Journal of Homotopy and Related Structures, vol. 5(1), 2010, pp.113–124

ON GRADED SIMPLE ALGEBRAS

ROOZBEH HAZRAT and JUDITH R. MILLAR

(communicated by Nikolai Vavilov)

Abstract This note begins by observing that a graded central simple algebra, graded by an abelian group, is a graded Azumaya algebra and it is free over its centre. For a graded Azumaya algebra A free over its centre R, we show that K^{gr}_i (A) is “very close” to K^{gr}_i (R), where K^{gr}_i (R) is defined to be K_i(Pgr(R)). Here Pgr(R) is the category of graded finitely generated projective R-modules and K_i, i ⩾ 0, are the Quillen K-groups.

1. Introduction

Let R be a commutative ring and A be an algebra over R which is finitely generated as an R-module. If for any maximal ideal m of R, the algebra A ⊗_R R/m is a central simple R/m-algebra, then A is called an Azumaya algebra. This is equivalent to saying that A is a faithfully projective R-module, and the natural R-algebra homomorphism A ⊗_R A^{op} → End_R(A) is an isomorphism (see [9, III, Thm. 5.1.1]). In [6] it was proven that for an Azumaya algebra A free over its centre R of rank n, the Quillen K-groups of A are isomorphic to the K-groups of its centre up to n-torsion, i.e.,

K_i(A) ⊗ Z[1/n] ∼= K_i(R) ⊗ Z[1/n]. (I)

Boulagouaz [2, Prop. 5.1] and Hwang and Wadsworth [8, Cor. 1.2] observed that a graded central simple algebra, graded by a torsion free abelian group, is an Azumaya algebra; thus its K-theory can be estimated by the above result.

This note studies graded central simple algebras graded by an arbitrary abelian group. We observe that a graded central simple algebra, graded by an abelian group, is a (graded) Azumaya algebra (Theorem 2.4), which extends the result of [2, 8] to graded rings in which the grade group is not totally ordered. Thus its K-theory can also be estimated by (I). We then study the graded K-theory of graded Azumaya algebras. We introduce an abstract functor called a graded D-functor defined on the category of graded Azumaya algebras over a commutative graded ring R (Definition 3.2), and show that the range of this functor is the category of bounded

The first author acknowledges the support of EPSRC first grant scheme EP/D03695X/1. Received October 12, 2009, revised February 14, 2010; published on April 13, 2010. 2000 Mathematics Subject Classification: 16H05, 19D99.

Key words and phrases: Graded rings, graded simple rings, Azumaya algebras, K-theory. © 2010, Roozbeh Hazrat and Judith R. Millar. Permission to copy for private use granted.

torsion abelian groups (Theorem 3.3). We then prove that the kernel and cokernel of the K-groups are graded D-functors, which allows us to show that, for a graded Azumaya algebra A free over R, we have a relation similar to (I) in the graded setting (see Theorem 3.4).

This note is organised as follows. We begin Section 2 by recalling some definitions, many of which can be found in [8, 10], though not always in the generality that we require. We then study graded central simple algebras graded by an arbitrary abelian group and observe that they are Azumaya algebras (Theorem 2.4). In order to do so, we need to rewrite the standard results from the literature in the setting of arbitrary graded rings. We observe that the tensor product of two graded central simple R-algebras is graded central simple (Propositions 2.2 and 2.3). This result has been proven by Wall for Z/2Z -graded central simple algebras (see [11, Thm. 2]), and by Hwang and Wadsworth for R-algebras with a totally ordered, and hence torsion-free, grade group (see [8, Prop. 1.1]).

In Section 3 we study the graded K-theory of graded Azumaya algebras by introducing an abstract functor called a graded D-functor, which is defined on the category of graded Azumaya algebras over a commutative graded ring R (Definition 3.2). Similar concepts have been studied in [4, 5, 6], where functors have been defined on the category of central simple algebras and the category of Azumaya algebras.

2. Graded Central Simple Algebras

We begin this section by recalling some basic definitions in the graded setting. A unital ring R = ⨁ γ∈Γ R_γ is called a graded ring if Γ is a group, each R_γ is a subgroup of (R, +) and R_γ · R_δ ⊆ R_{γ+δ} for all γ, δ ∈ Γ. We remark that although Γ is initially an arbitrary group which is not necessarily abelian, we will write Γ as an additive group. The elements of R_γ are called homogeneous of degree γ and we write deg(x) = γ if x ∈ R_γ . We set

Γ_R = { γ ∈ Γ : R_γ ≠ {0} } , the support (or grade set) of R,

and R^h = ⋃ γ∈Γ_R

R_γ , the set of homogeneous elements of R.

Note that the support of R is not necessarily a group, and that 1_R is homogeneous of degree zero. An ideal I of R is called a graded ideal if I = ⨁ γ∈Γ (I ∩ R_γ ).

Let S = ⨁ γ∈Γ^′ Sγ be another graded ring and suppose there is a group Δ containing

Γ and Γ^′ as subgroups. The graded ring R can be written as R = ⨁ γ∈Δ R_γ with R_γ = 0 if γ ∈ Δ \ Γ_R, and similarly for S. Then a graded ring homomorphism f : R → S is a ring homomorphism such that f(R_γ ) ⊆ S_γ for all γ ∈ Δ. If f is bijective, then f is a graded isomorphism. A graded ring R is said to be graded simple if the only graded two-sided ideals of R are {0} and R. A graded ring D = ⨁ γ∈Γ D_γ is called a graded division ring if every non-zero homogeneous element has a multiplicative inverse, where it follows easily that Γ_D is a group.

We say that a group (Γ, +) acts freely (as a left action) on a set Γ^′ if for all γ, γ^′ ∈ Γ, δ ∈ Γ^′, we have γ + δ = γ^′ + δ implies γ = γ^′, where γ + δ denotes the image of δ under the action of γ. A graded left R-module M is defined to be an R-module with a direct sum decomposition M = ⨁ γ∈Γ^′ Mγ , where Mγ are abelian groups and

Γ acts freely on the set Γ^′, such that R_γ · M_λ ⊆ M_{γ+λ} for all γ ∈ Γ_R, λ ∈ Γ^′. From now on, unless otherwise stated, a graded module will mean a graded left module. A graded R-module M is said to be graded simple if the only graded submodules of M are {0} and M, where graded submodules are defined in the same way as graded ideals. A graded free R-module M is defined to be a graded R-module which is free as an R-module with a homogeneous base.

Let N = ⨁ γ∈Γ^{′′} Nγ be another graded R-module, such that there is a set Δ

containing Γ^′ and Γ^{′′}, where Γ acts freely on Δ. A graded R-module homomorphism f : M → N is an R-module homomorphism such that f(M_δ) ⊆ N_δ for all δ ∈ Δ. Let Hom_{R-gr-Mod}(M, N) denote the group of graded R-module homomorphisms, which is an additive subgroup of Hom_R(M, N). A graded R-module homomorphism may also shift the grading on N. For each δ ∈ Δ, we have a subgroup of Hom_R(M, N) of δ-shifted homomorphisms

Hom_R(M, N)_δ = {f ∈ Hom_R(M, N) : f(M_γ ) ⊆ N_{γ+δ} for all γ ∈ Δ}.

Let HOM_R(M, N) = ⨁ δ∈Γ Hom_R(M, N)_δ . For some δ ∈ Δ, we define the δ-shifted R-module M(δ) as M(δ) = ⨁ γ∈Δ M(δ)_γ where M(δ)_γ = M_{γ+δ}. Then

Hom_R(M, N)_δ = Hom_{R-gr-Mod}(M, N(δ)) = Hom_{R-gr-Mod}(M(−δ), N).

If M is finitely generated, then HOM_R(M, N) = Hom_R(M, N) (see [10, Cor. 2.4.4]).

In the following Proposition we are considering graded modules over graded division rings. We note that the grade groups here are defined as above; that is, we do not initially assume them to be abelian or torsion-free.

Proposition 2.1. Let Γ be a group which acts freely on a set Γ^′. Let R = ⨁ γ∈Γ R_γ be a graded division ring and M = ⨁ γ∈Γ^′ Mγ be a graded module over R. Then M

is a graded free R-module. More generally, any linearly independent subset of M consisting of homogeneous elements can be extended to form a homogeneous basis of M. Furthermore, if N is a graded submodule of M, then

dim_R(N) + dim_R(M/N) = dim_R(M). (II)

Proof. The proof follows the standard proof in the non-graded setting (see [7, Thms. IV.2.4, 2.13]), or the graded setting (see [1, Thm. 3], [8, p. 79]); however extra care needs to be given since the grading is neither abelian nor torsion free.

A graded field R = ⨁ γ∈Γ R_γ is defined to be a commutative graded division ring.

Note that the support of a graded field is an abelian group. Let Γ^′ be another group such that there is a group Δ containing Γ and Γ^′ as subgroups. A graded R-algebra A = ⨁ γ∈Γ^′ Aγ is a graded ring which is an R-algebra such that the associated ring

homomorphism φ : R → Z(A) is a graded homomorphism. A graded algebra A over R is said to be a graded central simple algebra over R if A is a graded simple ring, Z(A) = R, and [A : R] < ∞. Note that since the centre of A is a graded field, by Proposition 2.1, A is graded free over its centre, so the dimension of A over R is uniquely defined.

Let A = ⨁ γ∈Γ^′ Aγ and B = ⨁ γ∈Γ^{′′} Bγ be graded R-algebras, such that there

is a group Δ containing Γ^′ and Γ^{′′} as subgroups with Γ^′ ⊆ Z_Δ(Γ^{′′}), where Z_Δ(Γ^{′′}) is the set of elements of Δ which commute with Γ^{′′}. Then A ⊗_R B has a natural grading as a graded R-algebra given by A ⊗_R B = ⨁ γ∈Δ(A ⊗_R B)_γ where:

(A ⊗_R B)_γ = { ∑ i a_i ⊗ b_i : a_i ∈ A^h, b_i ∈ B^h, deg(a_i) + deg(b_i) = γ }

Note that the condition Γ^′ ⊆ Z_Δ(Γ^{′′}) is needed to ensure that the multiplication on A ⊗_R B is well defined. Moreover, for the following Proposition, we require that the group Δ is an abelian group.

For a graded ring A = ⨁ γ∈Γ^′ Aγ , let A

op denote the opposite graded ring, where the grade group of A^{op} is the opposite group Γ^{′ op}. So, for a graded R-algebra A, in order to define A ⊗_R A^{op}, we note that the grade group of A must be abelian. Thus we will now assume that for a graded R-algebra A = ⨁ γ∈Γ^′ Aγ , the group Γ

′ is in fact an abelian group.

By combining Propositions 2.2 and 2.3, we show that the tensor product of two graded central simple R-algebras is graded central simple, where the grade groups Γ^′ and Γ^{′′}, as below, are abelian but not necessarily torsion-free. This has been proven by Wall for graded central simple algebras with Z/2Z as the support (see [11, Thm. 2]), and by Hwang and Wadsworth for R-algebras with a torsion-free grade group (see [8, Prop. 1.1]).

Proposition 2.2. Let Γ, Γ^′ and Γ^{′′} be abelian groups such that there is an abelian group Δ containing Γ, Γ^′ and Γ^{′′} as subgroups. Let R = ⨁ γ∈Γ R_γ be a graded field and let A = ⨁ γ∈Γ^′ Aγ and B = ⨁ γ∈Γ^{′′} Bγ be graded R-algebras. If A is graded

central simple over R and B is graded simple, then A ⊗_R B is graded simple.

Proof. Let I be a graded two-sided ideal of A ⊗ B, with I ≠ 0. We will show that A ⊗ B = I. First suppose a ⊗ b is a homogeneous element of I, where a ∈ A^h and b ∈ B^h. Then A is the graded two-sided ideal generated by a, so there exist a_i, a^′_i ∈ A^h with 1 = ∑ a_iaa^′_i. Then ∑ (a_i ⊗ 1)(a ⊗ b)(a^′_i ⊗ 1) = 1 ⊗ b

is an element of I. Similarly, B is the graded two-sided ideal generated by b. Repeating the above argument shows that 1 ⊗ 1 is an element of I, proving I = A ⊗ B in this case.

Now suppose there is an element x ∈ I^h, where x = a_1 ⊗ b_1 + · · · + a_k ⊗ b_k, with a_j ∈ A^h, b_j ∈ B^h and k as small as possible. Note that since x is homogeneous, deg(a_j ) + deg(b_j ) = deg(x) for all j. By the above argument we can suppose that k > 1. As above, since a_k ∈ A^h, there are c_i, c^′_i ∈ A^h with 1 = ∑ c_ia_kc^′_i. Then ∑ (c_i ⊗ 1)x(c^′_i ⊗ 1) = (∑ (c_ia_1c^′_i) ) ⊗ b_1 + · · · + (∑ (c_ia_{k−1}c^′_i) ) ⊗ b_{k−1} + 1 ⊗ b_k,

where the terms ( ∑ i(c_ia_j c^′_i))⊗b_j are homogeneous elements of A⊗B. Thus, without loss of generality, we can assume that a_k = 1. Then a_k and a_{k−1} are linearly independent, since if a_{k−1} = λa_k with λ ∈ R, then a_{k−1} ⊗ b_{k−1} + a_k ⊗ b_k = a_k ⊗ (λb_{k−1} + b_k), which is homogeneous and thus gives a smaller value of k.

Thus a_{k−1} /∈ R = Z(A), and so there is a homogeneous element a ∈ A with aa_{k−1} − a_{k−1}a ≠ 0. Consider the commutator

(a ⊗ 1)x − x(a ⊗ 1) = (aa_1 − a_1a) ⊗ b_1 + · · · + (aa_{k−1} − a_{k−1}a) ⊗ b_{k−1},

where the last summand is not zero. If the whole sum is not zero, then we have constructed a homogeneous element in I with a smaller k. Otherwise suppose the whole sum is zero, and write c = aa_{k−1} − a_{k−1}a. Then we can write c ⊗ b_{k−1} = ∑_{k−2}

j=1 x_j ⊗ b_j where x_j = −(aa_j − a_j a). Since 0 ≠ c ∈ A^h and A is the graded two-sided ideal generated by c, using the same argument as above, we have

1 ⊗ b_{k−1} = x^′_1 ⊗ b_1 + · · · + x^′_{k−2} ⊗ b_{k−2} (III)

for some x^′_j ∈ A^h. Since b_1, . . . , b_{k−1} are linearly independent homogeneous elements of B, they can be extended to form a homogeneous basis of B, say {b_i}, by Proposition 2.1. Then {1 ⊗ b_i} forms a homogeneous basis of A ⊗_R B as a graded A-module, so in particular they are A-linearly independent, which is a contradiction to equation (III). This reduces the proof to the first case.

Proposition 2.3. Let Γ, Γ^′ and Γ^{′′} be abelian groups such that there is an abelian group Δ containing Γ, Γ^′ and Γ^{′′} as subgroups. Let R be a graded field and let A = ⨁ γ∈Γ^′ Aγ and B = ⨁ γ∈Γ^{′′} Bγ be graded R-algebras. If A

′ ⊆ A and B^′ ⊆ B are graded subalgebras, then

Z_{A⊗B} (A^′ ⊗ B^′) = Z_A(A^′) ⊗ Z_B (B^′).

In particular, if A and B are central over R, then A ⊗_R B is central.

Proof. First note that by Proposition 2.1, A^′, B^′, Z_A(A^′) and Z_B (B^′) are free over R, and thus one can consider Z_{A⊗B} (A^′ ⊗ B^′) and Z_A(A^′) ⊗ Z_B (B^′) as subalgebras of A ⊗ B.

The inclusion ⊇ follows immediately. For the reverse inclusion, let x ∈ Z_{A⊗B} (A^′ ⊗ B^′). Let b_1, . . . , b_n be a homogeneous basis for B over R which exists thanks to Proposition 2.1. Then x can be written uniquely as x = x_1 ⊗ b_1 + · · · + x_n ⊗ b_n for x_i ∈ A (see [7, Thm. IV.5.11]). For every a ∈ A^′, (a ⊗ 1)x = x(a ⊗ 1), so

(ax_1) ⊗ b_1 + · · · + (ax_n) ⊗ b_n = (x_1a) ⊗ b_1 + · · · + (x_na) ⊗ b_n.

By the uniqueness of this representation we have x_ia = ax_i, so that x_i ∈ Z_A(A^′) for each i. Thus we have shown that x ∈ Z_A(A^′) ⊗_R B. Similarly, let c_1, . . . , c_k be a homogeneous basis of Z_A(A^′). Then we can write x uniquely as x = c_1 ⊗ y_1 + · · · + c_k ⊗y_k for y_i ∈ B. A similar argument to above shows that y_i ∈ Z_B (B^′), completing the proof.

Theorem 2.4. Let Γ and Γ^′ be abelian groups such that there is an abelian group Δ containing Γ and Γ^′ as subgroups. Let A = ⨁ γ∈Γ^′ Aγ be a graded central simple

algebra over the graded field R = ⨁ γ∈Γ R_γ . Then A is an Azumaya algebra over R.

Proof. Since A is graded free of finite rank, it follows that A is faithfully projective over R. There is a natural graded R-algebra homomorphism ψ : A ⊗_R A^{op} → End_R(A) defined by ψ(a ⊗ b)(x) = axb where a, x ∈ A, b ∈ A^{op}. By Proposition 2.2, the domain is graded simple, so ψ is injective. Hence the map is surjective by dimension count, using equation (II). This shows that A is an Azumaya algebra over R, as required.

For a graded field R, this theorem shows that a graded central simple R-algebra, graded by an abelian group Γ^′, is an Azumaya algebra over R. One can not extend the theorem to non-abelian grading. Consider a finite dimensional division algebra D and a group G and consider the group ring DG. This is clearly a graded simple algebra (in fact a graded division ring) and if G is abelian the above theorem implies that DG is an Azumaya algebra. However in general, for an arbitrary group G, DG is not always an Azumaya algebra. In fact DeMeyer and Janusz [3] have shown the following: the group ring RG is an Azumaya algebra if and only if R is Azumaya, [G : Z(G)] < ∞ and [G, G], the commutator subgroup of G, has finite order m and m is invertible in R.

Corollary 2.5. Let Γ and Γ^′ be abelian groups such that there is an abelian group Δ containing Γ and Γ^′ as subgroups. Let A = ⨁ γ∈Γ^′ Aγ be a graded central simple

algebra over its graded centre R = ⨁ γ∈Γ R_γ of degree n. Then for any i ⩾ 0,

K_i(A) ⊗ Z[1/n] ∼= K_i(R) ⊗ Z[1/n].

Proof. By Theorem 2.4, a graded central simple algebra A over R is an Azumaya algebra. From Proposition 2.1, since R is a graded field, A is a free R-module. The corollary now follows immediately from [6, Thm. 6] (or see (I)), since A is an Azumaya algebra free over its centre.

3. Graded K-theory of Azumaya algebras

Corollary 2.5 above shows that the K-theory of a graded division algebra is very close to the K-theory of its centre, where this follows immediately from the corresponding result in the non-graded setting (see [6, Thm. 6]). Note that for the Ktheory of a graded central simple algebra A, we are considering K_i(A) = K_i(P(A)), where P(A) denotes the category of finitely generated projective A-modules. But in the graded setting, there is also the category of graded finitely generated projective modules over a given graded ring, which is what we consider here. Below we define an abstract functor called a graded D-functor (Definition 3.2), and show that its range is the category of bounded torsion abelian groups. We use this to show that a similar result to the above Corollary also holds when we consider graded projective modules over a graded ring.

Let Γ be an abelian group and let R = ⨁ γ∈Γ R_γ be a commutative Γ-graded ring.

We will consider the category R-gr-Mod which is defined as follows: the objects are Γ-graded left R-modules, and for two objects M, N in R-gr-Mod, the morphisms are defined as

Hom_{R-gr-Mod}(M, N) = {f ∈ Hom_R(M, N) : f(M_γ ) ⊆ N_γ for all γ ∈ Γ}.

Through out this section, unless otherwise stated, we will assume that Γ is an abelian group, R is a fixed commutative Γ-graded ring and all graded rings, graded modules and graded algebras are also Γ-graded.

Let A be a graded ring and let (d) = (δ_1, . . . , δ_n), where each δ_i ∈ Γ. Then we have a graded ring M_n(A)(d), where M_n(A)(d) means the n × n-matrices over A with the degree of the ij-entry shifted by δ_i −δ_j . Thus, the ε-component of M_n(A)(d) consists of matrices with the ij-entry in A_{ε+δi −δj} . Consider

A^n(d) = ⨁ γ∈Γ (A(δ_1)_γ ⊕ · · · ⊕ A(δ_n)_γ )

where A(δ_i)_γ is the γ-component of the δ_i-shifted graded A-module A(δ_i). Note that for each i, 1 ⩽ i ⩽ n, the basis element e_i of A^n(d) is homogeneous of degree −δ_i.

Suppose M is a graded right A-module which is graded free with a finite homogeneous base {b_1, . . . , b_n}, where deg(b_i) = δ_i. If we ignore the grading, it is well-known that End_A(M) ∼= M_n(A). When we take the grading into account, we have that End_A(M) ∼=_{gr} M_n(A)(d) for (d) = (δ_1, . . . , δ_n) (see [10, Prop. 2.10.5]). Note that this isomorphism does not depend on the order that the elements in the basis are listed. For some permutation π ∈ S_n we have that {b_{π(1)}, . . . , b_{π(n)}} is also a homogeneous base of M. So for (d^′) = (δ_{π(1)}, . . . , δ_{π(n)}) we have M_n(A)(d^′) ∼=_{gr} End_A(M) ∼=_{gr} M_n(A)(d). Further for (−d) = (−δ_1, . . . , −δ_n), the map φ : A^n(−d) → M defined by φ(e_i) = b_i is a graded A-module isomorphism, and we write M ∼=_{gr} A^n(−d).

A graded A-module P = ⨁ γ∈Γ P_γ is said to be graded projective (resp. graded faithfully projective) if P is a projective (resp. faithfully projective) as an A-module. Note that a graded A-module P is projective as an A-module if and only if Hom_{A-gr-Mod}(P, −) is an exact functor in A-gr-Mod. We use Pgr(A) to denote the category of graded finitely generated projective modules over A. The following Proposition proves a partial result of Morita equivalence (only in one direction), which we will use later in this section (after Definition 3.2).

Proposition 3.1 (Morita Equivalence in the graded setting). Let A be a graded ring and let (d) = (δ_1, . . . , δ_n), where each δ_i ∈ Γ. Then the functors

ψ : Pgr(M_n(A)(d)) −→ Pgr(A) P −→ A^n(−d) ⊗_{Mn(A)(d)} P and φ : Pgr(A) −→ Pgr(M_n(A)(d)) Q −→ A^n(d) ⊗_A Q

form equivalences of categories.

Proof. Observe that A^n(d) is a graded M_n(A)(d)-A-bimodule and A^n(−d) is a graded A-M_n(A)(d)-bimodule. Then

θ : A^n(−d) ⊗_{Mn(A)(d)} A^n(d) −→ A (a_1, . . . , a_n) ⊗ (b_1, . . . , b_n) −→ a_1b_1 + · · · a_nb_n; and σ : A −→ A^n(−d) ⊗_{Mn(A)(d)} A^n(d) a −→ (a, 0, . . . , 0) ⊗ (1, 0, . . . 0)

are graded A-module homomorphisms with σ ∘ θ = id and θ ∘ σ = id. Further

θ^′ : A^n(d) ⊗_A A^n(−d) −→ M_n(A)(d) a_1 . . a_n ⊗ b_1 . . b_n −→ a_1b_1 · · · a_1b_n . . . . a_nb_1 · · · a_nb_n

and σ^′ : M_n(A)(d) −→ A^n(d) ⊗_A A^n(−d)

(m_{i,j} ) −→ m_{1,1} m_{2,1} . . m_{n,1} ⊗ 1 0 . . 0 + · · · + m_{1,n} . . m_{n−1,n} m_{n,n} ⊗ 0 . . 0 1 are graded M_n(A)(d)-module homomorphisms with σ^′ ∘ θ^′ = id and θ^′ ∘ σ^′ = id. So A^n(−d) ⊗_{Mn(A)(d)} A^n(d) ∼=_{gr} A and A^n(d) ⊗_A A^n(−d) ∼=_{gr} M_n(A)(d) as A-A-bimodules and M_n(A)(d)-M_n(A)(d)-bimodules respectively. Then for P ∈ Pgr(M_n(A)(d)), A^n(d) ⊗_A A^n(−d) ⊗_{Mn(A)(d)} P ∼=_{gr} P and for Q ∈ Pgr(A), A^n(−d) ⊗_{Mn(A)(d)} A^n(d) ⊗_A Q ∼=_{gr} Q, which shows that ψ and φ are mutually inverse equivalences of categories.

A graded R-algebra A is called a graded Azumaya algebra if A is graded faithfully projective and A⊗_RA^{op} ∼=_{gr} End_R(A). We let Az_{gr}(R) denote the category of graded Azumaya algebras over R and Ab the category of abelian groups. Note that a graded R-algebra which is an Azumaya algebra (in the non-graded sense) is also a graded Azumaya algebra, since it is faithfully projective as an R-module, and the natural homomorphism A ⊗_R A^{op} → End_R(A) is clearly graded. So a graded central simple algebra over a graded field (as in Theorem 2.4) is in fact a graded Azumaya algebra.

Definition 3.2. An abstract functor F : Az_{gr}(R) → Ab is defined to be a graded D-functor if it satisfies the three properties below:

1. F(R) is the trivial group.

2. For any graded R-Azumaya algebra A and for any (d) = (δ_1, . . . , δ_k) with δ_i ∈ Γ, there is a homomorphism ρ : F(M_k(A)(d)) −→ F(A) such that the composition F(A) −→ F(M_k(A)(d)) −→ F(A) is η_k, where η_k(x) = x^k.

3. With ρ as in property (2), ker(ρ) is k-torsion.

Note that these properties are well-defined since both R and M_k(A)(d) are graded Azumaya algebras over R.

We set K^{gr}_i (R) = K_i(Pgr(R)), where Pgr(R) is the category of graded finitely generated projective R-modules and K_i are the Quillen K-groups. Let A be a graded ring with graded centre R. Then the graded R-linear homomorphism R → A induces an exact functor Pgr(R) → Pgr(A), which, in turn, induces a group homomorphism K^{gr}_i (R) → K^{gr}_i (A). Then we have an exact sequence 1 → ZK^{gr}_i (A) → K^{gr}_i (R) → K^{gr}_i (A) → CK^{gr}_i (A) → 1 (IV) where ZK^{gr}_i (A) and CK^{gr}_i (A) are the kernel and cokernel of the map K^{gr}_i (R) → K^{gr}_i (A) respectively. Then CK^{gr}_i can be regarded as the following functor CK^{gr}_i : Az_{gr}(R) −→ Ab A −→ CK^{gr}_i (A), and similarly for ZK^{gr}_i . We will now show that CK^{gr}_i is a graded D-functor. Property (1) is clear, since R is commutative so K^{gr}_i (Z(R)) → K^{gr}_i (R) is the identity map. For property (2), let Pgr(A) and Pgr(M_k(A)(d)) denote the categories of graded finitely generated projective left modules over A and M_k(A)(d) respectively.

Then there are functors:

ϕ : Pgr(A) −→ Pgr(M_k(A)(d)) (V) X −→ M_k(A)(d) ⊗_A X and ψ : Pgr(M_k(A)(d)) −→ Pgr(A) (VI) Y −→ A^k(−d) ⊗_{Mk (A)(d)} Y.

The functor ϕ induces a homomorphism from K^{gr}_i (A) to K^{gr}_i (M_k(A)(d)). By the graded version of the Morita Theorems (see Proposition 3.1), the functor ψ establishes a natural equivalence of categories, so it induces an isomorphism from

K^{gr}_i (M_k(A)(d)) to K^{gr}_i (A). For X ∈ Pgr(A), ψ ∘ ϕ(X) ∼=_{gr} X^k(−d). Since K_i are functors which respect direct sums, this induces a multiplication by k on the level of K-groups.

The exact functors (V) and (VI) induce the following commutative diagram:

K^{gr}_i (R) � = � K^{gr}_i (A) � ϕ � CK^{gr}_i (A) � � 1

K^{gr}_i (R) �

η_k � K^{gr}_i (M_k(A)(d)) � ψ ∼= � CK^{gr}_i (M_k(A)(d)) � ρ � 1

K^{gr}_i (R) � K^{gr}_i (A) � CK^{gr}_i (A) � 1

where composition of the columns are η_k, proving property (2). A diagram chase verifies that property (3) also holds. A similar proof shows that ZK^{gr}_i is also a graded D-functor.

Theorem 3.3. Let A be a graded Azumaya algebra which is graded free over its centre R of rank n. Then F(A) is n^2-torsion, where F is a graded D-functor. Proof. Let {a_1, . . . , a_n} be a homogeneous basis for A over R, and let (d) = ( deg(a_1), . . . , deg(a_n) ) . Since R is a graded Azumaya algebra over itself, by (2) in the definition of a graded D-functor, there is a homomorphism ρ : F(M_n(R)(d)) → F(R). But F(R) is trivial by property (1) and therefore the kernel of ρ is F(M_n(R)(d)) which is, by (3), n-torsion.

In the category Az_{gr}(R), the two graded R-algebra homomorphisms i : A → A ⊗_R A^{op} and r : A^{op} → End_R(A^{op}) → M_n(R)(d) induce group homomorphisms F(A) → F(A ⊗_R A^{op}) and F(A ⊗_R A^{op}) → F(A ⊗_R M_n(R)(d)), where F(A ⊗_R M_n(R)(d)) ∼= F(M_n(A)(d)). Further, the graded R-algebra isomorphism A ⊗_R A^{op} ∼=_{gr} End_R(A) from the definition of a graded Azumaya algebra, combined with the graded isomorphism End_R(A) ∼=_{gr} M_n(R)(d), induces an isomorphism F(A ⊗_R A^{op}) ∼= F(M_n(R)(d)). Consider the following diagram

F(A) i �^ηn

� F(M_n(R)(d)) ∼= F(A ⊗_R A^{op}) r � F(M_n(A)(d))^ρ � F(A)

which is commutative by property (2). It follows that F(A) is n^2-torsion. Theorem 3.4. Let A be a graded Azumaya algebra which is graded free over its centre R of rank n. Then for any i ⩾ 0,

K^{gr}_i (A) ⊗ Z[1/n] ∼= K^{gr}_i (R) ⊗ Z[1/n].

Proof. The argument before Theorem 3.3 shows that CK^{gr}_i (and in the same manner ZK^{gr}_i ) is a graded D-functor, and thus by the theorem CK^{gr}_i (A) and ZK^{gr}_i (A) are n^2-torsion abelian groups. Tensoring the exact sequence (IV) by Z[1/n], since CK^{gr}_i (A) ⊗ Z[1/n] and ZK^{gr}_i (A) ⊗ Z[1/n] vanish, the result follows.

Corollary 3.5 ([6], Thm. 6). Let A be an Azumaya algebra free over its centre R of rank n. Then for any i ⩾ 0,

K_i(A) ⊗ Z[1/n] ∼= K_i(R) ⊗ Z[1/n].

Proof. By taking Γ to be the trivial group, this follows immediately from Theorem 3.4.

Remark 3.6. Note that a graded division algebra A is strongly graded. By Dade’s Theorem [10, Thm. 3.1.1], there is an additive functor from the category of A_0- modules to the category of graded A-modules which induces an equivalence of categories. This implies that K_i(A_0) ∼= K^{gr}_i (A). (VII)

This might indicate that one could obtain Theorem 3.4 by using (VII) and (I). However, this is not the case as the following example shows. Let D be a tame and Henselian valued division algebra with centre F of index n, such that the residue division ring D is a field strictly containing F . Consider the associated graded division algebra gr(D) with centre gr(F ). We know gr(D)_0 = D and gr(F )_0 = F (see [8]). Now Theorem 3.4 implies that

K^{gr}_i (gr(D)) ⊗ Z[1/n] ∼= K^{gr}_i (gr(F )) ⊗ Z[1/n].

On the other hand by (VII) we have

K^{gr}_i (gr(D)) ∼= K_i(D) and K^{gr}_i (gr(F )) ∼= K_i(F ).

However there is no immediate relation between K_i(D) and K_i(F ).

References

[1] M. Boulagouaz, The graded and tame extensions, Commutative ring theory (Fès, 1992), 27–40, Lecture Notes in Pure and Appl. Math., 153, Dekker, New York, 1994.

[2] M. Boulagouaz, Le graduè d’une algèbre à division valuèe, Comm. Algebra, 23 (1995), no. 11, 4275–4300.

[3] F. R. DeMeyer, G. J. Janusz, Group rings which are Azumaya algebras, Trans.

Amer. Math. Soc., 279 (1983), no. 1, 389–395.

[4] R. Hazrat, SK_1-like functors for division algebras, J. Algebra, 239 (2001), no. 2, 573–588.

[5] R. Hazrat, Reduced K-theory of Azumaya algebras, J. Algebra, 305 (2006), no. 2, 687–703.

[6] R. Hazrat, J. Millar, A note on K-Theory of Azumaya algebras, Comm. Algebra, 38 (2010), no. 3, 919-926.

[7] T. W. Hungerford, Algebra, Graduate Texts in Mathematics 73, Springer- Verlag, Berlin, 1974.

[8] Y.-S. Hwang, A. R. Wadsworth, Correspondences between valued division algebras and graded division algebras, J. Algebra, 220 (1999), no. 1, 73–114.

[9] M.-A. Knus, Quadratic and Hermitian forms over rings, Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of Mathematical Sciences], 294, Springer-Verlag, Berlin, 1991.

[10] C. Năstăsescu, F. Van Oystaeyen, Methods of graded rings, Lecture Notes in Mathematics, 1836, Springer-Verlag, Berlin, 2004.

[11] C. T. C. Wall, Graded Brauer groups, J. Reine Angew. Math., 213 (1963/1964), 187–199.

Further reading

[1] S. Caenepeel, S. Dăscălescu, C. Năstăsescu, On gradings of matrix algebras and descent theory, Comm. Algebra, 30 (2002), no. 12, 5901–5920.

[2] S. Caenepeel, F. Van Oystaeyen, Brauer groups and the cohomology of graded rings, Monographs and Textbooks in Pure and Applied Mathematics, 121. Marcel Dekker, Inc., New York, 1988.

[3] S. Dăscălescu, B. Ion, C. Năstăsescu, J. Rios Montes, Group gradings on full matrix rings, J. Algebra, 220 (1999), no. 2, 709–728.

[4] A. Fröhlich, C. T. C. Wall, Equivariant Brauer groups, Quadratic forms and their applications, (Dublin, 1999), 57–71, Contemp. Math., 272, Amer. Math. Soc., Providence, RI, 2000.

[5] E. Jespers, Simple graded rings, Comm. Algebra, 21 (1993), no. 7, 2437–2444.

This article may be accessed via WWW at http://www.rmi.acnet.ge/jhrs/

Roozbeh Hazrat

r.hazrat@qub.ac.uk

Judith R. Millar

jmillar12@qub.ac.uk

Department of Pure Mathematics Queen’s University Belfast BT7 1NN U.K.