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Abstract

The divisor class group of the Quot scheme parameterizing quotients
of fixed degree and rank of a trivial bundle on a curve is computed.
The method used is a reduction to the case of rank 0 quotients.
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1 Introduction

In his paper [14], Strømme computed the Chow ring of the Quot scheme
parameterizing quotients, of rank r and degree d, of a trivial bundle of rank
n on P1. For the Chow group of codimension one cycles, Strømme obtained
Z if r = n− 1 and Z⊕ Z for r < n− 1.

The aim of this note is to generalize a small part of Strømme’s work to
curves of arbitrary genus. Specifically, we want to compute the Chow group
of codimension one cycles. This Chow group coincides with the divisor class
group of the scheme. Let us define

b1(g, r, n) :=


2g for n− r = 1

1 + nn−r−1

(n−r−1)!

(
(2g − 1)− (g − 1)

n−r−1∑
k=1

k!
nk

)
for n− r ≥ 2

b2(g, r, n) := (n− r)(2 + n2)g + 2(n− r)

for integers g, r and n verifying g ≥ 1, 0 < r < n.

Theorem 1.1. Let C be an algebraic curve of genus g ≥ 1, over an alge-
braically closed field of characteristic zero K, and let Q(n, r, d) be the Quot
scheme parameterizing degree d, rank r quotients of a trivial bundle of rank
n on C. Let us denote by Cl(Q(n, r, d)) the divisor class group of the Quot
scheme. For d > max{b1(g, r, n), b2(g, r, n)} we have:

1. if r = n− 1, then Cl(Q(n, r, d)) = Z⊕ Pic(Jacd(C));
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2. if r < n− 1, then Cl(Q(n, r, d)) = Z⊕ Z⊕ Pic(Jacd(C)).

In the first case, Q(n, n− 1, d) is a projective bundle on the Jacobian of
C [2, Corollary 4.23], and then (1) holds. We assume, from now on, that
r < n− 1 and, as a consequence, that n ≥ 3.

On non-rational curves the Quot scheme, Q(n, r, d), is, for d big enough
with respect to n, r, and g, irreducible and generically reduced, but it is
neither smooth nor reduced. However, we can define its divisor class group,
Cl(Q(n, r, d)), as the divisor class group of the reduced structure.

The divisor class group, or the Picard group, of a scheme is an interesting
object that has been computed in a number of cases, three of them related
to our work [6, 5, 11].

Moreover, Quot schemes, classically studied in order to construct moduli
spaces of vector bundles, have been recently the object of new interest,
mainly because of their relation to the Kontsevich moduli space of stable
maps [12].

The tools we use are, basically, [7, Proposition 1.8 & Theorem 3.3] which
we can apply because the divisor class group of the reduced scheme is the
same group as the Chow group of divisors.

The second section of the paper is a short review of Quot schemes, and
then, in the third section, we reduce the computation from Q(n, r, d) to
some open sets in Q(n, r, d), until we arrive at one whose Picard group we
can compute. These reductions are based on work of Bertram, Kirwan, and
Bifet [1, 10, 4].

2 The Quot scheme

We begin by recalling, in the particular situation needed for our result, the
basic properties of the Quot scheme.

Let C be an algebraic curve of arbitrary genus g, over an algebraically
closed field K of characteristic zero. Let Kn be a K-vector space of dimen-
sion n, and let us denote by OnC the trivial vector bundle of rank n on C,
with fibres isomorphic to Kn. Fix the polynomial P (t) = r(t+1−g)+d and
consider the contravariant quotient functor that assigns to each K–scheme,
X, the set of isomorphism classes of quotients OnC×X → F → 0, such that
F is flat over X with relative Hilbert polynomial P (t). Two quotients,

OnC×X
f→ F → 0 and OnC×X

g→ F ′ → 0, are said to be isomorphic if there
is an isomorphism ϕ : F → F ′ such that ϕ ◦ f = g.

This quotient functor is representable by a projective K-scheme ([15, 1.5]
or [8]), the Grothendieck Quot scheme, Q(n, r, d), having a universal prop-
erty: families of quotients, as above, are functorially in one to one correspon-
dence with morphisms X

f→ Q(n, r, d) of K–schemes. The universal prop-
erty is associated to a universal family of quotients OnC×Q(n,r,d) → E → 0,
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such that a family of quotients, defined on C×X, is the pullback by 1C ×f
of the universal family.

In particular, if q ∈ Q(n, r, d) is a point, the restriction of the universal
family to C×{q} is the quotient of OnC parameterized by q. We will denote
by

0→ Nq → OnC → Eq → 0

the exact sequence obtained from the quotient parameterized by q.
The group GL(n) acts on Q(n, r, d) because each g ∈ GL(n) is an auto-

morphism of OnC , and can be composed with a quotient, On f→ E → 0, to
give a new quotient f ◦ g.

The tangent space to Q(n, r, d) at a point q can be identified with
H0(N∨q ⊗ Eq), and the obstruction space with H1(N∨q ⊗ Eq), a fact we
will use later on.

We will denote by π the natural map from Q(n, r, d) to Jacd(C), sending
the point q to the top exterior power of N∨q .

The scheme Q(n, r, d) is a natural compactification of the scheme
M(n, r, d), parameterizing morphisms of degree d from C to the Grass-
mannian Gr(r, n) of r-dimensional quotients of Kn, because M(n, r, d) is
just the open subscheme parameterizing locally free quotients. The open
set M(n, r, d) is clearly invariant by the action of GL(n) on Q(n, r, d).

If the genus of C is 0, the scheme Q(n, r, d) is irreducible and smooth,
and for higher genus it is known that, for d large enough, Q(n, r, d) is
irreducible and generically reduced [2, Theorem 4.28]; in the next lemma
we will compute an explicit bound, and we follow, just for the proof of the
lemma, the notations of that paper.

Then,MQ(d, n− r, n) is, as in [2], a compactification, defined as a Quot
scheme, of the space of maps from the curve C to the Grassmann variety
of linear subspaces of dimension n− r in Kn. We denote, in the rest of the
paper, this same scheme by Q(n, r, d).

Lemma 2.1. The schemeMQ(d, r, n), for g, r ≥ 1, is irreducible and gener-
ically reduced of dimension nd− r(n− r)(g − 1) whenever

d > f(g, r, n) :=


2g − 1 for r = 1
nr−1

(r−1)! (2g − 1)−
(

nr−1

(r−1)!

r−1∑
k=1

k!
nk

)
(g − 1) for r ≥ 2

Proof. Assume, according to [2, Theorem 4.28], that f(g, r, n) is a function
such thatMQ(d, r, n) is irreducible and generically reduced of the expected
dimension, nd− r(n− r)(g − 1), for all d ≥ f(g, r, n). This function is not
explicitly computed in [2], and its existence is proved inductively. Since
every component of the Quot scheme always has, at least, the expected
dimension nd − r(n − r)(g − 1) (cf. [8]), the result follows if we find a
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lower bound for d such that any possible component of the complement
MQ(d, r, n) \ Ms

Q(d, r, n) (cf. [2] for the notation) has dimension smaller
than nd− r(n− r)(g − 1).

As part of the proof of [2, Theorem 4.28], it is shown that if r > 0 and d ≥
r(2g − 2) are integers such that for all non–negative integers dq, ds, rq, rs
satisfying the conditions

ds + dq = d, rs, rq > 0, rs + rq = r, and dsrq − dqrs > 0 (2.1)

we have

n(f(g, rq, n)− dq)− (dsrq − dqrs)− rsrq(g − 1) < 0, (2.2)

then Q(n, r, d) is irreducible and generically reduced of the expected dimen-
sion.

We are assuming here that we know the function f(g, rq, n) for rq < r,
and we need to find f(g, r, n) such that for d > f(g, r, n) and all the possible
choices as in (2.1) the inequality (2.2) holds.1

Starting with the observation that for r = 1 and any n, MQ(d, 1, n)
has these properties as soon as d > 2g − 1, we will compute bounds for all
ranks r.

For fixed g and n, let us define fr := f(g, r, n). The sequence fr has to
satisfy, under the conditions (2.1), the inequality (2.2), i.e.,

n(frq
− dq)− rsrq(g − 1) + dqr < drq . (2.3)

For (2.3), it is sufficient (as r < n) to obtain the inequalities

nfrq − rsrq(g − 1)
rq

< d . (2.4)

We determine the largest fraction on the left hand side of (2.4). Let us
denote by

F (m) := n
fm
m
− (r −m)(g − 1)

one of these fractions. Then

F (m)− F (m− 1) = n

(
m(fm − fm−1)− fm

m(m− 1)

)
+ (g − 1) . (2.5)

If
m(fm − fm−1) ≥ fm, (2.6)

1Note that the expression (2.2), as it appears in the proof of [2, Theorem 4.28] (lines
12 and 13 from the bottom of p. 558), has a misprint that we have corrected (rq instead
of dq in the first term).
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the expression (2.5) is non–negative, and so the largest fraction in (2.4) is
F (r−1). Moreover, the condition d > F (r−1) would imply the inequalities
(2.4) and then (2.2) as wanted. If we take

fm = n
fm−1

m− 1
− (g − 1) ,

and f1 = 2g − 1, this recursion has a solution:

fm =
nm−1

(m− 1)!
(2g − 1)−

(
nm−1

(m− 1)!

m−1∑
k=1

k!
nk

)
(g − 1)

for anym ≥ 2. This sequence is increasing inm and satisfies (2.6). Moreover
fr ≥ r(2g − 2). Then, we can take f(g, r, n) := fr and the lemma holds.

q.e.d.

As MQ(d, n − r, n) = Q(n, r, d), in the statement of Theorem 1.1, we
should take b1(g, r, n) := f(g, n− r, n) + 1, with f as defined above.

3 Divisor class group of the Quot scheme

In this section, we compute the divisor class group of the Quot scheme
Q(n, r, d), for curves C of arbitrary genus.

The computation, as remarked in the introduction, uses [7, Proposi-
tion 1.8 & Theorem 3.3], and, through Bifet’s result ([4]), the theorem of
Bialynicki-Birula.

3.1 Reduction to the scheme of morphisms
Let ∆ := Q(n, r, d) \ M(n, r, d) be the boundary of the compactification
Q(n, r, d) of M(n, r, d). The information we need about ∆ is contained in
the proof of [1, Theorem 1.4] where it is proved that there is a stratification
of the boundary

∆ =
⋃

0<m≤d

Bm.

such that each stratum Bm, parameterizing quotients with torsion of degree
m, is a fibre bundle on M(n, r, d −m) with irreducible fibres of dimension
(n− r)m.

Lemma 3.1. If d > b1(g, r, n) then, for r > 1 the codimension of ∆ in
Q(n, r, d) is at least 2, and, for r = 1, ∆ has an unique component of
codimension one.

Proof. We use the bound b0(g, r, n) := f(g, n−r, n) computed in Lemma 2.1;
note that b1(g, r, n) = b0(g, r, n) + 1. Let us estimate the dimension of Bm.
We consider two cases.
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Case 1. If d−m > b0, the schemeM(n, r, d−m) is irreducible by Lemma 2.1
and we have

dim(Bm) = n(d−m)− r(n− r)(g − 1) + (n− r)m
= nd− r(n− r)(g − 1)− rm

Then, if r = 1, the stratum B1 has codimension 1, and the other strata are
of higher codimension. For r ≥ 2, all the strata are of codimension greater
than one.

In addition, B1 is irreducible because M(n, 1, d − 1) is irreducible and
B1 is a fibre bundle on it.
Case 2. If d − m ≤ b0, the scheme M(n, r, d − m) can have dimension
greater than expected (i.e., (d − m)n − r(n − r)(g − 1)) and we need a
different argument. If b0 is not an integer, we replace it by its integer part.
Let us denote by b̃0 the integer b0 + 1.

Let m̃ be the integer, satisfying 0 < m̃ ≤ b̃0, defined as b̃0 − d+m, and
consider the proper subschemes B′m̃ of the irreducible scheme Q(n, r, b̃0),
that, therefore, have dimension at most

b̃0n− r(n− r)(g − 1)− 1 .

They are fibre bundles on M(n, r, b̃0−m̃) with irreducible fibres of dimension
m̃(n− r). Then we get the bound

dim(M(n, r, b̃0 − m̃)) ≤ b̃0n− r(n− r)(g − 1)− 1− m̃(n− r). (3.1)

Returning to the computation of the dimension of Bm ⊂ Q(n, r, d), we
obtain, from (3.1), the bound

dim(Bm) ≤b̃0n− r(n− r)(g − 1)−1−(b̃0− d+m)(n− r) +m(n− r)

= nd− r(n− r)(g − 1)− 1− r(d− b̃0)

and, then, the codimension of Bm in Q(n, r, d) is at least (d− b̃0)r + 1. As
d− b̃0 ≥ 1 we also get, in this case, codim(∆, Q(n, r, d)) ≥ 2. q.e.d.

3.2 Filtration of Harder–Narasimhan
In our computation of the divisor class group of Q(n, r, d) we are going to
use that its singular locus is contained in a subvariety of codimension at
least 2. This is a consequence of a result proved by Kirwan [10], that uses
the notion of Harder–Narasimhan type. For the sake of completeness, we
briefly recall the meaning of this concept.
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Let E be a vector bundle, of rank r and degree d, on a curve C. The
bundle E is semistable if for any vector subbundle E1, with degree d1 and
rank r1, we have

d1

r1
≤ d

r
.

Every vector bundle E has a canonical filtration, the Harder–Narasimhan
filtration, 0 ⊆ F1 ⊆ · · · ⊆ Fs = E with semistable quotients Dj = Fj/Fj−1,
such that

dj
rj

>
dj+1

rj+1
for 1 ≤ j ≤ s− 1.

The degrees dj and ranks rj of the quotients Dj determine the type µ of
the vector bundle E, defined as the vector (d1/r1, . . . , ds/rs) in which each
ratio dj/rj appears rj times. We will say that µ is a (r, d) type. Define the
integer dµ associated with the type µ as

dµ =
∑
i>j

(ridj − rjdi + rirj(g − 1)).

The following result was proved by Kirwan using deformation theory
[10, Lemma 3.9 & Corollary 6.6].

Proposition 3.2.

1. Given any positive integer k, if d is greater than or equal to

r
(

2g + max
{
k, 1

4 r
2g
})
,

there exists a finite set U of (r, d) types such that if µ /∈ U then

dµ > k

and if E is a vector bundle of type µ ∈ U , then

H1(C,E) = 0.

2. The locus of points, in M(n, r, d), corresponding to vector bundles of
fixed type µ is contained in a subvariety of complex codimension at
least

dµ − n2g.

Let M0 be the open subset of M(n, r, d) defined by

M0 := {q ∈M(n, r, d) | H1(C,N∨q ) = 0} ⊂M(n, r, d).

As the obstruction space at a point q can be identified with H1(N∨q ⊗Eq),
we see that M0 is contained in the set of smooth points of M(n, r, d).
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Corollary 3.3. If d ≥ b2(g, r, n) := (n− r)(2g + 2 + n2g), M(n, r, d) \M0

has codimension at least two in M(n, r, d).

Proof. Proposition 3.2 applied to the vector bundle N∨q , with k ≥ 2 + n2g
and d ≥ (n − r)(2g + k), proves that M(n, r, d) \M0 has codimension ≥ 2
in M(n, r, d). q.e.d.

3.3 Transversality
Consider now the following diagram of quotients of OnC :

OnC //

��

E // 0

On−rC

��
0

where the vertical quotient On−rC is a trivial vector bundle, W ⊗ OC , for
W a quotient vector space, of dimension n − r, of V := H0(OnC); and the
horizontal one, E , is a sheaf of rank r and degree d. We can complete the
diagram composing maps and taking kernels or cokernels:

0

��

0

��
0 // N ′

��

// OrC

�� !!CCCCCCC

0 // N

Ψ
DDDD

""DDD

// OnC
p
��

q // E

��

// 0

On−rC

��

// C

��

// 0

0 0

(3.2)

Definition 3.4. We will say that the quotient q is generically transverse to
the projection p if for general x ∈ C the fibres P(Ex) and P(On−rC,x ), of P(E)
and P(On−rC ), do not intersect inside P(OnC,x).

Here P(·) denotes the projective bundle of hyperplanes in the fibres of E ,
and, therefore, P(E) and P(On−rC ) inject into P(OnC).

Lemma 3.5. The quotient q is generically transverse to the projection p if
and only if the map Ψ, in diagram (3.2), is an injection of sheaves.
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Proof. The definition of generical transversality is equivalent to C being a
torsion sheaf. As the rank of N is n − r, C is torsion if and only if N ′ is
also a torsion sheaf, but as N ′ is a subsheaf of a torsion free sheaf, OrC , N ′

must be zero. q.e.d.

To prove the transversality lemma that we need (Lemma 3.7), we will use
a result on the irreducibility of the fibres of certain equivariant morphisms.
Specifically,

Lemma 3.6. Let X and Y be irreducible varieties acted on by a connected
algebraic group G. Assume that the action of G on Y is transitive and that
its stabilizers are irreducible. Then, the fibres of an equivariant map, f ,
from X to Y are irreducible of dimension dim(X)− dim(Y ).

Proof. To begin with, every component of the general fibre has dimension
equal to dim(X)−dim(Y ) (cf. [13, Chapter I, Theorem 7]), but all the fibres
are isomorphic, with isomorphisms given by multiplication by elements of
the group G. It only remains to be proved that the fibres are irreducible.

Let Xi ⊂ X, i = 1, 2, . . . , k, be the irreducible components of the fibre
of f over a point y0 ∈ Y , and consider the image Mi of the multiplication
map G × Xi

µi→ X. The sets Mi are constructible, that is, finite disjoint
unions of locally closed sets.

Let us consider the commutative diagram of G-equivariant maps

G×Xi µi //

fi

<<<<<

��<<<<<<

X

f

��
Y

with G acting on G×Xi by multiplication on the first factor and trivially
on the second.

The fibre, Fy0 , of fi over the point y0 ∈ Y is isomorphic to Gy0 × Xi,
with Gy0 the stabilizer of y0. Specifically, Gy0 ×Xi injects into G×Xi, and
we need to check that the injection has image Fy0 : let (g0, xi) be a point in
the fibre; we have y0 = f(g0 · xi) = g0 · y0, and, therefore, g0 ∈ Gy0 .

Now, we can identify a nonempty fibre of µi, Fxi , over a point xi ∈
Xi\

⋃
j 6=iXj and lying over y0, with Gy0 . The point (1, xi) ∈ Fy0 = Gy0×Xi

belongs to Fxi
. Let (h, x′i) be another point of Fxi

; this means that h·x′i = xi
or h−1 · xi = x′i. We define the map we need as

Gy0
Φ−→ Fy0 = Gy0 ×Xi

h 7→ (h, h−1 · xi)
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and we still have to check that h−1 · xi ∈ Xi. In order to prove this, we
observe that the orbit of xi by Gy0 is irreducible, and then, containing a
point xi ∈ Xi \

⋃
j 6=iXj , should be completely contained in Xi. The map

Φ is an isomorphism between Gy0 and Fxi , and the dimension of Fxi equals
dim(G)− dim(Y ).

Furthermore, the image Mi of µi must contain a nonempty open subset
Ui ⊂ X; otherwise, the image would be contained in a proper closed subset,
contradicting the existence of a fibre, Fxi

, of dimension equal to

dim(G×Xi)− dim(X) = dim(G)− dim(Y ).

Let U ⊂ X be the intersection of U1 and U2, and X ′ the intersection
of U with an irreducible component of a fibre of f . Then, there are, by
construction, open sets X ′i ⊂ Xi, i = 1, 2, and elements g1, g2 ∈ G such
that g1 ·X ′1 = X ′ = g2 ·X ′2. This implies that g−1

2 · g1(X ′1) = X ′2, and then
that h := g−1

2 · g1 ∈ Gy0 , but the image of X ′1 by multiplication by h has
to be, as we have shown above, contained in X1. This contradiction proves
the lemma. q.e.d.

Let Mgt ⊂M(n, r, d) be the open subset parameterizing quotients gener-
ically transverse to a given projection OnC

p−→ On−rC → 0.

Lemma 3.7. For d > b1(n, r, g) we have

codim(M(n, r, d) \Mgt,M(n, r, d)) ≥ 2.

Proof. Let us denote by Gr(r, n) the Grassmann variety of r-dimensional
quotients of Kn, and by H ⊂ Gr(r, n) its hyperplane section parameterizing
quotients whose projectivization intersects P(W ) nontrivially.

The linear group GL(n) acts on M(n, r, d), transitively on Gr(r, n), and
trivially on the curve C, and the natural map of evaluation

C ×M(n, r, d) ν−→ Gr(r, n),

is equivariant. Denote by Γ ⊂ C ×M(n, r, d) the inverse image by ν of H.
By Lemma 3.6, Γ is irreducible of codimension one.

The locus M(n, r, d) \Mgt is the set of points m ∈M(n, r, d) such that
the dimension of π−1

2 (m), with π2 the projection of Γ over M(n, r, d), is
one. The map π2, restricted to Γ, is generically finite of degree d because
the fibre over m ∈ M(n, r, d) consists of the pairs (x,m) ∈ C ×M(n, r, d)
such that ν(x,m) ∈ H. Note that {x : ν(x,m) ∈ H and m ∈ Mgt} is
the support of the sheaf C in the diagram (3.2). Therefore, there is an
exceptional locus Z $ Γ of codimension at least one and such that the
restriction of π2 to Z has fibres of dimension one. Then, the image of Z
by π2, which coincides with the locus M(n, r, d) \Mgt, has codimension at
least two in M(n, r, d). q.e.d.
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3.4 The divisor class group of Q(n, r, d)
In order to finish the computation, we will need some results of [9] and [4].
Assume d > max{b1(g, r, n), b2(g, r, n)}.

To begin with, let us fix a projection OnC −→ O
n−r
C → 0. The transver-

sality result, contained in the previous subsection, produces an open set
Mgt ⊂ M(n, r, d) parameterizing quotients generically transverse to the
chosen projection. For each point q ∈Mgt we get, by Lemma 3.5, an exact
sequence

0→ Nq −→ On−rC −→ Tq → 0, (3.3)

where Tq is a torsion sheaf of degree d, and hence is represented by a point
of the scheme Q := Q(n−r, 0, d) parameterizing torsion quotients, of degree
d, of On−rC . Note that Q is projective and smooth, of dimension (n− r)d.

Thus, by the universal property of Q, we get a morphism Mgt
f−→ Q.

For each point q ∈ Q there is an exact sequence

0→ Nq
ϕq−→ On−rC −→ Tq → 0,

which coincides with (3.3) if q = f(q), and we define Q0 ⊂ Q as the open
set where H1(N∨q ) = 0. This set is nonempty as soon as d is greater than
g(n− r).

Lemma 3.8. For k ≥ 2 + g(n− r)2 and d ≥ (n− r)(2g+ k), we have that:

codim(Q \ Q0,Q) ≥ 2.

Proof. Just observe that Q \ Q0 is the image by f of Mgt \M0
gt, that, by

Corollary 3.3, is of codimension at least 2. q.e.d.

Now we see that f−1(Q0) can be identified with an open set, U , in a
vector bundle, and the projection map of this vector bundle, restricted to
U , coincides with f . Specifically, the vector bundle V−→Q0 has fibre over
the point q isomorphic to Hom(Nq,OrC), and a natural embedding, j, into
Q(n, r, d): to define j, at the point corresponding to an homomorphism
ψq ∈ Hom(Nq,OrC), take as image the point corresponding to the quotient,

not necessarily locally free, of Nq
ψq⊕ϕq−→ OrC ⊕O

n−r
C .

The situation can be summarized in the diagram given in Figure 1 where
V and M(n, r, d) are birationally equivalent through Υ:= j |j−1(M(n,r,d))

.
Furthermore, using the notations M0 (or: M0

gt) to refer to the open set
in M(n, r, d) where H1(N∨q ) = 0 (or: H1(N∨q ) = 0 and the quotients are
generically transverse to the chosen projection), we have

Q(n, r, d) \ V ⊂ (Q(n, r, d) \M(n, r, d)) ∪ (M(n, r, d) \M0) ∪ (M0 \M0
gt)



12 R. Hernández, D. Ortega

V











~~~~~~~~~~~

Υ //
+ �

j

((
M(n, r, d) � � // Q(n, r, d)

f−1(Q0)

��

� � //
+ �

88rrrrrrrrrrrr
Mgt

- 

;;wwwwwwwww

f

��
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Figure 1.

and, for d > max{b1(g, r, n), b2(g, r, n)} and r 6= 1, the irreducible compo-
nents of the sets in the right hand side are, by Lemma 3.1, Corollary 3.3
and Lemma 3.7, of codimension at least 2. This allows us to conclude that,
if r 6= 1,

Cl(Q(n, r, d)) = Pic(V). (3.4)

If r = 1, Q(n, r, d) \M(n, r, d) has an irreducible component of codi-
mension 1 having an open set B1 parameterizing quotients with a torsion
of degree 1. We claim that, assuming n ≥ 3, B1 has nonempty intersec-
tion with V, and, thus V will contain an open set of B1 and, again, we get
codim(Q(n, r, d) \ V, Q(n, r, d)) ≥ 2.

To prove the claim, let us begin with a general point q ∈M(n, 1, d−1)0,
parameterizing a quotient OnC → Lq → 0 with kernel Nq, and corresponding
to a generically injective map C

gq→ Pn−1.
Choose a general point x ∈ C and a general line Λ ⊂ Pn−1 containing

the point gq(x). Now, restrict the Euler sequence of Pn−1 to C ∪Λ and take
the direct image by the map from C ∪ Λ to C sending Λ to x. We get in
this way an exact sequence on C

0→ N ′ → OnC → Lq ⊕ T → 0, (3.5)

with T a torsion sheaf of degree 1 supported on x, and such that composing
the quotient with the projection to Lq we get the quotient parameterized
by q. The kernel N ′ injects into Nq, with quotient T , and, then, we get,
taking cohomology, H1((N ′)∨) = 0.

Finally, we change, if necessary, the projection OnC
p−→ On−1

C → 0 in
order to get that the quotient q′ ∈ B1 given by the sequence (3.5) is generi-
cally transverse to the new projection. The change of p will change the open
set Mgt, but does not change the vector bundle V nor the map j. Then, q′

is in the image by j of V, and the claim has been proved.
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Moreover, the proof of Theorem 1.1 has been reduced to the computation
of the Picard group of the vector bundle V→ Q0.
Recall that Q is Q(n− r, 0, d).

Lemma 3.9. We have, for d > 2g + 1,

Pic(V) = Z⊕ Z⊕ Pic(Jacd(C)) if 1 ≤ r < n− 1 (3.6)

Proof. We know, by Lemma 3.8 and applying [7, Thm. 3.3], that

Pic(V) = Pic(Q0) = Pic(Q).

In order to compute Pic(Q), we use [4], where a decomposition of Q is
obtained (using [3]) with each stratum isomorphic to a vector bundle, of
known rank, on a product of symmetric powers of C.
Claim [4, Corollary, p. 611]. Let C be a projective smooth curve. There is a
smooth decomposition (Sd) ofQ, indexed by the partitions d = (d1, . . . , dn−r)
of d. Each stratum Sd is isomorphic to a vector bundle on C(d1) × · · · ×
C(dn−r) and it has rank rd =

∑
1≤i≤n−r(i− 1)di.

As a consequence, we have in Q a dense open U := Sd, for d =
(0, . . . , 0, d), which is a vector bundle on C(d). Thus (for d > 2g + 1)

Pic(U) = Pic(C(d)) = Z⊕ Pic(Jacd(C)).

Moreover, if r 6= n − 1, there is a unique stratum in the decomposition of
Q having codimension 1, namely

Z := Sd, for d = (0, . . . , 1, d− 1).

Then, the Picard group of Q is in an exact sequence (cf. [7, Proposition 1.8])

0→ Z[Z]→ Pic(Q)→ Pic(U)→ 0, (3.7)

that is exact on the left because, by projectivity of the variety Q, there are
no effective torsion classes in its Picard group.

Furthermore, we claim that the sequence splits. To prove the claim just
observe that the second and third groups in the sequence contain isomorphic
copies of Pic(Jacd(C)):

0 // Z[Z] // Pic(Q) // Pic(U) // 0

Pic(Jacd(C))

π∗

ddIIIIIIIII π∗

::uuuuuuuuu
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with π the natural map from Q to the Jacobian, sending each quotient to
the top exterior power of its kernel dualized. Taking the quotient, in both
groups, by Pic(Jacd(C)), and using Pic(U) = Z⊕ Pic(Jacd(C)), we get

0

��

0

��
Pic(Jacd(C))

��

Pic(Jacd(C))

��
0 // Z[Z] // Pic(Q) //

��

Pic(U) //

��

0

0 // Z // Pic(Q)/Pic(Jacd(C)) //

��

Z //

��

0

0 0

with the sequence at the bottom split. Now, the extension class of the
vertical sequence on the right is zero, and, therefore, the class of the vertical
middle sequence is also zero. q.e.d.

This completes the proof of Theorem 1.1. The proof of the theorem also
shows that

Cl(M(n, r, d)) =

{
Z⊕ Pic(Jacd(C)) if r = 1, n− 1
Z⊕ Z⊕ Pic(Jacd(C)) if 1 < r < n− 1

(3.8)

if d > max{b1(g, r, n), b2(g, r, n)}.
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