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THE I'-STRUCTURE OF AN ADDITIVE TRACK CATEGORY
GERALD GAUDENS
(communicated by Lionel Schwartz)

Abstract
We prove that an additive track category with strong co-
products is equivalent to the category of pseudomodels for the
algebraic theory of nily groups. This generalizes the classical
statement that the category of models for the algebraic the-
ory of abelian groups is equivalent to the category of abelian
groups. Dual statements are also considered.

1. Introduction

We explore in this paper the structure of additive track categories. A track cate-
gory is a 2-category C in which every 2-morphism (called a track) is invertible. One
can define a homotopy relation on the morphisms of a track category: two mor-
phisms are homotopic if there exists a 2-morphism between them. We obtain in this
way the homotopy category ho(C) of the track category C by identifying homotopic
morphisms, and there is a canonical projection functor C — ho(C) from the under-
lying category of the track category to its homotopy category. Topology provides
many examples of track categories: any pointed closed model category yields a track
category by considering the full subcategory of fibrant and cofibrant objects, with
tracks (2-morphisms) the homotopy classes of homotopies. Under mild conditions,
the track category we obtain is part of a linear track extension. That is, the set of
self-tracks of a map depends in some functorial way on the homotopy class of the
map [B].

In the present work, we consider additive track categories, which are linear
track extensions whose homotopy category is additive, and whose track structure
is parametrized by a bilinear bifunctor on the homotopy category. Examples of ad-
ditive track categories arise naturally by considering the track extension associated
to a stable model category [Hol, as for example the stable homotopy category con-
sidered as the homotopy category of the Bousfield-Friedlander model category on
spectra [BF|. There is a natural notion of equivalence of linear track extensions, and
one can wonder if for a given additive track category, there is another one with nicer
properties in its equivalence class. This question has been studied in [BJP, BP].
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their vast knowledge with me. It is a pleasure to thanks them all.

Received May 07, 2009, revised October 06, 2009; published on February 21, 2010.

2000 Mathematics Subject Classification: 55U99, 18G55.

Key words and phrases: Track categories, Mac Lane cohomology, algebraic theories, cohomology
of categories.

© 2010, Gerald Gaudens. Permission to copy for private use granted.



Journal of Homotopy and Related Structures, vol. 5(1), 2010 6/

In particular, it is shown in [BJP] that any additive track category has within its
equivalence class an additive track category that has either strict coproducts or
strict products (this terminology is explained in the appendix). We refer to this
as the strictification theorem, and any model with either strict products or strict
coproducts is called a semi-strictification in the sequel.

In this work, we explore further strictification results. Consider any object X
in the homotopy category of an additive track category. This object is an Abelian
group object. Can we lift this structure to the track category in some reasonable
fashion? We introduce the track category PseudoH(T, A) of pseudomodels in the
track category A for any algebraic theory T, which may be thought of as a model
for this algebraic theory up to coherent homotopy. We derive from [BJP| (more
specifically [P2]) that for all n > 1, the Abelian structure of X lifts to a pseudomodel
structure over the algebraic theory of nil,, groups. We also introduce the notion of
a coproduct preserving pseudo natural transformation between two pseudofunctors
and show that one can lift homotopy classes of maps in an essentially unique way
to coproduct preserving natural transformations. There is a notion of homotopy of
pseudo natural transformations of pseudofunctors and our results assemble to show
that an additive track category is equivalent (as a 2-category) to the 2-category
of pseudomodels over the category of nil,, groups. More precisely, we prove the
following theorem:

Theorem 1.1. Let A be an additive track category with strict coproducts. For
n > 2, there is a weak nil, ringoid structure X — Fx on A, and the assignment:

T :A — Pseudo™ (nil,, A)
X+— Fx

extends uniquely to a track functor T, which is an equivalence of track categories,
and the inverse of which is the evaluation of a pseudofunctor G : nil, ~> A on the
group Z. Moreover, at the level of homotopy categories, T induces the canonical
equivalence

ho(T") : ho(A) — mod" (ab, ho(A)).

In particular, all weak nil,, ringoid structures are canonically equivalent. Moreover,
for s > t > 2, the functor nily, — nily induces isomorphisms of additive track
theories Pseudo™ (nil;, A) — Pseudo™ (nil,, A). This statement holds for n,t = 1
under the conditions that the coefficients of A have no 2-torsion.

The words appearing in the main theorem are explained in Section 2 and in
Appendix A. This functor T is called the I'-structure of the additive track category
< A >. We do not give here any application of the theory of I'-structures, but
rather defer it to further papers. The ['-structure of an additive track category is a
fundamental piece of structure and deserves therefore an independent treatment.

The paper is organized as follows. We quickly review the notion of algebraic
theories and their models and then introduce the 2-categorical analogue which we
call pseudomodels over an algebraic theory. This allows us to state our main results
(Section 2) and prove Theorem 1.1, assuming certain results that are proved later.
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In the next section, we show that there exists enough pseudomodel structures for
the algebraic theories nil,, for n > 2, but in general not for nil; = ab. This allows us
to restate Theorem 1.1 in terms of the notion of I'-tracks (Section 4), and the proof
of Theorem 1.1 is completed in Section 5 using this reformulation. We finish with
a brief discussion of the dual setting (Section 6). In the appendix, we recall for the
sake of self-containedness the needed facts on track theory and pseudofunctors.

2. Additive track categories and pseudomodels

2.1. Algebraic theories

The material of this section is classical, and we refer the reader to [Bor| for a more
complete exposition. An algebraic theory T is a small category with a countable set
of objects {Ty, T1,...,Ty,...} and specified isomorphisms from T,, to the n-fold
categorical product of T;. In particular, Ty is a terminal object. The category with
objects are product preserving functors from T to the category of sets, and with
morphisms are the natural transformations is termed the category of models for
T and denoted by modH(T). We will also use the concept of a coalgebraic theory,
simply defined by saying that a small category T is a coalgebraic theory if T°P is
an algebraic theory.

Ezample. Let Gr be the category of groups and group homomorphisms. Let F,, be
the free group on the set n = {1,...,n}. By convention, we set Fy to be the trivial
group. We denote by gr the full subcategory of Gr with objects the free groups
{F,.}nen. The free group F,, is canonically the n-fold sum of F; = Z in Gr, and the
category gro? is therefore an algebraic theory, which is called the (algebraic) theory
of groups.

Example. Let Ab be the full subcategory of Gr with objects the Abelian groups.
This category has products and coproducts. Let F2® be the free Abelian group on
the set n = {1,...,n}. In the category Ab, F2P is canonically isomorphic to both
the n-fold product of F3* = Z and the n-fold coproduct of F3°. This means that if
we let ab be the full subcategory of Ab whose objects are {Fa° F3f ... Fab ..}
then both ab and ab®® are algebraic theories. Reflecting the fact that finite products
are isomorphic to finite coproducts of Abelian groups (within the category Ab), the
algebraic theories ab and ab°? are isomorphic.

Ezample. A group G is endowed with a natural filtration {T',,G},en, the lower
central series, defined inductively by

['0G =G, Tni1G = [G,TWG]

Here [—, —] stands for commutators in G. A nilpotent group of class n is a group
G such that T',G = {0}. For n > 1, let Nil,, be the full subcategory of Gr whose
objects are groups of nilpotency n. The case of n = 1 corresponds to the category of
Abelian groups, and the category Nil; is simply denoted by Ab, while the case n = 2
corresponds to the case of so called nil-groups which we denote simply by Nil. The
categories Nil,, have free objects on arbitrary sets of generators. Indeed, for any set
S, denote the free group on S by <.S>. The group <S5 >,=<S> /T, <S> isa
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nilpotent group of class n such that the adjunction formula
Sets(S, G) = Nil,,(<S>,,G)

holds for all sets S and nilpotent group G of class n. In other words, <S>, is the
free object generated by S.

Let nil,, be the full subcategory of Nil,, with objects the countable set {in'"}neN,
where F;"" is the free nilpotent group of class n on the finite set {1,...,p} and
FB”” is the trivial group by convention. For n = 1, we recover nil; = ab. The group

nil,,

Fg”" is canonically isomorphic to the n-fold coproduct of Fj™ in nil,, so that the
category nil’? is an algebraic theory.

These examples relate in the following way. The lower central series induces an
augmented tower of coproduct preserving functors

Gr —{... — Nil(n+1) — Nil,, — ... — Ab}

where the functor Gr — Nil,, maps a group G to G/T',,;1G. That is to say, we get
an augmented tower of algebraic theories

gr’? — {... —nilll | —nill? — ... —ab?} . (2.1)

In the sequel, we consider gr as nil,, with n = +oc.

Let C be a category with finite products and T an algebraic theory. We let
modH(T7C) be the category of product preserving functors T — C and their
natural transformations, termed the category of models in C for the algebraic theory
T. We will also consider the category mod" (T°P, C) of coproduct preserving functors
T° — C and their natural transformations, termed the category of coproduct
models (or II-models) in C for the coalgebraic theory T°P. If C is additive, there are
equivalences of categories

mod" (ab°?, €) = mod" (ab°?, €) = mod" (ab, C) = mod" (ab, C)
and we recall that:
Proposition 2.2. A category C is additive if and only if the evaluation functor
mod" (ab’?,C) — C
is an equivalence of categories.
2.3. Pseudomodels for additive track categories
We now counsider the case of an additive track category A (see the appendix for
the notations):
D+>—> A =—=A)—Fho(A) =C.

The homotopy category of A is additive, therefore every object in A has the struc-
ture of a group and a cogroup up to homotopy. It is a result of [BJP] (see the
appendix) that any additive track category has in its equivalence class an additive
track category having either strict products or strict coproducts. There is neverthe-
less an obstruction to obtain both properties simultaneously, as we shall see. The
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main point here is that from a theoretical viewpoint, there is no loss of generality
in considering track categories having either strict products or strict coproducts.

Convention. [In the sequel, we will consider the case of additive track categories
with strict coproducts in order to fix the ideas, except otherwise stated (for instance
in Section 6 where we state the dual results).

2.3.1. Coproduct preserving pseudofunctors and natural transformations
The necessary material on pseudofunctors is recalled in the appendix (see A.9).
Let C and 7 be additive track categories with strict coproducts. A pseudofunctor
@ : C ~» T is coproduct preserving if the following conditions are satisfied:

e ¢ is both reduced at tracks and objects (i.e. completely reduced, see A.12),
e the natural map txy = p(X — XVY)Ve(Y — X VY)
iy 1 e(X) V(YY) — o(X VY) (2.2)
is an isomorphism for all X and Y in C,
e for all objects X,Y,Z, T andmapsh: X — Z k:Y — Z,g: Z — T inC,
the equation
Py, (RVE)LX,Y = Pg.h V Pgk (2.3)
is satisfied,

e for all objects X in C, the equation

oxvx = (px,px) - (2.4)

Let ¢,% : C ~ T be two coproduct preserving pseudofunctors. We say that a
pseudo natural transformation « : ¢ — 1) is coproduct preserving if the following
conditions are satisfied:

e for all XY, the following diagram is commutative

P(X)Vp(Y) s p(X VY) (2.5)

ax\/ayl J{axvy

YX) VYY) s (X VY) :

where vx y is as above and moreover,

e for all XY, Z and all maps f: X — Z,G : X — Z, the pasting of tracks
in the diagram (2.6) yields as V ay.

P(X)V (V) 2s o(x v Y T2 (2) (2.6)

(aX#lY)l aXVYl Jagvg iaz

YOV BY) o B VYY) 0(2)
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Now given two coproduct preserving maps «, 3 : ¢ — 1 of coproduct preserving
pseudofunctors, a homotopy is called coproduct preserving if the pasting in the
following diagram yields the identity track:

P(X)Vp(Y) s p(X VY) (2.7)

<
Bx,8y) (& (ax,ay) axvy frae Bxvy
\ XVY

XVUY) m b(XVY)

where H is the track (HS, H). The following proposition is a direct consequence
of the definitions.

Proposition 2.4. Let C and T be two track categories with strict coproducts. As-
sume that C is a small track category. Then coproduct preserving pseudofunctors,
coproduct preserving pseudo natural transformations and coproduct preserving ho-
motopies build a track subcategory Pseudo™(C,T) of Pseudo(C,T).

Recall that the superscript B indicates the inverse of a track.

2.4.1. Coproduct pseudomodels

Let us assume that A is a track category with strict coproducts. We consider a
coalgebraic theory T, considered as a discrete track category (that is, with only
identity tracks).

Definition 2.5. The category of lI-pseudomodels in A for the algebraic theory T
is the category Pseudo™ (T, A).

We first notice that in this setting the notion of coproduct preserving homotopy
of coproduct preserving pseudofunctors is particularly simple:

Proposition 2.6. Let 7 be a track category with strict coproducts and T be an
algebraic theory. Given two coproduct preserving pseudofunctors F,G : T ~» C. The
set of coproduct preserving homotopies F = G is the set of tracks F(T1) = G(T1),
obtained via the evaluation functor.

The proof is staightforward and will therefore be omitted. In the following, we
are interested in the case T = nil,,, for which we introduce further terminology.

Definition 2.7. If A is a track category with strict coproducts, then forn > 1,

o A weak nil,, cogroup structure on the object X of A is a ll-pseudomodel ¢ in
A for the algebraic theory nily,, such that o(Z) = X. A weak nil,, cogroup in A
is a couple (X, Fx) where X lies in C and Fx is a weak nil,, cogroup structure
on X. A map of weak nil,, cogroups (f,Tf): X — Y isamap f: X — Y
in A together with a coproduct preserving pseudo natural transformation T'7
Fx — Fy such that the evaluation

I'z): X =Fx(Z) — Fy(Z) =Y

s equal to f.
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e A semi nil, ringoid structure on A consists of a chosen weak nil, cogroup
structure for every object X in A.

We first notice:

Proposition 2.8. Let A be a track category with strict coproducts whose homotopy
category ho(A) is additive, let (X, Fx) be a weak nil,, cogroup in A.. Then X projects
to the Abelian cogroup structure in the homotopy category of A.

That is, let Fx : nil, — X be a weak nil, cogroup structure on X. This
induces a weak nil,, cogroup structure on X viewed as an object of ho(A). This
means in particular that X is a cogroup object in two different ways, one coming
from the additive structure of ho(A), and one coming from Fx. Moreover, Fx is a
cogroup structure in the additive category A. A well known trick shows that in such
a situation, both structure have to coincide. That is to say, pFx factors through ab
(where p : A — ho(A) is the projection functor) and this factorization is precisely
the Abelian structure ¢x of X in ho(A). In other words, there is a commutative
diagram

. Fx
nil,, A

.-

ab7h0

Assume now that A is the underlying track category of a semi-strictified linear track
extension < A >. A weak nil,, cogroup structure on X descends in particular to a
cogroup structure on X in the homotopy category. But we assume that < A > has
an additive homotopy category, hence there is a factorization of Fx through ab, and
according to proposition 2.2, the Abelian cogroup structure on X is unique up to
isomorphism, thus any weak nil,, cogroup structure on X lifts the natural structure in
the homotopy category. It is therefore natural to ask whether an arbitrary object in
an additive track category with strict coproducts, which is automatically a cogroup
and a group in the homotopy category, is a cogroup in A or not. The answer is:

Theorem 2.9. Any object X in an additive track category < A > with strict co-
products admits the structure of a weak nil,, cogroup Fx, for 2 < n < +oo. This
statement holds for n = 1 under the extra assumption that the linear system has no
2-torsion.

We notice that any track category with Abelian 2-automorphism groups (mor-
phisms form Abelian groupoids) is canonically and in an essentially unique way part
of a linear track extension, hence Theorem 2.9 applies as well to such categories pro-
vided that the homotopy category is additive (|BJ], see also Section A.6.0.5 of the
appendix), and the associated natural system is a bilinear bifunctor. Hence for every
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object X there is a weak nil,, cogroup structure F'xy on X, for n > 2,

. Fx
Nily, > A

-

ab—>2 ho(A)
where px is the Abelian structure coming from the additive structure of ho(A). We
notice that we have passed from ab = nil; to nil, with n > 2 to get such a lifting
(this is explained in Section 3).

Corollary 2.10. Any additive track category with strict coproducts can be given
the structure of a weak nil, ringoid.

We provide a proof of this fact in Section 3. We then prove (Section 5):

Theorem 2.11. Let X,Y be two objects in a weak nil, ringoid < A >, having
the weak nil,, cogroup structures Fx and Fy. Then any map f: X — Y extends
uniquely to a map

I Fy — Fy
in the category Pseudo™ (gr, A).

These results assemble together to produce a proof of Theorem 1.1

Proof of Theorem 1.1. We will prove Theorem 1.1 assuming Theorem 2.9 and
2.11. We first notice that G is clearly a track functor. Theorem 2.9 and 2.11 say
that T" extends uniquely to a track functor

T : A — Pseudo' (nil,,, A)

Any track s : f = ¢ in A can be extended to a coproduct preserving homotopy
I'* : I/ = I'Y, and this in a unique way (by proposition 2.6). We therefore get a
track functor

T:A — Pseudo”(nil,,A)

such that the composition GT' : A — A is the identity functor. On the other
hand, given an object F' in Pseudoﬂ(niln,A), the object a = G(F') in A comes
with a weak nil,, cogroup structure defined by F', which might or might not coincide
with the chosen one F,, (that of Theorem 4.9). Nevertheless, by Theorem 4.9, the
identity a — a extends uniquely to a pseudo natural transformation F' ~» F,, and
this transformation is an isomorphism. This finishes the proof of the theorem. [

3. Existence of pseudomodels

The aim of this section is to construct a weak nil,, cogroup structure for every
object in an additive track category with strict coproducts, that is to prove Theorem
2.9. In other words, we show that any additive track category with strict coproducts
is a weak nil,, ringoid. The proof is based on cohomological arguments. We mention
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that there is an alternative direct constructive proof of Theorem 2.9, which is in the
spirit of the proofs in Section 5 (see [G]). This approach has only been amenable
to the author for n = 400, and will therefore be omitted here. Let us recall some
facts on the cohomology of categories ([BD, BW], see also the appendix).

3.1. Cocycles for linear track extensions
Recall that all the necessary notations and definitions are given in the appendix.
Let < E > be a linear track extension of the small category C by the natural
system D (see Section A.1), and let E be the underlying track category, Eg and E;
as in A.2.0.2

D+>—>E —=E)—%ho(E)=C
We choose functions:
t:Mor(C) — Mor(Eo), H:N»(C)— | J [f.4]
f,.9eMor(Eo)

such that

e t sends identities to identities,

e pt(f) = f for any morphism f of C, and

o H(f,g) € D(tfotg,t(f o g)).

We define a function ey (t, H) : N3(C) — U} 4.nyens(c) D(f9h) by

CT(ta H)(fvga h) = J;(Jlfgh)(AT(fvgv h))

where ¢ is the structure isomorphism of the linear track extension, see (A.1). We
also define:

Lemma 3.2 (B-D lemma A.1). Let cr be defined as above. We have:
1. cp(t,H) is a cocycle in C3(C, D),
2. if ¢ is a 2-cochain in C?(C, D), then
dc+er(t,H)=cr(t,H —¢),
where (H —c)(f, 9) = H(f,9) = ousq)c(f,9),
3. The class of cr(t, H) in H3(C, D) does not depend on t and H,
4. The class of cp(t,H) in H3(C,D) depends only on the component of T in
Track(C, D).

Assume C is a small category, D a natural system on C, and consider a linear
track extension <T > of C by D such that the corresponding class in H*(C, D) is
trivial. By Lemma 3.2, as ¢ and H vary, cr(t, H) describes exactly all the possible
cocycles representing the class of <T > in H3(C, D). Hence we have, for some ¢ and
H:

CT<tﬂ H)(f7ga h) - Ui}gh)(AT(faga h))
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and

This equality means that (¢, H) : C — D is a pseudofunctor. That is:

Corollary 3.3. Let <E> be a linear track extension
D+ >—>E; == E; —% ho(E) = C.

Then the associated class in H3(C, D) is trivial if and only if there is a pseudofunctor
(t,H) : C — E such that pt = id. Moreover, if <E> is semi-strictified, thent is a
coproduct preserving pseudofunctor. Such a pseudofunctor is called a pseudosection
in the sequel.

3.4. Construction of pseudomodels

Let < E > be a semi-strictified track extension of the small category C by the
natural system D (see Section A.1), and let E be the underlying track category, Eq
and E; as in Section A.2.0.2

D+>—>E, —=E;—% ho(E) =C.

Let ¢ be an object in C and ¢, be the Abelian cogroup structure on ¢, and nil,, be
any of the algebraic theories described in Section 2.1, and A,, be the abelianization
functor. We have a commutative diagram

ApeX peX E (3.1)
N 7
fily, ———> ab —— ho(E) = C

Because this diagram is a pullback diagram of categories, the existence of a pseu-
dosection () or the existence of the lifting (i7) are equivalent, and moreover, (%) is
coproduct preserving if and only if (i7) is. Hence, according to corollary 3.3, such
a pseudosection exists if and only if the characteristic class < E > H3(C, D) is
mapped to zero under the composition of natural maps

H3(X, D) — H?(ab, p*D) — H3(nil,,p* ;D) .
But according to [P2, Theorem A.1] (special case L =1 of this theorem actually):

Theorem 3.5. H3(nily, D) is trivial for any biadditive bifunctorial natural system.
If D has no 2-torsion, then H3(nily, D) = H3(ab, D) is already trivial.

Hence Theorem 2.9 is proved, as a direct consequence of Theorem 3.5.

4. TI'-tracks

In this section < A > is an additive track category with strict coproducts, together
with a weak nil; ringoid structure for some s > 1 (see Section 3 for the existence
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of such a structure). After having introduced some terminology, we state in this
section three theorems (4.9, 4.10 and 4.11) that altogether complete the proof of
Theorem 1.1. Theorem 4.10 and 4.11 are consequences of Theorem 4.9, the proof of
which is postponed to Section 5.

4.1. Some notations

We single out certain maps in nil,, which play an important role in the following.
Let n C m be an injection (an inclusion by abuse of notation). The functorially
associated map of free nil, groups FM's — Fnils is called an inclusion. An inclusion
n C m defines also a map in the reverse direction F"ls — Fnils by taking a gener-
ator f € m to itself if f € n and to 1 otherwise. Such maps are called projections.
Let oy, : Z — F,, be the map that sends the generator of Z to the product of
the generators of FMls in the increasing order. For all e € n, let 7, : FNls — 7
be the retraction on the e® summand. Dually, let 3, : F,, — Z be the map that
sends all generators of FMls to 1 € Z. For all e € n, let i, : Z — F"'s be the
inclusion of the e summand in F"'s. a weak nil,, cogroups (X, F'), then the object
F(F,,) is isomorphic to V,, X. This isomorphism is made implicit in the following
as it plays no significant role. For o : FMls — Fnils ' the associated map F(a) is
simply denoted by a.

In the following, given objects X,Y and a map f : X — Y, the notation
(fhn : VI, X — V1 X means V], f.

4.2. TI'-structures

Let < A > be an additive track category with strict coproducts. We introduce
the convenient concept of I'-tracks, which is the local counterpart of a coproduct
preserving natural transformation. We construct such I'-tracks on A in a natural
fashion. This leads (finally) to the proof of Theorem 2.11. We first need to introduce
interchange tracks.

Definition 4.3. Let <A > be an additive track category with strict coproducts, and
f: X — Y be a map between two weak nily cogroups. For a: n — m in nilg and
f: X — Y an interchange track is a track a(V, f) = (Vi f)a as in diagram (4.1).
An interchange structure for f: X — Y is a correspondence

o Fé
such that T'Y is the trivial track as soon as « is either an inclusion or a projection,

VX —> VX (4.1)
p o
(fn WL (flm

¥

To make sense of this definition, one notices that this diagram is commutative in
the homotopy category, and therefore there is at least one such a track. Suppose we
are given some interchange structure I'/ for a map f between weak nil,, cogroups.
We can introduce a new operation B on A by pasting interchange tracks along the



Journal of Homotopy and Related Structures, vol. 5(1), 2010 74

weak nil,, cogroup structures. Let o : Fls — Fnils g . Fnils Fg“s be group
homomorphisms and f : X — Y be a map in A. We define Fé Bl I‘{; to be the
pasting of tracks in the following diagram:

” (4.2)

m

VX —2 v, x -2 Vp X

\ i \
Hn ATL (Fm ITL (Ds
v N

8
VY —> 1\, Y v, Y
Ba

Recall that s5 denotes the inverse of the track s. The following proposition is
an elementary consequence of the pseudofunctor property that defines a weak nilg
cogroup.

Proposition 4.4. Let <A > be track category and let f be a map between two weak
nil,, cogroups in < A >. For any associated interchange structure, the operation [E
on interchange tracks for f is associative.

Definition 4.5. Let <A > be an additive track category with strict coproducts. We
say that an interchange structure (associated to some map f : X — Y of weak
nil,, cogroups in A ) satisfies property (') if for all maps in gr o : FMils — Fils
and 3 : Foils — F?I"S maps in nily in the additive track category < A > with strict
coproducts, the pasting in the diagram

" (4.3)
m
V) ELIGVES QLIRS 'e

| |
(Jl)n l}F(fx (f m Uré (]l)?

B

(e

VoY Vi Y VY
W

Ba
yields I‘fa, That is, if
! 7/
rsaly, =Ty,

for all a, B. An interchange structure satisfying property (I') is termed a T-structure
associated to f and the interchange tracks are termed I'-tracks associated to f.

A direct consequence of the definitions is
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Proposition 4.6. Let < A > be an additive track category with strict coproducts
and let f be a map between weak nil, cogroups. The following formula holds for any
interchange structure o — T} which is a T-structure:

F\f/iai = \/Z‘ng : (44)

The following remark shows the interest of the notion of a I'-structure associated
with a map of weak nil; cogroups:

Remark 4.7. Let f be X — Y be a map between the underlying spaces of the
weak nily cogroups (X, Fx) and (Y, Fy). Then a T-structure T'' associated with f
is nothing but a coproduct preserving pseudo natural transformation T'f : Fx —

Fy between the coproduct preserving pseudofunctors Fx,Fy : gr — A such that
M(Z)=f:X=Fx(Z) — Fy(Z)=Y.

4.8. Existence of I'-structures

We have the following local existence theorems.

Theorem 4.9. Let <A > be an additive track category with strict coproducts. Any
map f between two weak nily cogroups in A has a unique associated I'-structure.

The uniqueness statement in Theorem 4.9 yields also the following two theorems
4.10 and 4.11. Indeed, one simply checks that pasting yields exactly an interchange
structure satisfying property (I'), and the equality follows from the uniqueness.

Theorem 4.10 (Naturality with respect to maps in A). Let a : F,, — F,, be a
map ingr, and f: X — Y, g: Y — Z be maps of weak nilg cogroups in A. The
unique I'-structures associated to f and g satisfy naturality with respect to maps in
A the pasting in the diagram

VX —5 VX (4.5)
(fv)n »Uri (fim,
v, Y —2> 1\, Y
\
( \En lll_‘g (g)m
Y

VpZ —> N Z
yields T'97 .
Theorem 4.11 (Naturality with respect to tracks in A). Let f be a map between

two weak nilg cogroups in the additive track category < A >. The unique I'-structure
associated to f satisfies naturality with respect to tracks in A: let a : Fils — Fnils
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f:X—Y, g:Y—ZinA, and ) : f = g. Then the pasting in the diagram
VX — VX (4.6)

~

/

g (g ) m

(Q)n (&%} (f)'n ‘U’F{y (f mo
S

VY —> 1\, Y
yields T'9,.

Assume now that all objects are weak nil; cogroups in the additive track category
A, i.e. we assume that < A > is a weak nil,, ringoid. Every map has by the preceding
theorem a unique I'-structure satisfying the property (T'). These I'-structures have
a good behavior with respect to composition in A, as we shall see. Let A be a weak
nils ringoid. Theorem 4.9 builds (according to remark 4.7) a correspondence

I': A — Pseudo'(nil,, A)

which to objects associates the chosen weak nilg cogroup structure and to each map
fin A a coproduct preserving natural transformation I'f. Theorem 4.10 says that
I' is a functor. Theorem 4.11 says that I' is actually a 2-functor. The uniqueness
and existence statements show that T is in fact an equivalence of 2-categories (see
Theorem 1.1 and its proof).

5. Existence and uniqueness of ['-structures

The main point of this section is the proof of Theorem 4.9. We proceed in three
steps. We first construct an interchange structure, which is a candidate for the I'-
structure of the theorem. We then show that the constructed interchange tracks
are actually I'-tracks. The uniqueness is easy, and is derived in the last part of this
section.

In this section, we work with some fixed map f : X — Y between two weak
nil,, cogroups X and Y in the additive track category <A >.

5.1. Construction of the canonical I'-structure of a weak nil,, ringoid

We assume that A has strict coproducts. We will construct an interchange struc-
ture associated with f called the canonical interchange structure associated with f
and denoted by I'. We set the interchange tracks Fé associated with projections,
inclusions, and fold maps to be identity tracks.

5.1.1. Additivity I'-tracks
The diagram

X —2e v, X (5.1)

fl J/(f)n

Y —= VY

O
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is not commutative in A but is commutative in the homotopy category ho(A). The
map o, is described at the beginning of Section 4. The track set Track((f)n, o, f)
is therefore non empty. Let H be an element of Track((f)non,a, f). The Abelian
group D(X,V,Y) acts freely and transitively on the set Track((f)non, o f), and
the choice of H fixes an isomorphism

o : D(X, VoY) — Track((f)nom, on f). (5.2)

We obtain a diagram

Here the left square commutes because we assume the existence of strict coproducts.
We claim that one can alter H in a unique way by the action of D(X,V,,Y) on the
set Track((f)ntn, o f), so that pasting in the diagram (5.3) yields the trivial track
f = f, for all 1 <e < n. The track thus obtained is denoted by I

Definition 5.2. The additivity T-track T is the unique track (f)non = anf that
restricts to the trivial track along re : Vp X — X, for all e € n.

To see that this definition makes sense, we notice that we have a commutative
diagram

D(X,V,Y) o1 Track((f)non, o f)
Iy (Te)« I, (re)«
®,D(X,Y) =211,D(X,Y) T o 11, Track(f, f)
n O(re)« H

In this diagram, the top and bottom maps are bijections coming from the structure
of a linear track extension. The left vertical map is also an isomorphism, because
< A > is an additive track extension (thus D is a biadditive bifunctor). It follows
that the right vertical map is also an isomorphism. This shows that additivity I'-
tracks are well defined.
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5.2.1. The negative I'-track
Let f: X — Y be a map in A. We consider the diagram

o 1\/(—1)

X Vo X X (5.4)
]

fl i %)z f

Y — v2Y1v(—1)

The commutativity of this diagram in the homotopy category forces the existence
of some track K in the following diagram (5.5):
0
3%
« 1v(—1
x v, x Yy (5.5)

B

fi urf (132 UK lf
Y > VoY Y

o (-1
w/

0

Proposition 5.3. There is a unique track K of the form 05 v Ffl such that the
pasting in diagram (5.5) leads to the trivial track 0 = 0. This defines and charac-

terizes 1"{1. In other words
K@aT)=0"1')er, =0

Proof. Consider diagram (5.5). The category A has strict coproducts and there-
fore K = (K17K2) with K7 : f = f and K> : f(—].) = (—1)f If K = (K17K2)
fits in the diagram (5.5), then K = (07, K3) does also. We can thus assume that
K, = 0Y. The condition that the pasting K @ Fg in diagram (5.5) yields 09 : 0 = 0
determines 1"5 OK uniquely. As Fg is already fixed, this determines (a9)*K. We
consider the commutative diagram

(@2)”

D(X,Y) x D(X,Y) D(X,Y) (5.6)

ln’KIXGKQ \Lo(az)*K

Track(f, f) x Track(f(=1), (=1)f) ——.  Track(f(1, (=1))az, (1,(-1)) faz)

(a2)”

The horizontal top map is the sum in the Abelian group D(X,Y"). The vertical maps
being isomorphisms, we note that if ¢y is a fixed element in D(X,Y) and if we let ¢
vary in D(X,Y), then (az2)*(¢0o,%) takes all values in D(X,Y") exactly once. Hence
(a2)* (0K, X 0K, (ho, 1)) takes all values in Track(f(1V (=1))az, (1V (=1))faz))
exactly once. Thus we have proved the existence and uniqueness of I' ; : f(—1) =
(—1)f with the prescribed properties. |
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5.3.1. T'-tracks associated to multiplication by a non negative number

We define a track pf as the result of pasting tracks in the following diagram

Definition 5.4. We define the track Fgﬂ, more simply denoted by ul, by the equa-
tion

r{ =ul =1} arf (5.8)

5.4.1. T'-tracks associated to multiplication by a negative number

The negative multiplication I'-track an is defined as the pasting of tracks in the
following diagram:

Definition 5.5. We define the track ngn, simply denoted by ufn, by the equation:

vl =pl, =1l 8y (5.10)

5.5.1. General I'-tracks

We are now ready to define general I'-tracks. Let a : ¥, — F,,,, t: X — Y be a

map in A. For each pair (e, f), the composition ryai. : Z — Z is the multiplication

by a number a(e, f). The I'-track I'f is the unique track (V,,t)a = a(V,t) such that

for all (e, f) € n x m the pasting of tracks in the following diagram yields the track
t

Pa(e,p):
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o, ;
P2
e
X — VX —%s VX = X (5.11)
\ \ i
t Vpt UK Vit t
l v v
Y — > VoV —> VoV —Y
o
%)
fo

The uniqueness of such a track follows from two facts. The first one is the assumption
that A has strict coproducts, which shows that I} is determined by its various
restrictions ¢ Fta, 1 < e < n. The second point is that similarly as in the definition
of the additivity I'-tracks, one shows that 7T, is in turn determined by its various
corestrictions (rf). T, along the projections 7y, for 1 < f < m (see also A.7).

By simply checking the definitions:

Proposition 5.6. The assignment o —— F{; s an interchange structure for f.
5.7. Existence

We show in this section that the interchange structure defined in Section 5.1
satisfies property (T'). This proves the existence part of Theorem 4.9.

Proposition 5.8. Let A be an additive track category with strict coproducts. Let
f: X — Y be a map of weak nil,, cogroups. The canonical interchange structure
associated to f satisfies the property (T'), and is called the canonical T-structure
associated to f.

The proof will be settled through a series of propositions. The first one is:
Proposition 5.9. For all pair of positive numbers m,n € N,
1 B [y = i = i, = iy B -
Proof . We denote by \I!fl’m the fold map \/mF;‘l”b' — F;‘l”é‘. We have
phepl, =1, @rfer, erl
=1}, @ry s@)r,ar),
=T} wTf,
= -
Here we have used the following two lemmas.
Lemma 5.10. For all pair of positive numbers m,n € N, we have

rier, =Ty, 8. (5.12)



Journal of Homotopy and Related Structures, vol. 5(1), 2010 81

Lemma 5.11. For all pair of positive numbers m,n € N, we have
Dl = T2 & T, (5.13)
Proof of lemma 5.10 . First, one notices that I'g, is the identity track and therefore:

Iy @Ts, = (Bm)TH,
= (\I/m,n)*(rﬁv s >F{z)-

Using that I‘én‘m =05, we get

I @Ts, = (Vpn) (T

717"'315)
_Ff
4

@ VI

n,m

Proof of lemma 5.11 . One only needs to notice that (I'f))™, @ I'/, satisfies the
defining property of T/, (see Section 5.1.1).
|

Proposition 5.12. For any non negative number n € N, we have
ply @l = pl, B ). (5.14)

The proof consists of giving a characterization of /Jf | B uf, which is also satisfied
by pf, @ ufl. We set v/, = P{% B \/ignl"fl. We define K,, = (uf,~7,).

Proposition 5.13. The track 'y{n is the unique track such that the pasting in
diagram (5.15) yields the trivial track 0 = 0.

0

Yo
(nV—n

X —2- vy X X (5.15)

\
fl 4 (fv)z VK, | f

8

Y VoY

az (nvV—n
Yo
0

Proof. The proof of this assertion is essentially the same as the proof of Proposition
5.3. O

Lemma 5.14. We have equalities
V= e, = uf, @)

Proof. The proof consists of showing that both Ffl @ puf, and pf, @ ,ufl satisfy
the characterization of vf ,, in proposition 5.13. We first consider the track K/, =
(ul, 77, ® pf). We claim that the pasting K/, @ '} in diagram (5.16) yields the
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trivial track 0 = 0,

0

P8
s (nV—n
X Vo X X (5.16)
|
fl vri %)2 YK, | f
Y 2 sz(n\/—n
3%

0

Indeed, we have
K @Ti =@/ v, eu)er]
=@, mr) v, e @, ar))er]
= (T}, V (VicaT)) @ (T, T) B T
( V (Vi) TS,
which is the trivial track 0 = 0. We next consider the track K, = (uf, uf ® 7).

We claim now that the pasting K, @ I‘g in diagram 5.17 yields the trivial track
0=0,

0

IPe
(nV—n
X Vo X X (5.17)
‘ 1"
fl urf (fV)z LK, f
Y a2 \/QY(n\/—n
Yo

0
This claim follows from the sequence of equalities
K,aT]= (v ,ar!)ar]
= (), @) v (T4 erfer))er]
= (0} vTL )@, T) =0, 1/)ar]
but
F{L]‘—‘fl = (Ffl)?:lrfm
hence
K, T} =T}, vil )@ (07),, (%), e (] T])ar]
=T} 8(T}). (09,17, @), = rf
=T} 8 (T) 0% 1) @)=
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which is the trivial track 0 = 0. g
Proposition 5.9 and 5.12 together imply:

Proposition 5.15. For all pair of integers n,m € Z, we have

ph @ pd, = pl, @,
Proof of proposition 5.8. We consider general maps «, 3 in nily, with a : Frils
Fol- and g : Fils — Fp's. We assume that o = Vpie where ae(e) = [, f7",
with fi € {1...,m}. In the same way, 3 = V,,,8f where B;(f) = []; g;lj, with
gj € {1,...q}. Then fa : F,, — F, is such that fa = V,(Ba). and (Ba)e = Bae,
so that (Ba). maps e to [[,(8(fi))™. We have to show that

f f _nf

rsaly, =Tg,,

We begin with the lemma (see A.7):

Lemma 5.16. The tracks Fg B Fée and Fgae coincide if and only if the tracks
ng @ I‘g =l F];E and I‘fy El Ff% = [i(Ba)(e,q) COincide for all g € {1,...q} (see 5.5.1
for the definition of (Ba)(e, g).

Next, we notice that

Lemma 5.17. We have:
F{fg Tl = \/muf;g

where ng =y nj.

9;=9
We are thus reduced to show that for all g € G,

Vanith, B Ti, = l(ga)(e.q)

But now
\/m/’L{Lg El Fie = F[-}n El (M{Lg)m E] Fie
=T, B (1) B ta)m BT,
= /’Lae,f
and this finishes the proof of Proposition 5.8. O

5.18. Uniqueness
In this section, we prove:

Theorem 5.19. Assume A is an additive track category with strict coproducts.
Let t be a map between weak nil,, cogroups. Two interchange structures associated
with t and satisfying property (T') coincide; there is therefore a unique T-structure
associated with t.

The proof consists of a series of lemmas. In fact we will see that under the
assumptions, any interchange structure I'? satisfying property (F) coincides with ',

the canonical one that we have constructed in Section 5.1. Let I'* be an interchange
structure satisfying property (T'). We begin with the following easy lemma.
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Lemma 5.20. The [ interchange tracks associated to identities in nily are identi-
ties. The T" interchange tracks associated with the trivial map in nilg are the trivial
tracks.

Proof. Let 1 be the identity of F,,. Considering the pasting of T with itself, we see
that

Mell=r0r =1
in the group Track(t,t); therefore I, = 05 O
Lemma 5.21. The additivity T'-tracks are unique, that is f‘fl =Tt for alln > 0.

Proof. Let n >0and t: X — Y any map in A. The additivity I'-track is defined
to be the unique one that restricts to the trivial track ¢ = ¢ along the retractions
re : VpX — X for all e € n. Let us see that it coincides with the [-track. The
restriction of the T-track along the maps 7. : V, X — X has to be the I-track
associated with the identity, which we have seen (5.20) to be the trivial track. But
this property characterizes the additivity I-track, and therefore for all n, I', = f’fl
|

Lemma 5.22. The multiplication I'-tracks associated to the multiplication with a
positive number is unique.

Proof. For the multiplication by a positive number, the uniqueness is clear from
the diagram (5.7) under the hypotheses. O

Lemma 5.23. The basic negative I'-track is unique.
It follows immediately that:
Corollary 5.24. The I'-tracks associated with multiplication maps are unique.

Proof of lemma 5.23. We consider once again the diagram (5.5)
ﬂﬁ\\
@ 1,(-1
X 2\, X( (-1) X

tl 4ry v»ft UK lt
Y o \/2Y(1’(71)

3%

(5.18)

The track K is of the form (K7, K5) because A has strict coproducts. By assump-
tion, the property (I') is satisfied and this leads to

K@ly=T!=0" (5.19)
Because of the definition of a weak nil,, cogroup, we have
(K1, K») = (I7,T)). (5.20)

This fact being granted, we see that that I, has to coincide with I'_1, as these
properties determine I'_; (see proposition 5.3). a
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Proposition 5.25. General I'-tracks are unique.

Proof. According to the remarks following the definition of the general I'-tracks
(see Section 5.5.1), the uniqueness is settled as soon as the multiplication I'-tracks
are determined, but this precisely the content of corollary 5.24. g

6. Dual results

As we have noticed in A.6.0.5, any additive track category has also a model with
strict products. Let C be an additive track category with strict products. One can
define in C the dual notions of product preserving pseudofunctor nily? ~~ C over the
algebraic theory of nilg groups, product preserving pseudo natural transformations
between those, and homotopies of product preserving pseudo natural transforma-
tions. These altogether build a 2-category denoted by Pseudo' (nil,,,C) and termed
the category of II-pseudomodels over the algebraic theory niloP. An object X in C,
together with a II-pseudomodel F : nily? ~ C such that F(Z) = X, is termed a weak
nil,, group. A is a track category with strict coproducts if and only if its opposite
category is a track category with strict products. In this way, we can dualize all our
results, and in particular:

Theorem 6.1. Any object X in an additive track category < A > with strict prod-
ucts admits canonically the structure of a weak nil,, group.

Moreover:

Theorem 6.2. Let XY be two objects in an additive track category A with strict
products, having the weak nil, group structures Fx and Fy. Then each map f :
X — Y extends uniquely to a map

f:Fy — Fy

in the category Pseudon(nilmA).
Finally:

Theorem 6.3. The assignment:

T :A — Pseudo' (nil,,, A)
X r— FX
extends uniquely to a track functor T which is an equivalence of 2-categories, the

inverse of which is the evaluation of a pseudofunctor G : nil;? ~~ A on the group Z
for all n > 2.
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A. Track categories

A.1. Linear track extensions
A.1.0.1. FACTORIZATIONS Let C be a category. The category of factorizations of
C is the category FC defined by
e Ob(FC) = Mor(C)
e For f,g € Ob(FC) = Mor(C), a morphism f — g is a pair (a, ) fitting in a
commutative diagram:

A— A

g ﬁ ls

B<—Pp

A functor from D : FC — Ab is called a natural system on C.

Example A.2. Let C be any category. Any bifunctor F : C°P x C — Ab defines a
natural system by

D(X,Y) = F(X,Y), D(a, ) = F(a, §)

Let ab be the algebraic theory of Abelian groups (as in Section 2.1). Any biadditive
bifunctor F : ab°® x ab is of the form hom,,(—, — @ M), with M = D(Z,Z).

A.2.0.2. TRACK CATEGORIES A track category A is a category enriched in
groupoids. Given two morphisms objects X, Y € A, we have an hom-groupoid
[X,Y], its objects are morphisms f : X — Y of A and its morphisms ¢ : f = ¢
are called tracks from f to g. The set of 2-morphisms from f to g is denoted by
Track(f,g).

The composition of tracks n : f = g and ¢ : g = h is termed vertical composition
and denoted by ¢[n. The endomorphism-groupoid [f, f] of a f is a group for the
vertical composition, termed self tracks of f, whose neutral element is denoted by
0”. In this group, the inverse of the track a : f = f is denoted by a=.

Example A.3. There are numerous examples of track categories, arising in dif-
ferent contexts. Topology provides examples by considering the full subcategories
of fibrant-cofibrant objects in stable model categories, with tracks being homotopy
classes of homotopies. Complete details are presented in [B].
By definition, the composition
[[AvB]] X [[B,C]] - [[A,CH
is a bifunctor. This means that for all f: A — B and g : B — C, functors
g« : [A,B] — [A4,C]
and

B, C] — [A,C]



Journal of Homotopy and Related Structures, vol. 5(1), 2010 87

are defined and commute which each other. In particular, for « : fo = f1 € [A, B]
and 3 : go = ¢1 € [B, C] the equation

gr.o0fo" B = f1B0go.

holds. This defines the horizontal composition of tracks.

From a track category A one can construct two ordinary categories Ay and A;.
The category Ay is the underlying category of A, obtained by forgetting tracks,
while A; has for objects the morphisms of A and has for morphisms X — Y
the tracks f = g with f,¢g : X — Y. The composition in A; is defined by the
horizontal composition of tracks. The functors source and target induce two functors

A13A07

hence we can form an equalizer diagram of categories
A1 _—= AO e hO(A)

That is, ho(A) has the same objects as A but its morphisms are obtained from
those of A by identifying morphisms related by a 2-morphisms in A. The category
ho(A) is called the homotopy category of the track category A.

A zero object in a category is an object which is both initial and final. All
such objects are equivalent. A category with a fixed zero object is called a pointed
category. A strict zero object in a track category A is an object % such that for
all object X of A, the hom-groupoids [X, #] and [+, X] are trivial groupoids, with
one object and one morphism. The object * is in particular a zero object of the
underlying category. A track category with chosen strict zero object is a pointed
track category. For all objects X,Y in a pointed category, we have a unique map
*xxy : X — * — Y with the property that forg: Y — Zand h: W — X

grxy = *x,z and xxy h=x*wy .

A.3.0.3. LINEAR TRACK EXTENSIONS A linear track extension <E > consists of
the following data:

e a track category E,

e a natural system D on ho(FE)

for all maps f: X — Y in E, an isomorphism of groups
oy Dy(yy — Track(f, f) (A1)
e moreover the system of isomorphisms {0} is required to satisfy:
Va € Dypy = Dp(g), VH € Track{f,g},0s(a)0H = HOoy(a),
Vo€ Dy, g og(@) = a5e(g"a),
VB € Dy(y), f+aq(B) = 044(f+0)-

The linear track extension <E> is usually depicted by a diagram

D+>—>E, =—=E;—> ho(E).
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Example A.4. The example A.3 above provides linear track extension with
D(X,Y) = homyaa)(X,QY). Complete details are devised in [B2].

A.4.0.4. ADDITIVE TRACK CATEGORY
Definition A.5. A linear track extension <E >
D+>——E :;Eoii;ho(E) =C

is called additive if
e the underlying track category E is pointed,
e the homotopy category is ho(E) is additive,

e D is a biadditive bifunctor.

Note that the zero object of E will automatically be mapped to a zero object of
ho(E).

Remark A.6. According to [BJ], an additive track category is essentially deter-
mined by its underlying track category. We therefore use the term additive track
category instead of ‘additive track extension’.

A.6.0.5. STRICT PRODUCTS We consider an additive track category (A, D), and

we assume strict coproducts exist, that is for each pair of objects (X,Y), there is

an object X VY and maps X — X VY, Y — X VY so that the induced map
U:[XVY,Z] — [X,Z] x [Y, Z]

is an isomorphism of categories for all Z. The image of a couple of tracks (¢, 1) €
[X, Z]1 x [Y, Z]1 in [X VY, Z]; by the inverse equivalence ¥~! is denoted by ¢V 1.
The fact that we have an equivalence of categories implies the following:
(V)0 V) =T (p,)D0 (¢, 9)
=¥ ((p,9)0(¢', ¢"))
= U (pO¢, 0y
= (¢0¢") v (¥0).

We add for further reference the following easy lemma.

Lemma A.7. Let FE be a finite ordered set. A sum of tracks H = (he)eecr :
VecEfe = VecEge is characterized as the unique track that:

o restricts to he along (re)«(ie)*,

o restricts to the trivial track * = * along (r¢)«(ie')* fore # ¢’ in E.

A.7.0.6. COHOMOLOGY OF CATEGORIES Given a small category C, we let N,,(C)
denote the n*" stage of the nerve of C. It consists of all n-tuple that form a chain of
composable morphisms. Given such a chain A = (f1, fa, ..., fn) € Nu(C), we define
X to be the composition

X:flfon
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Let C be a small category and let D be a coefficient system on C. The set of
n-cochains of C' with coefficient in D is the set

C™C,D)=40:N.(C)— | J DN),eo()) € D)
AEN, (C)

where N, (C) denotes the nerve of C. The object C*(C, D) is actually a graded
Abelian group. With the face maps

d:Cc"(C,D) — C"TY(C, D) (A.2)
defined by

d°(0)(f1, - for1) = (f1)x0(fo, oo, ),
d"(@)(f1,- s fos1) = (frg1) o (fr, -0 fn),
dz(o.)(fla'“afn-‘rl) = U(fla' -'afifi+1a"'7fn+1) if 1 <i<n-+ 17

and the degeneracies given by

s (0)(f1,- s fn) = 0(fro s firid, fiyas o fn), (A3)

C*(C, D) becomes a cosimplicial Abelian group. The associated normalized cochain
complex is denoted by NC*(C, D) and its homology is by definition the cohomology
of C with coefficients in D:

H*(C,D) = H*(NC*(C, D)) . (A.4)

A.7.0.7. CLASSIFICATION OF LINEAR TRACK CATEGORIES Letting C be a small
category and D be a natural system over C, we can define a notion of maps of linear
track extensions of C by D. In this way, the linear track extensions of C by D build
a category whose connected components is a set Track(C, D) (see [BD]). Moreover,
Track(C, D) is in canonical bijection with H3(C, D). From [BJP, th. 6.2.1] we have
the strictification theorem,

Theorem A.8. Any linear track extension whose homotopy category has arbitrary
(resp. finite) coproducts has in its equivalence class a category with strict (resp.
finite) coproducts. A similar statement holds mutatis mutandis by replacing coprod-
ucts by products.

A.9. Track categories of pseudofunctors

A.9.1. Pseudofunctors

The material of this section is adapted from [BM]. The proofs there can easily
be translated to our setting. Let C be and 7 be track categories. A pseudofunctor
C ~» T is an assignment of objects, maps, and tracks together with additional tracks

erg:e(flelg) = w(fg) and px : p(1x) = 1oy

for all objects X and composable maps ® — o .+ . These tracks must satisfy

the following conditions. For all composable o /- o Je e

e the pasting in the diagrams (A.5) and (A.7) is the identity track,
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e for any composable tracks «, § in C, the composition in the diagram (A.6) is
the track ¢(af),

e o preserves vertical composition of tracks,
e o preserves identity tracks.

We leave it to the reader to write the formal equations corresponding to these
conditions.

(A.5)
1,(x) lo)
RN o) AN
P(X) —i5 eX) (Y) P(X) == o(Y) —=¢(Y)
L Yerax S~ vy 7
() @(f)
(A.6)
oo ( o/ g1 ) P(F'9)
~ = o ~ (A7)
7 o(h)
#(gh) Ggh N
#(fgh) Wigh \so g)\ wron | #(fgh)
Ne s e(f9)
#(f)
/
\_ o %

A.9.2. Pseudo-natural transformations
Given two pseudofunctors

o, :C~>T
a pseudo natural transformation « : ¢ — 1 is a collection of maps
ax : p(X) — ¢(X)
for all X in C and for all maps f: X — Y in C, a collection of tracks
ay:aye(f) = ¢(fox,

such that

e forall f,g: X — Y in C and all tracks v : f = g, pasting in diagram (A.9)
yields ayg,
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e for any composable maps
xLy 2z
in C, pasting in the diagram (A.10) yields ayg,

e for all X in C, pasting in the diagram (A.11) yields the identity track OEX.

Let a: p — ¢ and B : 9 — £ be two pseudo natural transformations. We define
the composite pseudo natural transformation
Pa:p—¢
as the assignment
(Ba)x = Bxax : p(X) — £(X)

for all X in C, and for all maps f: X — Y in C the tracks

(Ba)s : Byaye(f) = »(f)Bxax

are given by pasting in diagram (A.8).

The fact that Ba is again a pseudo natural transformation is straightforward, as
well as the fact that this composition is associative. Moreover, for all pseudofunctor
@ : C ~» T, there is an identity pseudo natural transformation 1, : ¢ — ¢ for
the composition of pseudo natural transformations, for which all maps (1,)x :
©(X) — @(X) are identities, and all tracks (1,)f : ¢(f) = @(f) are identity
tracks.

p(x) 2 (1) (A8)
p(x) 2L ¢ (x)
Bxl U8y J{ﬁy
ga) Lo g(v)

Proposition A.10. Let C be a small track category and T be any track category.
Then the pseudofunctors C ~» T and their pseudo natural transformations build a
category denoted by Pseudo(C,T).
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»(9)

m

p(X) —(H—=(Y)
axi Yoy J{ay
P(X) —w(H—=(Y)

Yo ()
¥(9)

w(9f)

m

p(X) 20 o(x) 29 o 2)

axi Jay a‘

J/ Loy J{az
w(X) 2 vy 22 ()

Sy

»(gf)

1o (X)
UthEl

P(X) —(1x)—= p(X)

axi Jai \LO&X

P(X) —v1x)— ¢(X)

Iy x
1y (X)

A.10.1. The track category of pseudofunctors

92

(A.10)

(A.11)

Let C be a small track category and 7 be any track category. Let o, 3 : ¢ — 1 be

a morphism in Pseudo(C,T). A track H : o = (3 is a collection of tracks

Hx :ax = Bx

for all X € C, such that

o forall f: X — Y in C, pasting in diagram (A.12) yields Gy,

e for all X in C, pasting in diagram (A.13) yields (i,
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o) ) (A12)
Bx <;;.( O“ Yoy Q\LY 1?;/31/
(xX) 22 (v
p(X) —2 L o(x) N (A.13)
< a‘ aq a = v
a < R 7
Y — o B(X)

The tracks of pseudo natural transformations Pseudo(C,7) are actually the 2-
morphisms of a track structure on Pseudo(C, T).

Proposition A.11. Let C be a small track category and T be any track category.
Then the pseudofunctors C ~» T, their pseudo natural transformations, and tracks of
pseudo natural transformations give Pseudo(C,7T) the structure of a track category.

A.12. Basic results on pseudofunctors (after [BM])
Let C and 7 be two track categories and ¢ : C ~» 7 a pseudofunctor.
The pseudofunctor ¢ is reduced if

p(idx) = idy(x) and @(O)D() = OE(X)

for all objects X in C.

We now assume that C and 7 have a strict zero object. The pseudofunctor ¢ is
normalized at zero maps if

o (k) =

* P(x,y) = *p(x),0(Y)>

® ©r. = . s is the trivial track of the zero map.

Pseudofunctor reduced and normalized at zero objects are called completely re-
duced.

Proposition A.13. Let ¢ : C ~ T be a pseudofunctor. We consider a collection
of tracks &€ = {&; + o(f) = ¢/} femor ¢ The correspondence ¢° that associates to
objects X in C

X — o5 (X) = p(X)
tomaps f: X — Y inC
fr=¢t(f) =¥,
to tracks a: f = g
() = &p(a) ()7
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together with the tracks
Sofgg = fngSDf,gD(f?,ngl)a
and
o% = ox€o,

define

o a pseudofunctor ¢, and

e a pseudo natural transformation te : o — @% that is the identity of objects.
Moreover,

e given a second collection §' = {&} o = (¢')} reMor ¢, we may consider the
collection & x & = {(E*x &)y of = () = (¢')} remor ¢- W)e have

tg/té = tg/*g.

e if C and T have strict coproducts (resp. products), and ¢ : C — T is co-
product (resp. product) preserving, then ¢S is again coproduct (resp. prod-
uct) preserving and te is a coproduct (resp. product) preserving pseudo natural
transformation.

The proof of this proposition is straightforward, and yields easily the following
corollaries.

Corollary A.14. Any pseudofunctor ¢ : C — T is naturally homotopic to a
reduced pseudofunctor. If C and T have strict coproducts (resp. products), and o :
C — T is coproduct (resp. product) preserving, then ¢ is naturally homotopic to
a reduced coproduct (resp. product) preserving pseudofunctor through a coproduct
(resp. product) preserving pseudo natural transformation.

Corollary A.15. Any pseudofunctor such that (%) = * is naturally isomorphic a
completely reduced pseudofunctor. If C and T have strict coproducts (resp. products),
and ¢ : C — T is coproduct (resp. product) preserving, then ¢* is naturally ho-
motopic to a completely reduced coproduct (resp. product) preserving pseudofunctor
through a coproduct (resp. product) preserving pseudo natural transformation.
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