x .

Thus [G:G_x]^{−1}[G:G_x]u(x) = u(x) = 0 for all x and so u = 0.

The naturality of α_S follows from (2.1).

Proposition 5.2. Let X be a pointed G-space. Then (a) α_X = |α_{S(X)}| : F^G(X, M) = |F^G(S(X), M)| −→ |F^G(S(X), M)| = F^G(X, M) and (b) α_X : ^F^G(X, M) −→ F^G(X, M) are isomorphisms of topological groups.

Proof. (a) follows immediately from Proposition 5.1. To see (b), consider the diagram

|F^G(S(X), M)|^{|αS(X) |}_{∼=} �

^π^G_X � |F^G(S(X), M)^|

π^G_X � ^FG(X, M)_{αX}^{∼=} � F^G(X, M) .

To see that it is commutative, take a generator [γ^G_σ (l), t] ∈ |F^G(S(X), M)|. Then α_X ^π^G_X ([γ^G_σ (l), t]) = α_X ([G_{σ(t)} :G_σ ]γ^G_{σ(t)}M_∗(p_σ )(l)) = [G_{σ(t)} :G_σ ]γ^G_{σ(t)}M_∗(p_σ )([G:G_{σ(t)} ]l) = γ^G_{σ(t)}M_∗(p_σ )([G:G_σ ]l)

Journal of Homotopy and Related Structures, vol. 6(2), 2011 196 and π^G_X |α_{S(X)}|([γ^G_σ (l), t]) = π^G_X ([γ^G_σ ([G:G_σ ]l), t]) = γ^G_{σ(t)}M_∗(p_σ )([G:G_σ ]l) .

Thus we have the assertion.

Since both vertical arrows are identifications, |α_{S(X)}| on the top is a homeomorphism and α_X on the bottom is bijective, then α_X is a homeomorphism too.

Corollary 5.3. The topological groups F^G(X, M) and F^G(X, M) are naturally isomorphic.

Proof. The isomorphism of topological groups α_X factors as the composite

α_X : ^F^G(X, M)^{ιX} � F(X, M)^{βX} � � F^G(X, M) .

Therefore α^{−1}_X ∘ β_X : F(X, M) −→ ^F^G(X, M) is a left inverse for ι_X , so that ι_X is an embedding. Hence ^F^G(X, M) = F^G(X, M) ∼= F^G(X, M).

6. Some applications of the homotopical Bredon-Illman homology

In this section we shall use the topological groups F^G(X, M) defined in Section 3, together with the G-equivariant weak homotopy equivalence axiom, that we proved in [5] using the groups F^G(X, M), to show that the Bredon-Illman equivariant homology satisfies the (infinite) wedge axiom and to make some calculations. We start with a general result.

Lemma 6.1. Let X have the homotopy type of a CW-complex. Then the connected components and the path-components of X coincide.

Proof. Let C : Top −→ Set be the functor which associates to a space X the set C(X) of its connected components. This is clearly a homotopy functor.

Now let φ : X −→ Y be a homotopy equivalence, where Y is a CW-complex. Consider the commutative diagram

π_0(X)^{φ∗}_≈ � � π_0(Y ) � C(X)_{C(φ)}^≈ � C(Y ) .

Since Y is locally path-connected, the arrow on the right is a bijection. Hence the arrow on the left is also a bijection.

Journal of Homotopy and Related Structures, vol. 6(2), 2011 197

Definition 6.2. Let Λ be a set of indexes, and let p(Λ) be the set of finite subsets of Λ. p(Λ) is a directed set by inclusion. Let {F_α | α ∈ Λ} be a family of pointed k-spaces. If A ⊂ B are finite sets of indexes, then we have an inclusion � α∈A F_α ⊂ � β∈B F_β , defined by putting the base point ∗_β in each factor F_β , whenever β /∈ A.

Define � α∈Λ F_α = colim

A∈p(Λ) � α∈A F_α .

Since the category k-Top is closed under colimits, this new space lies in k-Top. Notice that when Λ = N is the set of natural numbers, then the space defined above coincides with the weak product defined in [19].

Remark 6.3. If the spaces F_α in the previous definition are topological abelian groups, then algebraically � α∈Λ F_α is the direct sum of them, and the topology defined therein will give this sum a structure of a topological group (see next proposition). Thus, as topological groups, � α∈Λ F_α = colim

A∈p(Λ) � α∈A F_α .

Proposition 6.4. If for each α ∈ Λ, F_α is a T_1 topological group, then � α∈Λ F_α is a topological group.

Proof. Since we are taking products in k-Top, we consider a compact Hausdorff space K and any continuous map f : K −→ � α∈Λ F_α × � α∈Λ F_α. We thus have to prove that the composite

K^f � � α∈Λ F_α × � α∈Λ F_α^+ � � α∈Λ F_α

is continuous.

To see this, notice that the family { � α∈A F_α | A ∈ p(Λ)} has the following two properties:

(i) For any A, B ∈ p(Λ) the index C = A ∩ B ∈ p(Λ) satisfies � α∈A F_α ∩ � β∈B F_α = � γ∈C F_α .

(ii) For each A ∈ p(Λ), the set {B ∈ p(Λ) | � β∈B F_β ⊂ � α∈A F_α} is finite.

Therefore, by [9, 15.10], there are indexes A_1, . . . , A_m and B_1, . . . , B_n, such that p_1f(K) ⊂ � α∈A_1 Fα ∪· · · ∪ � α∈A_m Fα and p2f(K) ⊂ � β∈B_1 Fβ ∪· · · ∪ � β∈B_n Fβ ,

where p_1 and p_2 are the projections. Let C = A_1 ∪ · · · ∪ A_m ∪ B_1 ∪ · · · ∪ B_n. Hence we have the following commutative diagram: � γ∈C F_γ × � γ∈C F_γ^+ � � γ∈C F_γ� � � K_f �

� � � � � α∈Λ F_α × � α∈Λ F_α^+ � � α∈Λ F_α

Journal of Homotopy and Related Structures, vol. 6(2), 2011 198

where the sum on the top is continuous because a finite product of topological groups is a topological group, and the vertical inclusion on the right is continuous. Hence the composite on the bottom is continuous.

Proposition 6.5. Let X and Y be pointed spaces and L be an abelian group. Then there is an isomorphism of topological groups

F (X ∨ Y, L) ∼= F (X, L) × F (Y, L) .

Proof. Consider the sequences of spaces X � � i � X ∨ Y^q � � Y Y

� �^j � X ∨ Y^p � � X

Then it follows that

F (X, L)^{i∗} � F (X ∨ Y, L)^{q∗} � F (Y, L)

is a short exact sequence that splits. Namely, by functoriality one has that i_∗ is a split monomorphism, q_∗ is a split epimorphism and q_∗ ∘ i_∗ = 0. Now, if v ∈ F (X ∨ Y, L) is such that q_∗(v) = 0, then q_∗(v)(y) = v(x_0, y) = 0. Thus v = i_∗(u), where u ∈ F (X, L) is given by u(x) = v(x, y_0).

Coming back to Definition 6.2, we have the following generalization to the infinite case of the previous proposition.

Proposition 6.6. Let X_α, α ∈ Λ, be a family of pointed spaces. Then there is an isomorphism of topological groups � α∈Λ F (X_α, L) ∼= F ( � α∈Λ X_α, L).

Proof. For each A ∈ p(Λ), call ψ_A : � α∈A F (X_α, L) ∼= F ( � α∈A X_α, L) −→ F ( � α∈Λ X_α, L), where the isomorphism comes from Proposition 6.5 and the second map is induced by the canonical inclusion. If A ⊂ B, one easily verifies that ψ_B = ψ_A ∘ ψ_{A,B} , where ψ_{A,B} : � α∈A F (X_α, L) −→ � α∈B F (X_α, L) is induced by the inclusion � α∈A X_α ⊂ � α∈B X_α modulo the isomorphism of 6.5.

By the universal property of the colimit, the maps (continuous homomorphisms) ψ_A induce a continuous homomorphism ψ : � α∈Λ F (X_α, L) −→ F ( � α∈A X_α, L) .

In order to see that ψ is an isomorphism of topological groups, we now construct an inverse ξ : F ( � α∈Λ X_α, L) −→ � α∈Λ F (X_α, L)

as follows. Let u : � α∈Λ X_α −→ L be an element in F ( � α∈Λ X_α, L) and let u_α :

X_α −→ L be the restriction of u; that is, u_α = p_{α∗}(u), where p_α : � α∈Λ X_α −→ X_α is the canonical projection. Then u_α ≠ 0 only for finitely many values of α, i.e., only for α ∈ A, and some A ∈ p(Λ). Thus (u_α) ∈ � α∈Λ F (X_α, L) and one can define ξ(u) = (u_α). The homomorphism ξ is clearly an (algebraic) inverse of ψ. To see that ξ is continuous, define the function χ : L × � α∈Λ X_α −→ � α∈Λ F (X_α, L) by

Journal of Homotopy and Related Structures, vol. 6(2), 2011 199

χ(l, x_α) = lx_α. Composing χ with the identification � α∈Λ L × X_α ↠ L × � α∈Λ X_α and then restricting to each L × X_α, we obtain the composite

L × X_α^{μ1}−→ F (X_α, L) → � α∈Λ F (X_α, L)

which is continuous. Therefore χ is continuous. Now consider the commutative diagram

(L × � α∈Λ X_α)^{k χk} � � ( � α∈Λ F (X_α, L))^k + � F ( � α∈Λ X_α, L)_ξ � � α∈Λ F (X_α, L) .

Since the vertical map on the left is an identification and the maps on the top and on the right are continuous (+ by 6.4), ξ is continuous.

Now we can use the groups F^G(X, M) to prove that the Bredon-Illman G-equiv-ariant homology theory ~H^G_∗ (−; M) satisfies the wedge axiom. We need a lemma whose proof is not difficult.

Lemma 6.7. Let {Y_α; i_{β,α} : Y_α → Y_β } and {Y_α; i_{β,α} : Y_α → Y_β } be diagrams in k-Top such that each i_{β,α} and i_{β,α} are closed embeddings, and let {q_α : Y_α ↠ Y_α} be a family of identifications such that q_β ∘ i_{β,α} = i_{β,α} ∘ q_α. Then the map q : colim Y_α ↠ colim Y_α induced in the colimits in k-Top is an identification.

The next lemma is a consequence of the previous one.

Lemma 6.8. Let X_α be a pointed G-space for each α ∈ Λ. Then the map � α∈Λ � H⊂G F (X^H_α ; M(G/H))^{⊕pXα} � � α∈Λ F^G(X_α, M)

is an identification.

Now, as an application of our groups F^G(X, M), we have the next results. First we have that the Bredon-Illman homology satisfies the wedge-axiom.

Proposition 6.9. Let X_α, α ∈ Λ, be an arbitrary family of pointed G-spaces. Then there is an isomorphism

F^G( � α∈Λ X_α, M) ∼= � α∈Λ F^G(X_α, M) .

Proof. By Proposition 6.6, the inclusions i_α : X_α → � α X_α induce an isomorphism of topological groups which defines another isomorphism of topological groups φ such that following diagram commutes � α∈Λ � H⊂G F (X^H_α ; M(G/H)) φ � � � � ∼= � � H⊂G � α∈Λ F (X^H_α , M(G/H)) �_{ψH}^{∼=} � � H⊂G F ( � α∈Λ X^H_α , M(G/H))

Journal of Homotopy and Related Structures, vol. 6(2), 2011 200

Similarly, we can define an isomorphism of abelian groups

ψ^G : � α∈Λ F^G(X_α; M) � F^G( � α∈Λ X_α, M) .

They fit into a commutative diagram � α � H⊂G F � X^H_α ; M(G/H)

�_φ �

⊕p_{Xα} �

� H⊂G F � α X^H_α , M(G/H) � p_{∨Xα} � � α F^G (X_α, M)_{ψG} � F^G ( � α X_α, M) ,

where the vertical arrows are identifications (the left one by the previous lemma). Since the top arrow is a homeomorphism, then the bottom arrow is a homeomorphism too.

Proposition 6.10. Let X_α, α ∈ Λ, be an arbitrary family of pointed G-spaces having the homotopy type of G-CW-complexes. Then there is an isomorphism

~H^G_∗ ( � α X_α; M) ∼= � α ~H^G_∗ (X_α; M) .

Proof. Under conditions (i) and (ii) given in the proof of 6.4, that are satisfied by the family { � α∈A F^G( � α X_α, M) | A ∈ p(Λ)}, it is proved in [9] that the homotopy groups commute with the colimit. Hence

~H^G_∗ ( � α∈Λ X_α; M) ∼= π_q (F^G( � α∈Λ X_α; M)) (by 3.11)

∼= π_q ( � α∈Λ F^G(X_α, M)) (by 6.9)

∼= π_q (colim_A( � α∈A F^G(X_α, M))) (by 6.3)

∼= colim_A(π_q ( � α∈A F^G(X_α, M))) (by [9, 15.9])

∼= colim_A( � α∈A π_q (F^G(X_α, M))) (since A is finite) ∼= � α∈Λ π_q (F^G(X_α, M))) (by 6.3) ∼= � α∈Λ ~H^G_∗ (X_α; M) (by 3.11).

In order to prove the wedge axiom in full generality, we need the following lemmas.

Lemma 6.11. Let X and Y , and X^′ and Y^′ be well-pointed spaces and let φ : X^′ −→ X and ψ : Y^′ −→ Y be weak homotopy equivalences (mapping base points to base points). Then φ ∨ ψ : X^′ ∨ Y^′ −→ X ∨ Y is a weak homotopy equivalence.

Journal of Homotopy and Related Structures, vol. 6(2), 2011 201

Proof. Consider the double attaching spaces X ∪ I ∪ Y and X^′ ∪ I ∪ Y^′, where the base point x_0 ∈ X is identified with 0 ∈ I, the base point y_0 ∈ Y is identified with 1 ∈ I, and similarly with the other union. Since the spaces are well pointed, the quotient maps q : X ∪I ∪Y ↠ X ∨Y and q^′ : X^′ ∪I ∪Y^′ ↠ X^′ ∨Y^′ that collapse I to the common base point are homotopy equivalences. The pairs (X ∪ [0, 1), (0, 1] ∪ Y ) and (X^′ ∪ [0, 1), (0, 1] ∪ Y^′) are excisive in X ∪ I ∪ Y and X^′ ∪ I ∪ Y , respectively. Hence, by [9, 16.24], the map φ ∪ id_I ∪ψ : X ∪ I ∪ Y −→ X^′ ∪ I ∪ Y^′ is a weak homotopy equivalence. The following is clearly a commutative diagram

X^′ ∪ I ∪ Y^{′ φ∪idI ∪ψ} �

q^′ ≃ � X ∪ I ∪ Y q ≃ � X^′ ∨ Y^′_{φ∨ψ} � X ∨ Y .

Therefore, φ ∨ ψ is a weak homotopy equivalence.

As a consequence, we obtain the following result.

Lemma 6.12. Let X_α and X^′_α, α ∈ Λ be an arbitrary family of well-pointed Gspaces, and let φ_α : X^′_α −→ X_α be an equivariant weak homotopy equivalences (mapping base points to base points). Then ∨_{α∈Λ}φ_α : � α∈Λ X^′_α −→ � α∈Λ X_α is an equivariant weak homotopy equivalence.

Proof. First notice that since the base points are fixed under the G-action, ( � α∈Λ X_α)^H = � α∈Λ X^H_α , and similarly ( � α∈Λ X^′_α)^H = � α∈Λ X^{′H}_α .

Let p(Λ) be the set of finite subsets of Λ. Then, by 6.11, for every A ∈ p(Λ), ∨_{α∈A}φ^H_α : � α∈A X^{′H}_α −→ � α∈A X^H_α is a weak homotopy equivalence and induces isomorphisms between all the homotopy groups. Thus again, as in the proof of 6.10 and using [9, 15.9], ∨_{α∈Λ}φ^H_α : � α∈Λ X^{′H}_α −→ � α∈Λ X^H_α induces isomorphisms in all homotopy groups and hence it is a weak homotopy equivalence, thus ∨_{α∈Λ}φ_α : � α∈Λ X^′_α −→ � α∈Λ X_α is an equivariant weak homotopy equivalence.

Now we can prove the general wedge axiom for the Bredon-Illman G-equivariant homology.

Theorem 6.13. Let X_α, α ∈ Λ, be an arbitrary family of well-pointed G-spaces. Then there is an isomorphism � α∈Λ ~H G_q (X_α; M) ∼= ~H G_q (�_{α∈Λ} X_α; M) induced by the canonical inclusions X_α → � X_α.

Proof. For each α ∈ Λ there is an equivariant weak homotopy equivalence φ_α : ~X_α −→ X_α, where ~X_α is a (pointed) G-CW-complex (for instance ~X_α = |S(X_α)|).

By 6.12, φ = ∨_αφ_α : � α ~X_α −→ �_α X_α is an equivariant weak homotopy

equivalence. Hence, by [5, 1.19], φ induces an isomorphism φ_∗ : H^G_q ( � α ~X_α; M) −→ H^G_q ( � α X_α). Recall that

H^G_q ( � α ~X_α; M) = ~H^G_q (( � α ~X_α)^+; M) and H^G_q ( � α X_α) = ~H^G_q (( � α X_α)^+; M) .

Journal of Homotopy and Related Structures, vol. 6(2), 2011 202 On the other hand, the cofiber sequences

S^0 → ( � α ~X_α)^+ ↠ � α ~X_α and S^0 → ( � α X_α)^+ ↠ � α X_α induce short exact sequences that fit into the diagram

0 � ~H^G_0 (S^0; M) � ~H^G_0 (( � α ~X_α)+; M) �

φ^+_∗ ∼= �

~H G_0 (�_α ~X_α; M) �

φ_∗ � 0

0 � ~H^G_0 (S^0; M) � ~H^G_0 (( � α X_α)^+; M) � ~H^G_0 ( � α X_α; M) � 0 Thus, by the five-lemma, we have an isomorphism φ_∗ : ~H^G_0 ( � α ~X_α; M) −→ ~H^G_0 ( � α X_α; M) .

On the other hand, since ~H^G_q (S^0; M) = 0 if q > 0, there are isomorphisms ~H^G_q (( � α ~X_α)^+; M) ∼= ~H^G_q ( � α X_α; M)

~H^G_q (( � α ~X_α)^+; M) ∼= ~H^G_q ( � α X_α; M) and thus also an isomorphism φ_∗ : ~H^G_q ( � α ~X_α; M) −→ ~H^G_q ( � α X_α; M) .

Similarly, for every α ∈ Λ, there are isomorphisms φ_{α∗} : ~H^G_q ( ~X_α; M) −→ ~H^G_q (X_α; M) .

Since the G-spaces ~X_α are G-CW-complexes, by 6.10 there is an isomorphism � α∈Λ ~H^G_q ( ~X_α; M) ∼= ~H^G_0 ( � α ~X_α; M)

for all q � 0, and by the isomorphisms above it follows that there is an isomorphism � α∈Λ ~H^G_q (X_α; M) ∼= ~H^G_q ( � α X_α; M)

as desired.

Next we make some calculations using the homotopical approach to Bredon- Illman homology.

Proposition 6.14. Let X be a pointed G-space of the homotopy type of a G-CW-complex. Assume that X^H is connected for each H ⊂ G. Then ~H^G_0 (X; M) = 0 .

Journal of Homotopy and Related Structures, vol. 6(2), 2011 203

Proof. By Lemma 6.1, C(X^H ) = π_0(X^H ) for each H ⊂ G. Hence π_0(F (X^H , M(G/H))) ∼= ~H_0(X^H ; M(G/H) = 0 .

Thus the topological groups F (X^H , M(G/H)) are path-connected and so is their product. Since F^G(X, M) is a quotient of this product, its also path-connected. Hence 0 = π_0(F^G(X, M)) ∼= ~H^G_0 (X; M).

Proposition 6.15. Let X be a G-space of the homotopy type of a G-CW-complex. Assume that X^H is connected for each H ⊂ G. Consider the family H of all H ⊂ G such that X^H ≠ ∅. Then H^G_0 (X; M) is a quotient of � H∈H M(G/H). Furthermore, if X has a fixed point, then H^G_0 (X; M) ∼= M(G/G). Proof. For each H ∈ H, there is an isomorphism

π_0(F ((X^H )^+, M(G/H))) ∼= H_0(X^H ; M(G/H)) ∼= M(G/H) . Hence one has an epimorphism � H∈H M(G/H) ∼= π_0( � H∈H F ((X^H )^+, M(G/H))) ↠ π_0(F^G(X^+, M)) ∼= H^G_0 (X; M) .

Furthermore, if X has a fixed point x_0, then X^+ = X ∨ S^0, where we take x_0 as base point of X. By the exactness axiom, one always has ~H^G_∗ (X ∨ Y ; M) ∼= ~H G_∗ (X; M)⊕ ~H G_∗ (Y ; M). Then, in particular, ~H G_0 (X +; M) ∼= ~H G_0 (X; M)⊕ ~H G_0 (S0; M). Since by the previous proposition ~H^G_0 (X; M) = 0, one obtains H^G_0 (X; M) ∼= ~H^G_0 (S^0; M) ∼= M(G/G).

7. Dold-Thom topological groups and the transfer

In this section we summarize the properties of the topological groups defined and explain which of them admit a transfer, either for ordinary or for ramified covering G-maps. We start with the following concept.

Definition 7.1. Let M be a covariant coefficient system for G. We shall call a functor G(−, M) : G-Top −→ Topab a Dold-Thom topological group functor with coefficients in M for a subcategory T ⊂ G-Top if there is a natural isomorphism φ_X : π_∗(G(X, M)) −→ ~H^G_∗ (X; M) , where the right-hand side denotes the reduced G-equivariant Bredon-Illman homology groups of X with coefficients in M, and X is an object of T. Examples 7.2. The following are examples of Dold-Thom topological group functors with coefficients in a coefficient system M:

1. The groups F^G(X, M) = |F^G(S(X), M)|, for any G-space X, defined in [2]. 2. The groups F^G(X, M) defined in Section 5 of [3], when M is a homological Mackey functor and X has the homotopy type of a G-CW-complex.

Journal of Homotopy and Related Structures, vol. 6(2), 2011 204

3. The groups F^G(X, M) as shown in 3.11.

4. The groups |F^G(Q, M)| for X = |Q| and Q a simplicial G-set, in particular, the simplicial G-set associated to a simplicial G-complex as shown in [5].

5. The groups AG(X) and AG(X; m) defined by Dold and Thom [7] in the nonequivariant case, where the coefficients are a cyclic group (Z and Z/mZ, respectively) and X is a (countable) simplicial complex. Here G does not stand for any group.

6. The groups B(L, X) defined by McCord [15] in the nonequivariant case and coefficients in an abelian group L, where X is a weak Hausdorff k-space of the homotopy type of a CW-complex.

7. The groups AG(X) defined by Lima-Filho [12] for a G-CW-complex X and coefficients in Z.

8. The groups L ⊗ X defined by dos Santos [10] for a pointed G-CW-complex X and coefficients in a G-module L.

9. The groups GX ⊗_{GF} M defined in [17] for a pointed G-CW-complex X. And if M takes values in k-Mod, where k is a field of characteristic 0 or a prime p that does not divide |G|:

10. The groups F^G(X, M), by 5.2(a) and 1.

11. The groups F^G(X, M), if X has the homotopy type of a G-CW-complex, by 5.3 and 2.

12. The groups F^G(X, M) for a strong ρ-space X, by 5.2(b), 5.3, 4.6, and 3.

Definition 7.3. Let M be a Mackey functor for the finite group G and G(−, M) be a Dold-Thom topological group functor with coefficients in (the covariant part of) M. Let p : E −→ X be either an n-fold G-equivariant ordinary covering map (see [2]) or an n-fold G-equivariant ramified covering map (see [4]). By a transfer for p in G(−, M) we understand a continuous homomorphism t^G_p : G(X^+, M) −→ G(E^+, M) , which satisfies the following conditions:

(a) Pullback: If f : Y −→ X is continuous and we take the pullback diagram

E^′ q �

~f � E p � Y_f � X ,

then t^G_p ∘ f^G_∗ = ~f^G_∗ ∘ t^G_q : G(Y^+, M) −→ G(E^+, M).

(b) Normalization: If p = id_X : X −→ X, then t^G_{idX} = id : G(X^+, M) −→ G(X^+, M).

Journal of Homotopy and Related Structures, vol. 6(2), 2011 205

(c) Functoriality: If p : E −→ X and q : X −→ Y are G-equivariant ordinary, resp. ramified covering maps, then

t^G_{q∘p} = t^G_p ∘ t^G_q : G(Y^+, M) −→ G(E^+, M) .

(d) If M is homological, then the composite p^G_∗ ∘ t^G_p : G(X^+, M) −→ G(X^+, M) is multiplication by n.

Examples 7.4. The following Dold-Thom topological group functors have transfers for p:

1. If p : E −→ X is an n-fold G-equivariant ordinary covering map and M is any Mackey functor, then there is a transfer t^G_p : F^G(X^+, M) −→ F^G(E^+, M), as shown in [2].

2. If p : E −→ X is an n-fold G-equivariant ramified covering map between strong ρ-spaces of the homotopy type of G-CW-complexes, and M is homological, then there is a transfer t^G_p : F^G(X^+, M) −→ F^G(E^+, M), as shown in [4].

3. If p : K −→ Q is a special G-equivariant simplicial ramified covering map and M is any Mackey functor, then there is a transfer |t^G_p | : |F^G(Q^+, M)| −→ |F^G(K^+, M)|, as shown in [5].

4. If p : E −→ X is an n-fold G-equivariant ramified covering map between strong ρ-spaces of the homotopy type of G-CW-complexes, and M is homological, then there is a transfer t^G_p : F^G(X^+, M) −→ F^G(E^+, M), by 4.3 and Example 2. Remark 7.5. Let p : E −→ X be an n-fold G-equivariant covering map. The restrictions p^H : E^H −→ X^H are not, in general, covering maps. Thus there are no transfers F (X^{H+}, M(G/H)) −→ F (E^{H+}, M(G/H)). Since the topology of the groups F^G(X^+, M) and F^G(E^+, M) is given in terms of that of the groups F (X^{H+}, M(G/H)) and F (E^{H+}, M(G/H)), it does not seem possible to prove the continuity of t^G_p . And even if the transfers t_pH exist, they do not commute with the identifications. However, if as stated in Example 4 above, the spaces are ρ-spaces, then the groups F^G(X^+, M) and F^G(E^+, M) coincide with the groups F^G(X^+, M) and F^G(E^+, M), as shown in 4.4, and one can show that the transfer is continuous.

Now we study the homotopy type of the Dold-Thom topological groups. First we have the following general result.

Theorem 7.6. Let A be a locally connected topological abelian group in the category k-Top that has the homotopy type of a CW-complex. Then there is a homotopy equivalence A ≃ � q⩾0 K(π_q (A), q) ,

where K(π_q (A), q) denotes the corresponding Eilenberg-Mac Lane space.

Proof. Since translation by a_0, a_0 ∈ A, is a homeomorphism in the k-topology, the connected component A_0 of 0 ∈ A is a closed subgroup of A.

Journal of Homotopy and Related Structures, vol. 6(2), 2011 206

By Lemma 6.1, the connected components of A coincide with the path-com-ponents. Thus A is the topological sum of all its path-components, and they are closed and open, because A is locally connected. Since all path-components of A are homeomorphic (via translation) to A_0, we have a homeomorphism

A ∼= π_0(A) × A_0 . (7.7)

Since A has the homotopy type of a CW-complex, so does A_0. Consider

A_0^i→ F (A_0, Z)^ν↠ A_0 ,

given by i(a) = 1a and ν(u) = � a∈A_0 u(a)a. Then i and ν are clearly continuous,

and the composite ν ∘ i is equal to the identity id_{A0} . Applying the functor π_q we have the following

π_q (A_0) 1 � i_# � h_q � � � π_q (F (A_0, Z)) ∼= � ν_#

� π_q (A_0)

~H_q(A_0; Z)

λ_q � � � �

where λ_q is defined so that the triangle commutes, and thus we obtain a left inverse for the Hurewicz homomorphism.

Now consider a homotopy equivalence A_0^φ−→ C_0, where C_0 is a CW-complex, and the diagram

π_q (A_0)^{hq} �

φ_# ∼= �

~H_q (A_0)^{λq} �

φ_# ∼= � π_q (A_0)

φ_# ∼= � π_q (C_0)_{hq} � ~H_q(C_0)_{αq} � π_q (C_0) ,

where α_q is such that the diagram commutes. Hence α_q is a left inverse to Hurewicz too. Since C_0 is a connected CW-complex, by Moore’s theorem (see [19, IX(1.9)], we have C_0 ≃ � q⩾1 K(π_q (C_0), q) (see 6.2). Hence, using (7.7), we get

A ∼= π_0(A) × A_0 ≃ π_0(A) × � q⩾1 K(π_q (C_0), q) ≈ � q⩾0 K(π_q (A_0), q) .

Remark 7.8. This result was proved by John Moore in [16] for the case of connected simplicial abelian groups and by Dold and Thom [8] for the case of connected finite polyhedral abelian groups.

As a consequence of Theorem 7.6 we have the following.

Theorem 7.9. Let G(−, M) is a Dold-Thom topological group functor. If X is a pointed G-space such that G(X, M) is locally connected and has the homotopy type

Journal of Homotopy and Related Structures, vol. 6(2), 2011 207

of a CW-complex, then

G(X, M) ≃ � q⩾0 K( ~H^G_q (X; M), q) .

Hence these groups are unique up to homotopy.

Proposition 7.10. (a) The topological groups F^G(X, M) are CW-complexes for any pointed G-space X.

(b) If X is a pointed G-CW-complex, then F^G(X, M) is locally connected and has the homotopy type of a CW-complex.

(c) If X is a pointed G-simplicial complex or a finite-dimensional countable locally finite G-CW-complex, then F^G(X, M) is locally connected and has the homotopy type of a CW-complex.

We conclude that in all these cases the topological groups have the homotopy type of � q⩾0 K( ~H^G_q (X; M), q).

Proof. (a) follows from the fact that F^G(X, M) is the geometric realization |F^G(S(X), M)|.

(b) First notice that the property of a space being locally connected is inherited by quotient spaces. Hence, if X is locally connected, so is also � n⩾1(L × X)^n for any abelian group L, and given the quotient map � n⩾1(L × X)^n ↠ F (X, L), the topological group F (X, L) is locally connected.

Now, if X is a G-CW-complex, then X^H is locally connected for every H ⊂ G. Hence each topological group F (X^H , M(G/H)) is locally connected and since by definition there is a quotient map � H⊂G F (X^H , M(G/H)) ↠ F^G(X, M), the topological group F^G(X, M) is also locally connected. Furthermore there is a Ghomotopy equivalence ρ_X : |S(X)| −→ X, which by the homotopy invariance 3.4 induces a homotopy equivalence ρ^G_{X∗} : F^G(|S(X)|, M) −→ F^G(X, M). But by 3.10, there is an isomorphism of topological groups F^G(|S(X)|, M) ∼= |F^G(S(X), M)|, thus the first is a CW-complex, and hence F^G(X, M) has the homotopy type of a CW-complex.

(c) Actually we only need X to be a pointed G-CW-complex which is also a strong ρ-space, then by 4.4, F^G(X, M) = F^G(X, M) and the result follows from (b).

In any case, the corresponding topological group satisfies the assumptions of Theorem 7.6 and we obtain the conclusion.

Journal of Homotopy and Related Structures, vol. 6(2), 2011 208

References

[1] M. Aguilar and C. Prieto, Topological abelian groups and equivariant homology, Communications in Algebra 36 (2008), 434–454.

[2] M. Aguilar and C. Prieto, Equivariant homotopical homology with coefficients in a Mackey functor, Topology and its Applications 154 (2007), 2826–2848 (with a correction, ibid. 156 (2009), 1609–1613).

[3] M. Aguilar and C. Prieto, Topological groups and Mackey functors, Bol.

Soc. Mat. Mex. 14 (2008), 233–262.

[4] M. Aguilar and C. Prieto, The transfer for ramified covering G-maps, Forum Math. 22 (2010) 1089–1115.

[5] M. Aguilar and C. Prieto, Bredon homology and ramified covering G-maps, Topology and its Applications 157 (2010) 401–416.

[6] T. tom Dieck, Transformation Groups, Walter de Gruyter, Berlin & New York, 1987.

[7] A. Dold and R. Thom, Quasifaserungen und unendliche symmetrische Produkte, Annals of Math. 67 (1958), 239–281.

[8] A. Dold and R. Thom, Une généralisation de la notion d’espace fibré.

Application aux produits symétriques infinis, C. R. Acad. Sci. Paris 242 (1956), 1680–1682.

[9] B. Gray, Homotopy Theory, Academic Press New York San Francisco London 1975.

[10] P. F. dos Santos, A note on the equivariant Dold-Thom theorem, J. Pure Appl. Algebra 183 (2003), 299–312.

[11] S. Illman, Equivariant singular homology and cohomology I, Memoirs of the Amer. Math. Soc. Vol. 1, Issue 2, No. 156, 1975.

[12] P. Lima-Filho, On the equivariant homotopy of free abelian groups on Gspaces and G-spectra, Math. Z. 224 (1997), 567-601.

[13] J. P. May, Simplicial Objects in Algebraic Topology, The University of Chicago Press, Chicago London 1992.

[14] J. P. May, A Concise Course in Algebraic Topology, The University of Chicago Press, Chicago & London 1999.

[15] M. C. McCord, Classifying spaces and infinite symmetric products, Trans.

Amer. Math. Soc. 146 (1969), 273–298.

[16] J. C. Moore, Semi-simplicial complexes and Postnikov systems, Symposium Intern. de Topología Algebraica, 232–247, UNAM y UNESCO, México 1958.

[17] Z. Nie, A functor converting equivariant homology to homotopy, Bull.

London Math. Soc., 39(3) (2007), 499–508.

Journal of Homotopy and Related Structures, vol. 6(2), 2011 209

[18] R. M. Vogt, Convenient categories of topological spaces for homotopy theory, Archiv der Mathematik XXII (1971), 545–555.

[19] G. W. Whitehead, Elements of Homotopy Theory, Springer-Verlag, New York Heidelberg Berlin 1978.

This article may be accessed via WWW at http://tcms.org.ge/Journals/JHRS/

Marcelo A. Aguilar

marcelo@math.unam.mx

Instituto de Matemáticas Universidad Nacional Autónoma de México 04510 México, D.F., Mexico

Carlos Prieto

cprieto@math.unam.mx

Instituto de Matemáticas Universidad Nacional Autónoma de México 04510 México, D.F., Mexico