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Abstract

In this study, we obtain explicit forms of the sum of entries, the maximum column sum matrix
norm, the maximum row sum matrix norm, Euclidean norm, eigenvalues and determinant of
k-circulant matrix with the generalized third-order Jacobsthal numbers. We also study the
spectral norm of this k-circulant matrix.
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1 Introduction

During this section, we first recollect definitions and some properties of the generalized third order
Jacobsthal sequence. A generalized third order Jacobsthal sequence {V,, }n>0 = {Vi(Vo, V1, V2) fn>0
is defined by the third-order recurrence relations

Vo=Vu 1+ Vuo+2V,_3 (11)

with the initial values Vo = ¢o, V1 = ¢1, Vo = ¢o where ¢, ¢; and ¢y are arbitrary real numbers (not
all being zero).
The sequence {V,,}»>0 can be extended to negative subscripts by defining

1 1 1
Vo= —5Veimn) = 5Ve2) + 5Votmos)

for n =1,2,3,.... Thus, recurrence (1.1) holds for all integer n.
Binet’s formula of generalized third order Jacobsthal numbers can be given as

pro” p2B" p3y"
Vv, = 1.2
@ Aa-  B-aB-7  G-a)—5) (12)
where
pro= Va—(B+Vi+BVo=Vod? + (Vi —Vo)a+ (Vo — Vi — Vo) = qi,
pr = Va—(a+y)Vi+ayVo=VoB2+ (Vi = Vo)B+ (Vo — Vi — Vo) = qo,
ps = Va—(a+B)Vi+apVo=Voy* + (Vi = Vo)v+ (Va— Vi — Vo) = gs.
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3 2

Note that «, 8 and ~ are the roots of the cubic equation z° — z* — x — 2 = 0. Moreover

143 —1-iVB

5 7 2

a=2p0
And then

atf+y=LlLaf+ay+py=—-Lapy=2

Now, we present four special cases of the generalized third order Jacobsthal sequence {V,,}.

Third order Jacobsthal sequence {J,}n>0, third order Jacobsthal-Lucas sequence {j,}n>0,
modified third order Jacobsthal-Lucas sequence {K, },>0, third order Jacobsthal-Perrin sequence
{@n}n>0 are defined, respectively, by the third-order recurrence relations

Jnts = Jngot+Jns1+20,,Jo=0,J1=1,Jo =1, (1.3)
Jn+3 = Jnt+2 T Jn+1+2jn.Jo =2,51 =1,j2 =5, (1.4)
Koi3 = Kpjo+Kny1 +2K,,Kg=3,K1=1,Ky =3, (1.5)
Qnis = Qni2+ Qui1 +20Qn,Qo=3,Q1=0,Q2 =2. (1.6)

The sequences {J, }n>0, {Jn}n>0, {Kn}n>0 and {Qn }n>0 can be extended to negative subscripts
by defining

J_, = _%Jf(nfl) - %J,(n,g) + %Jf(n—?))v
Jon = —%jf(nfl) - 57?(71*2) + %j*(”*‘%)’
K., = *%K—(n—l) - %K—(n—2) + %K—("—i”)’
PR P P A

for n =1,2,3,... respectively. As a result, recurrences (1.3)-(1.6) hold for all integer n.

For more details on the generalized third order Jacobsthal numbers, see Cook and Bacon [3] and
Polath and Soykan [13]. Note that J,, is the sequence A077947 in [18] associated with the expansion
of 1/(1 —x — 2% —22?), j, is the sequence A226308 in [18] and K, is the sequence A186575 in [18]
associated with the expansion of (1 + 2z + 622%)/(1 — z — 22 — 223) in powers of x.

The following Theorem shows sum formula of generalized third-order Jacobsthal numbers.

Theorem 1.1. Let x be a nonzero complex number. For n > 0, we have the following formulas:
If 223 + 22 + 2 — 1 # 0, then

- o 91(»’”)
)

where
O1(z) = 2" 3V, 3 — (22 42— 12" V1 — (2 —1)2" 2V, o — 2 Vot a(z — 1)V + (22 +2 - 1)V,
O(z) =22 + 22 + 2 — 1.
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Proof. Take r =1,s =1,t =2 in [19], Theorem 2.1. (a). Q.E.D.
The following Theorem gives sum formulas of generalized third-order Jacobsthal numbers.
Theorem 1.2. For n > 0, we have the following formulas:
(@) Yo Vi=5(Vars = Vorr = Va + Vo).
(b) Y7 iV = 2(nVnys — Vago — (n41) Vigq + Vo + V4).
L

(€) Y V2= &((6n+35) V2 5+ (18n+90) V2, + (24n +101) V2, — 6 (3n+ 16) Vyi3Viio —
4 (3n + 16) Vn+3Vn+1 + 12V 2V — 29V — 72V2 — TTVE + 78V V1 + 52Va Vg — 12V114).

(d) Y V2 = 1323((63n + 1980 — 4076)V,2,, + 9(21n2 + 31n — 1381)V,2,, + (252n2 — 27n —
16583)V;2,; — 9(21n2 + 451 — 1366)Vy,13Vy 10 — 2(63n2 + 1350 — 4070) Vi, 45 Vi 1 + 12(21n +
19) Vo Vii1 + 4211V + 12519V + 16304V;2 — 1251014 Vs — 8284V Vy + 24V4 Vj).

Proof. (a) Take z = 1,r = 1,s = 1,t = 2 in [19], Theorem 2.1. (a) or take r = 1,5 = 1,t = 2 in
[21], Theorem 2.1. (a).

(b) Take x = 1,7 = 1,s = 1,t = 2 in [23], Theorem 2.1. (a) or take r = 1,s = 1,t = 2 in [24],
Theorem 2.1. (a).

(c) It is given in [20], Theorem 4.22 (a).
(d) It is given in [22], Theorem 3.4. (a).

Q.E.D.

Note that, using the recurrence relation V135 = V419 + V41 + 2V, we can write the above
theorem as follows.

Theorem 1.3. For n > 0, we have the following formulas:
(a) Z?:O ‘/1 = %(Vn+2 + 2Vn - ‘/2 + %) = O
(b) i oiVi=2((n—1)Vayo — Va1 + 20V, + Vo + V1) = 2

(€) S0 V2 = L((6n+29)V2,5 + 18(n + V2, + 4(6n + 35)V2 — 4(3n + 13) V42V — 6(3n +
13)Vn+2Vn+1 + 12ann+1 — 29‘/22 — 72V12 — 77V02 + 7T8VL Vi + 52V Vy — 12V1V0) = =t
(d) Y"giV2 = - ((63n2 + 720 — 4211)V2,, + 9(21n? — 11n — 1391)V2,, + 4(63n% + 1980 —

4076)V,2 — (21n +3n—1390)V,, 42 Vi1 — 2(63n% +9n — 4142)V,, 1oV, +12(21n — 2) V11 Vi +
4211V + 12519V + 16304V — 1251017 Vo — 828415V, + 24V 1) = &

From the last Theorem, we get the following corollary which gives sum formulas of third-order
Jacobsthal numbers (take V,, = J,, with Jy =0,J; =1,J2 = 1).

Corollary 1.4. For n > 0, third-order Jacobsthal numbers have the following properties:

(@) Yo Ji= %(Jm-z +2J, - 1).
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(b) > gidi = 2((n— 1) Jpgo — Jug1 + 2ndy, + 2).

(€) S0y J2 = L((6n +29)J2,, + 18(n + 4)J2,, + 4(6n + 35).J2 — 4(3n + 13)Jn2n — 6(3n +
13)Jn+2J +1+ 120, Jh41 — 23)

(A) Y1 iJ? = 1o (6302720 —4211).J2 +2+9(21n —11n—1391)J2, , +4(63n2+198n—4076) J2 —
9(21n2 + 3n — 1390)Jps0nr1 — 2(630% + 9n — 4142) Ty + 12(210 — 2)Jp 1], + 4220).

Taking V,, = j, with jo = 2,41 = 1, j2 = 5 in the last Theorem, we obtain the following corollary
which presents sum formulas of third-order Jacobsthal-Lucas numbers.

Corollary 1.5. For n > 0, third-order Jacobsthal-Lucas numbers have the following properties:
(a) Yilodi = g(int2 +2jn — 3).
(b) Zz =0 1j; = %((TL - 1)jn+2 — Jnt1+ 2nj, + 6)

(€) Yigii = g5((6n +29)j2,5 + 18(n + 4)j2 1 + 4(6n + 35)j2 — 4(3n + 13)jni2jn — 6(3n +
13)jpt2dn+1 + 120njnt1 — 219).

(d) Y ij? = 555 ((63n2+72n—4211)52 5, +9(21n? —11n—1391);2 | +4(63n?+198n—4076) 2 —
9(21n% + 3n — 1390)j, 1 20ns1 — 2(63n2 4+ 9n — 4142) 5,255 + 12(21n — 2)jp 410 + 37668).

From the last Theorem, we get the following corollary which gives sum formulas of modified
third-order Jacobsthal-Lucas numbers (take V,, = K,, with Ko =3, K1 = 1, Ky = 3).

Corollary 1.6. For n > 0, modified third-order Jacobsthal-Lucas numbers have the following
properties:

(a) Yo Ki = 3(Kni2 +2K,,).
(b) Z;LZO ZKZ = l((n - 1)KTL+2 - Kn+1 + 2nKn + 4)

(€) Y0y K2 = L((6n+29)K2,, +18(n+4)K2,, +4(6n+35)K2 — 4(3n+13) K,y 42K, — 6(3n +
13)Kn+2Kn+1 + 12K, K41 — 360)

(d) S iK2 = 2 ((63n2 + 72n — 4211) K2, + 9(21n® — 11n — 1391) K2, | + 4(63n* + 198n —
2076) K2 —9(21n2-+3n—1390) Ky K n 11— 2(630%+9n—A142) K 42 Ky +12(210—2) K41 Ko+
85140).

Taking V,, = @, with Qo = 3,Q1 = 0,Q2 = 2 in the last Theorem, we have the following
corollary which gives sum formulas of third-order Jacobsthal-Perrin numbers.

Corollary 1.7. For n > 0, third-order Jacobsthal-Perrin numbers have the following properties:
(@) Y Qi = 3(Qniz +2Qn +1).
(b) Zz =0 ZQZ - ((TL - I)Qn+2 Q71+1 + 2nQn + 2)

(c) Zi:o Q? ((Gn +29)Q? mio+18(n+ 4)Q? ny1 +4(6n+ 35)Q2 — 4(3n +13)Qpn12Qn — 6(3n +
13)Qn+2Qn+1 + 12QnQn+l - 497)

(d) S0, iQ? = 2= ((63n + 72n — 4211)Q2 ., + 9(21n — 11n — 1391)Q2.,, + 4(63n? + 198n —
4076)Q2 —9(21n%+3n—1390)Qpr2Qns1—2(63n%+9n—4142)Qp 4 2Qn +12(21n—2)Qr s 1 @+
113876).
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2 Main results

Here, we call to mind some information on k-circulant matrix and Frobenius norm, spectral norm,
maximum column length norm and maximum row length norm. Let n > 2 be an integer and k be
any real or complex number. An n x n matrix C = (¢;j) € My xn(C) is called a k-circulant matrix
if it is of the form

Co C1 C2 o Cp—2 Cpn—1
kcn—1 ¢ €1+ Cp—3  Cp—2
kcn_o ken_1 ¢ - Cpn—4 Cp-3

Cr =

]{JCQ k‘Cg kJC4 tee Co C1

kc1 k‘CQ k‘Cg ce k‘Cn_1 Co

nxn

k-circulant matrix Cy is denoted by Cj = Circg(co,c1y vy Cn_1).

If £ = 1 then 1-circulant matrix is called as circulant matrix and denoted by C' = Clire(co, 1, .., Cn—1)-
Circulant matrix was first proposed by Davis in [5].

The Frobenius (or Euclidean) norm and spectral norm of a m x n matrix A = (a;j)mxn €
M, % (C) are defined respectively as follows:

1/2

m n 1/2
_— 4v2 —_— . *
Al = | S| and 4l = (max (4]

i=1 j=1

where \;(A*A) ’s are the eigenvalues of the matrix A*A and A* is the conjugate of transpose of
the matrix A. The following inequality holds for any matrix A = (ai;)mxn € Mnxn(C) (see [29],
Theorem 1 and Table 1):

1
7n 1Al < All; < 1Al - (2.1)

It follows that
1Al < 1Al < VR llAll, -

In literature there are other types of norms of matrices. The maximum column sum matrix

norm of n x n matrix A = (a;;) is [|Al|; = max i laij| and the maximum row sum matrix
<<
norm is ||A| . = = max > i1 laij| . The maximum column length norm ¢;(A) and the maximum

row length norm r1(A) of m x n matrix A = (a;;) are defined as follows:

1/2

1/2
@)= (Za”'> nd )= g, Z\awl

There is a relation between .||, , ¢i(.) and 71(.) norms:

Lemma 2.1. [9] For any matrices A = (a;j)mxn € Mmxn(C) and B = (bi;)mxn € Mmxn(C), we
have
[Ao B, <ri(A)ei(B)
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Name of sequence Papers
second order] second order]
Fibonacci, Lucas [6, 7, 12]
Pell, Pell-Lucas [1, 25]
Jacobsthal, Jacobsthal-Lucas [14, 26, 27, 28]
third order] third order]
Tribonacci, Tribonacci-Lucas (15, 16]
Padovan, Perrin [4, 11, 17
fourth order] fourth order]
Tetranacci, Tetranacci-Lucas [10]

TABLE 1. Papers on the norms.

and
Ao Blly < [IAll, 1Bl

and
[A® Bll, = [|Ally [|Bll

where A o B is the Hadamard product which is defined by
Ao B = (ai;bi;),
A ® B is the Kronecker product which is defined by
A® B = (a;;B).

For more details on norm of matrices, see for example [8]. In the following Table 1, we present
a few special study on the Frobenius norm, spectral norm, maximum column length norm and
maximum row length norm of circulant (k-circulant, geometric circulant, semicirculant) matrices
with the generalized m-step Fibonacci sequences which require sum formulas of second powers of
numbers in m-step Fibonacci sequences (m = 2, 3,4).

Now, we need the following two lemmas for our calculations.

Lemma 2.2. [2], Lemma 4. Let Cy = Circg(co,c1,...,¢n—1) be a n x n k-circulant matrix. Then

we have
n—1 ) n—1 L N
Ai(Cr) = Z krw iPe, = Z (kﬁwﬂ) p
p=0 p=0
where w = exp(27i/n) = e’ ,j=0,1,2,....,n — 1. Moreover, in this case
1 n—1 N ~ —p
= z; (k:nw ) A(CL), p=0,1,2,...,n—1.
J:

Lemma 2.3. [8] Let A be a n X n matrix with eigenvalues A1, Ao, A3, ..., A\,. Then, A is a normal
matrix if and only if the eigenvalues of AA* are [A\1[%, [A2]?, [As]”, ..., |[An|? where A% is the conjugate
of transpose of the matrix A.
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Here, we define k-circulant matrix with generalized third-order Jacobsthal numbers entries.
During this paper, the k-circulant matrix, whose entries are the generalized third-order Jacobsthal
numbers, will be denoted by C,, (V) = Circg(Vo, Vi, ..oy V1) ¢

Definition 2.4. A nxn k-circulant matrix with generalized third-order Jacobsthal numbers entries
is defined by

Cn<V>k = CiTCk(Vo,Vl,...,Vn,ﬂ (2.2)
‘/0 ‘/1 ‘/2 o Vn—2 Vn—l
kVp—1 Vo Vi o Vag Vo
= k'vn—2 kvn—l VO e Vn—4 Vn—3
i kVa KV o KVe Vo )

We call this matrix as generalized third-order Jacobsthal k-circulant matrix. We consider four
special cases of generalized third-order Jacobsthal k-circulant matrix, namely third-order Jacob-
sthal k-circulant matrix: C,(J)x = Circg(Jo, J1, ..., Jn—1), third-order Jacobsthal-Lucas k-circulant
matrix: Cp(j)r = Circi(jo,J1,---» jn—1), modified third-order Jacobsthal-Lucas k-circulant ma-
trix: Cp(K)r = Cireg(Ko, K1, ..., Kp,—1) and third-order Jacobsthal-Perrin k-circulant matrix:

Cn(Q)k = C’l:'l"Ck(QQ, Q17 weey Qn—l)
Now, we denote the sum of entries of C,, (V) as S(C,(V)i).

Lemma 2.5. The sum of entries of Cy, (V) is
1
g((lm —k+D)Voypo—(k—1DVpqp1 —knVy+(k—n—1)V,
+(k —1)Vi +nlp).

Proof. From the definition of Cy,(V)k, using Theorem 1.3, we obtain

S(Cn(V)k)

S(C,(V)g) = nVo+((n=1)+k)Vi+((n—=2)+2E)Vo+ ..+ 1+ (n—1Dk)V,_,
= ni(nfi)ViJrkniiVi
i=0 =1

n—1 n—1
= nY Vit(k=1)) iV
1=0 =1

= n (—Vn +i:v;> +(k—-1) (—nVn +zn:ﬂ/;>
1=0

i=0
1
g((kn —k+1D)Vogo—(k—1DVop1 —knV,+(k—n—1)V,
+(k—=1)Vi +nVp).

Q.E.D.

Taking Vn = Jn with JO = 0, J1 = I,JQ =1 and Vn = ]n with jo = 27j1 = 1,j2 = 5, Vn = Kn
with Ko =3,K1; =1, Ky =3 and V,, = Q,, with Qo = 3,Q1 = 0,Q2 = 2, respectively in the last
Lemma, we obtain the following corollary.
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Corollary 2.6.

(a) The sum of entries of Cy,(J)y, is
S(Crn(N)k) = 5((kn —k + 1) Jpqo — (k — 1)Jng1 — kndy, + (2k —n — 2)).
(b) The sum of entries of Cy,(j)i is
S(Cu(i)r) = 3((kn =k + 1)jny2 — (k = 1)jnt1 — kngjn + (6k — 3n — 6)).
(a) The sum of entries of C,,(K.J)y, is
S(Co(K)i) = 3((kn — k + 1)Kpy2 — (k — 1) Kypq — knk,, + 4(k — 1)).
(b) The sum of entries of C,,(Q)y, is
S(Cu(@Q)k) = 5((kn — k +1)Qni2 — (k — 1)Qni1 — knQy + (2k +n — 2)).
Here, we present the maximum column sum matrix norm ||Cy, (V)x||; and the maximum row sum

matrix norm ||Cp (V)] of the matrix C, (V)i = (a;;) under certain condition on the generalized
third-order Jacobsthal sequence V,, and k.

Theorem 2.7. Suppose that V,, > 0 for all the nonnegative integers p. Then we have the following
formulas:

If £ > 1 then
1
IC(V)klly = I1Cn(Vklloo = 5 (kVisa = kVi = kV2 = (2k = 3) Vo),

and if £ < 1 then 1
0o — g(anLQ - Vn - ‘/2 + Vb)

Proof. Suppose that k > 1. Then, from the definition of the matrix Cy, (V)i = (a;;) , using Theorem
1.3, we can write

1C(V)klly = 1Ca (V)i

n

1C.(V)kll, = gjagnz; laij] = 121?;‘"{'%‘ + lag;| + |az;| + ... + |an;|}
P

= |au1] + la21| + |az1] + ... + [ani]

= WH+EV,1+EV, o+ . . +EV3+EVa+EV;

= VW+kWVi+kVo+kVs+ ...+ kV,_ o+ EkV,_1

= (Vo—kEVo—kV,)+EVo+kVi+EVa+kVa+ ...+ kV,_ o+ kV,_1+EkV,

= (Vo —kVo—kVi) + ) KV
=0

= (Vo—kVo—kVo)+k> V;
=0

1
= (V—kVo—kV,)+k x §(Vn+2+2vn—vz+vo)

1
= 3 (kVigo — kV, — kVo — (2k = 3) Vp)
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Similarly, using Theorem 1.3, we get
1
”On(v)knoo = g (k‘/n+2 - kVn - k‘/Q - (2k - 3) ‘/0) .

Suppose that k£ < 1. Then from the definition of the matrix C,, (V) = (ai;), using Theorem 1.3,
we can write

n

1C.(V)kll, = 1§1Ja§><nz;|aij|=1I£Ja§>¢n{|a1j|+|a2j|+|a3j|+~--+|anj\}
P

‘a1n| + |a2n| + |@3n| + .+ |ann|
= Vo + Voot Ve +Vo+Vi+ 1)
—Vo+WV+Vi+Vo4+Vs+ . +Vyo+ V1 +V,

=0

1
= —Vo+ g(Vn+2 +2V, = Vo + Vb)

1
= g(vfn_l,.Q — Vo —Va+W).
Similarly, using Theorem 1.3, we obtain

1
1C(V)klloe = 5 (Va2 = Vi = V2 + Vo).

Q.E.D.

Taking Vn = Jn with JO = 0, J1 = 1,JQ =1 and Vn = jn with j() = 27j1 = ].,jQ = 5, Vn = Kn
with Kg =3,K; =1,K; =3 and V,, = Q,, with Qg = 3,Q1 = 0,2 = 2, respectively in the last
theorem, we obtain the following corollary.

Corollary 2.8. We have the following results:
(a) If K > 1 then
CalT)ells = 1€ (el = 5 Tz = oo = )
and if k¥ < 1 then )
1C (Nl = 1Ca (Nl = 5 (Jns2 = Ju = 1).
(b) If £ > 1 then
1Ca)elly = ICh el = 5 (ks = K+ 6 = 9K)
and if k£ < 1 then

. . 1 . )
1C(Drlly = 1Ca(Dklloe = 5 (n+2 = Jn = 3).
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(c) If k£ > 1 then
1
1O (K)klly = 1Ca(E)klloe = 5 (kKnt2 — kKn +9 — 9k),
and if k¥ < 1 then )
”Cn(K)k”l = ”CH(K)/CHOO = g(Kn-i-Q - K,).
(d) If £ > 1 then
1
1€ (@]l = 1C (@]l = 5 (kQnt2 — kQn +9 = 8k),
and if £ < 1 then )
1€ (@)l = IC (@]l = 3(@nt2 = Qn +1).
Next, we determine the Euclidean (Frobenius) norm of k-circulant matrix C,, (V).

Theorem 2.9. The Euclidean (Frobenius) norm of k-circulant matrix C, (V) is:

ICa(V)kllp = V1 (01(V)) + 92(V)

where

1 (V) = ((6n +29)V2 ot 18(n+4)V L+ 4(6n+ 35)V,2 —63V.2 —4(3n+13)V, 42V, — 6(3n+
13)Vn+2Vn+1 + 12V, Vn+1 —29V2 — 72V — 77V0 + 78VL V1 + 52VLVy — 12V1 V),

w2 (V) = 1323 (|k| 1)((63n2 +72n — 4211) V2 o+ 9(21n2 — 11n — 1391)V,2 1+ (252n% — 531n —
16304)V,2 — 9(21n? + 3n — 1390)V,, 1 2Via1 — 2(63n2 + 9n — 4142)V,, 1oV, + 12(21n — 2)V,, 1V, +
4211V + 12519V2 4 16304V — 12510V; Vo — 8284V5 Vg + 2411 V).

Proof. From the definition of the Euclidean norm of a matrix, using Theorem 1.3, we obtain
n

UICa(V)ill p)? > lail

i=1,j=1
n—1 n—1

= Y (n—D)V2+ kD iV?
=0 =1

n—1 n—1

= ny V2R -1 VE
=0 i=1

= n(p1(V)) +¢a2(V)

where 1(V) and ¢3(V) are as in the statement of the theorem. Now, it follows that

IC.(V)kllp = v (01(V) + @2(V).

Q.E.D.
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Note that -
= Z V2
i=0
and
n—1
p2(V) = (K[> = 1) > iV,
i=1

Taking V,, = J,, with Jo = 0,J; = 1, J = 1 and V,, = j, with jo = 2,j1 = 1,jo = 5, V,, = K.

with Kg =3, K1 =1, Ky =3 and V,, = Q,, with Qp = 3,Q1 = 0,Q2 = 2, respectively in the lasf
Theorem, we obtain the following corollary.

Corollary 2.10. We have the following results:

(a) The Euclidean (Frobenius) norm of k-circulant matrix C,,(J) is:

ICw (Dl = v (01(J)) + @2(J)

where

01(J) = g5((6n+29)J2, 5 +18(n+4)J2 ; +4(6n+35)J2 —63J2 —4(3n+13)J, 12, —6(3n+
13)Jn+2Jn+1 +12J,Jp41 — 23)

@o(J) = 1o |k —1)((63n% +72n — 4211)J2+2+9(21n —11n—1391)J2 ; +(252n* —531n—
16304).J2 —9(21n2 +3n—1390) Jp 42 J 51 — 2(63n2 +9n — 4142) Jp, 40T, +12(210 — 2) 1 +
4220).

(b) The Euclidean (Frobenius) norm of k-circulant matrix C, (j)x is:

1C ()l = V/n(p1()) + ©2(j)

where

01(j) = a5 ((6n+29)j2, 5+ 18(n+4)52, | +4(6n+35)52 — 6352 — 4(3n + 13)jn424n — 6(3n +
13)jn+2jn+1 +12)ndn+1 — 219),
pa(j) = 1323 (|k]* = 1)((63n% + 72n — 4211)52 5, +9(21n? — 11n—1391)52 . | + (252n? — 531n —

16304)52 = 9(21n2 + 3n — 1390)jn42ins1 — 2(63n2 + 90 — 4142) 25 + 12(211 — 2) 4 1n +
37668).

(c¢) The Euclidean (Frobenius) norm of k-circulant matrix C,, (K)y, is:

[Cn (K|l = /1 (91(K)) + 2(K)
where
v1(K) = é((Gn + 29)K2 o+ 18(n+ 4)K2 1 +4(6n+35)K2 —63K2 —4(3n +13)K,, 12 K,, —
6(3n+ 13)K, 12 Kpi1 + 12K, K, 11 — 360),

pa(K) = 1a55 ([K]* = 1)((63n% + 72n — 4211) K2, + 9(21n2 — 11n — 1391) K2, + (252n% —
531n — 16304) K2 — 9(21n2 + 3n — 1390) K,y 2 K1 — 2(63n% 4+ 9n — 4142) K, 4 . K, +12(21n —
2) K11 K, + 85140).
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(d) The Euclidean (Frobenius) norm of k-circulant matrix Cy, (Q), is:

1Ch(@)kllp = V1 (91(Q)) + ¢2(Q)

where

©1(Q) = 55 ((6n +29)Q% ,» +18(n+4)Q2% | + 4(6n + 35)Q2 — 63Q% — 4(3n + 13)Qn42Qn —

6(3n 4 13)Qns2Qn i1 + 12QnQn i1 — 497),

02(Q) = ag ([E° — 1)((63n% + 72n — 4211)Q? ,, + 9(21n? — 11n — 1391)Q2 ., + (252n% —
531n — 16304)Q2 — 9(21n% + 3n — 1390)Qp2Qnt1 — 2(63n2 + 9n — 4142)Q,12Qp + 12(21n —

2)Qn11Qn + 113876).

The following theorem gives us the eigenvalues of the matrix in (2.3).

Theorem 2.11. The eigenvalues of C,, (V) are

. (V
NG =gV
2(knw )3 4+ (knw )2 4 (knw7) —1
where ) _ .
O,(V)=kV, —Vo—kn (=kVpj1 +EV, + Vi = Vo) w7 + k= (kVyqo — kVpp1 —kV, — Vo + Vi + 1))
w2
and

27i

w=-exp(2wi/n)=em ,57=0,1,2,3,....,n— 1.

Proof. By using Lemma 2.2, we obtain
MGV = S kEwry,

= —kw "V + ) krwTIPY,
p=0

= kT, + > (kT w )P,

p=0

Here, using Theorem 1.1 (by putting « = leLw_j) and recurrence relation V,, 13 = Vi 104+ V0142V,

we obtain required result.

Taking V,, = J,, with Jo=0,J; =1,Jo =1 and V,, = j, with jo =2,51 = 1,j2 =5, V,, = K,
with Kg =3,K; =1,Ks =3 and V,, = Q, with Qg = 3,Q1 = 0,Q2 = 2, respectively in the last

Theorem, we have the following corollary.
Corollary 2.12. We have the following results:
(a) The eigenvalues of C),(J)y are

®,(J)
2(1@%(.0*3')3 + (k:%w*j)2 + (k%w*j) -1

Ai(Cn()) =

)
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(b) the eigenvalues of C,(j)) are

(d) The eigenvalues of Cy,(Q)x are

Ai(Cn(Q)) =

where
®;(J) = kJp — kv (=kJuyr + kJo + Vw7 4+ k3 (kJyio — kJnir — kJn)w™ 2,
®;(f) = kjn =2 = k7 (=kjnsr + kjn = D™ + k% (kjnyz — ka1 — kjn — 2)w ™,
®;(K) = kK, —3— kv (kK1 + kK, —2)w™ + k& (kKo — kKpi1 — kK, + 1w,
5(Q) = kQu — 3 = k% (~kQur1 +kQu = 3w + k% (kQuy2 — kQuir — kQu + 1w,
w=exp(2mi/n) =en,j=0,1,2,3,...,n— 1.

The following theorem gives the upper and lower bounds of the spectral norm of C,, (V).

Theorem 2.13. Let C,, (V)i = Circg(Vo, V1, ..., Viu—1) be a k-circulant matrix. Then if |k| > 1
then

Vo) < ICa(Velly < V@ + K (V2 + (V)1 - V2 + o1 (0),
and if |k| < 1 then
K[ Ver (V) <[ICu(V)illy < Vi (er(V))
where ¢1(V) is as in Theorem 2.9.

Proof. Note that we can write ¢1(V) as in the following forms.
n—1
p(V) = > VP
=0

1
= @(((m +29) V.2, +18(n+ 4) V.2 | +4(6n + 35)V;?

—63V,2 — 4(3n + 13)V,i19Vi, — 6(3n + 13) V2 Vi
+12V,, Vi — 29V — 72V — TTVE
+78VRV: + 52VaVy — 12V V),

n—1 n—1

p1(V) = V4 V2= -V+a(V)=) V2
i=1

=1
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From Theorem 2.9, we know that the Euclidean (Frobenius) norm of k-circulant matrix C,, (V) is

(ICn(V)ellp)* = Z n— V7 + [k[* Zﬂﬂ
i=0 =1

n—1 n—1
= A V(P S
i=0 i=1
If |k| > 1, then we get, using Theorem 1.3,
- n—1 n—1
NC(V)kll ) Zn—z V2+ZZV2—nZV2—n(<p1(V))
i=0 i=1 i=0

i.e.

1Ch(V)illp = vV (@a (V).

||Cn(\}/ﬁ)k“F > Vo (V).

1C(VIklly = vV epr (V).

It follows that

Then by (2.1), we have

Similarly, If |k| < 1, then we obtain

n—1 n—1

IVl = S (n—i)V2+ [k V2
=0 i=1
n—1 n—1 n—1
> Y (=) KPVE KDY Ve =n k) VP
i=0 i=1 i=0

= nlk]* (p(V)).

ICa V)il = /e [KI (01(V)-

Cni/» ||F > |k‘|\/7

It follows that

Then by considering (2.1), we get

1C,(V)klly > [k v/ (01 (V

Now, for |k| > 1, we present the upper bound for the spectral norm of the matrix C,, (V) as follows.
Let the matrices B and C' be as

v 1 1 11

Wi Vo 1 - 1 1

B=| kVao EkVo1 Vo .- 1 1
1% kVo  kVs - KV W

nxn
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and
1 V1 V2 Vn—Q ‘/n—l
11 W Vies Vi
c_|1 1 1 Vioes Vs
1 1r 1 - 1 1 nxn
such that Cp, (V) = B o C. Then we obtain
n—1
r1(B) VE+ R VE
Jj=1

c1(C) = max

By Lemma 2.1, we get

1C(V)ily < 71 (B)ex(C) = \/VE + K2 (<VE + o1 (V)1 = V2 +1(V).

For |k| < 1, we give the upper bound for the spectral norm of the matrix C, (V) as follows.
define the matrices D and E as

> =
—
— =
— =
— =

D= kK k1 1 1
and
% ‘/1 ‘/2 e Vn—2 Vn—l
Voer Voo Viooe Vs Vo
FE = Vn—? an 1 ‘/0 Vn_ Vn_g
Vi Voo V3 oo Voo W nxn
such that C,, (V) = D o E. Then we obtain
1/2
ri(D) = max Z i =,



96 Y. Soykan, E. Tagdemir

and
n 1/2
a(B) = max (Z el )
1=

By Lemma 2.1, we obtain

[C(V)klly < m1(D)er(E) = v/n(e1(V)).
This completes the proof. Q.E.D.

We consider four special cases of the above theorem.
Firstly, the following corollary gives the upper and lower bounds of the spectral norm of C,,(J).

Corollary 2.14. Let C,(J)r = Circi(Jo, J1, ..., Jn—1) be third order Jacobsthal k-circulant ma-
trix. Then if |k| > 1 then

VoI < [Cu(Dilly < VI3 + K (03 + er(I) 1~ T8 +01(0).

and if |k| < 1 then
[kl V1) < [|Cu()illy < vV (e1())

where 1 (J) is as in Corollary 2.10.
Proof. Take V,, = J,, Jo =0,J; =1,J3 =2 in Theorem 2.13. Q.E.D.
Secondly, the following corollary presents the upper and lower bounds of the spectral norm of

Corollary 2.15. Let Cy,(j)r = Circk(jo, j1,---, jn—1) be third order Jacobsthal-Lucas k-circulant
matrix. Then if |k| > 1 then

Vo < (el < V3 + K (33 + 010Dy 1 = 33 +214).
and if |k| < 1 then
1kl V1 (7) < 1IC(klly < vV (e1(4))

where ©1(j) is as in Corollary 2.10.
Proof. Take V,, = jn, jo = 3,j1 = 2,j2 = 6 in Theorem 2.13. Q.E.D.
Thirdly, the following corollary gives the upper and lower bounds of the spectral norm of C,, (K)y.

Corollary 2.16. Let C,,(K)y = Circg (Ko, K1, ..., K—1) be modified third order Jacobsthal-Lucas
k-circulant matrix. Then if |k| > 1 then

VoK) < [ClE)ily < /K2 + K (= K2 + 1 (K))y/1 - K2 + 1(K),

and if |k| < 1 then
V1 (K) < [|Ca(K)klly < v/ (1 (K))
where 1 (K) is as in Corollary 2.10.
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Proof. Take V,, = K,,, Ky =3,K; =1, Ky =3 in Theorem 2.13. Q.E.D.

Fourthly, the following corollary presents the upper and lower bounds of the spectral norm of

On(Q)k-

Corollary 2.17. Let C,,(Q)r = Circg(Qo, Q1, ..., @n—1) be third order Jacobsthal-Perrin k-circulant
matrix. Then if |k| > 1 then

Vor @) < 1Cu(Q)illy < Q3+ K (-3 + 91 (@)y/1 - Q2 + 91(Q).

and if |k| < 1 then

k[ Vi1 (Q) < ICn(Q)rlly < vV (91(Q))

where 1(Q) is as in Corollary 2.10.
Proof. Take V,, = Qp, Qo = 3,Q1 =0,Q2 = 2 in Theorem 2.13. Q.E.D.
Next, we give the determinant of C, (V).

Theorem 2.18. The determinant of C,, (V) is given by

v A (1 _ (A—\/m>" B (wm)" (3 )")

43
2A4 2A4 A

()" (KK, + (k— K_,)k? x 27 — 1)

where
Al = kvn - ‘/Oa
Ay = kn(=kVpys +kVy+ Vi — Vi),
Ay = kv (kViys — kViyr — kV, — Vo + Vi + V).

Proof. By considering identities

n—1
[[@—yo™) = "=y
k=0
n—1 n n
[ -y + o) = gn (1 LV A0 Vit —dez) [y 4P - dez +(3)"
o 2z 2z T
and

1 1

2(kvw ) + (kw9 + (kvw ™) — 1= (akvw™? — 1)(Bkrw ™ — 1)(ykrw ™ — 1),

we see that

n—1
I1 (2(k%w-f)3 + (krw ™) + (krw ™) — 1) = (~1)" M (kK + (k— K_p)k? x 2" — 1)
j=0
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and
ol i A — /AT Z4A A, Ao + /A~ IAAs
g@(w:m (1-( s 3) ( 1ty i 3) <A> )
where
w = exp(2mi/n),
O,(V) = kVy—Vo—kn(=kVii1 +kVy + Vi — Vo)w™
k7 (kViys — kVis1 — kVy — Vo + Vi + Vo)w™ ¥,
and
A o= KV, -,
Ay = kv (—kVigr +kVy + Vi = Vo),
Ay = kn(kVpso — kVipr — kVy — Vo 4+ Vi + Vp).

From Theorem 2.11, we have

Aet(Co(V)e) = ﬁ

m (V)

- 1;[ (2(k%e- J)3+(kznw 02+ (krwr) — 1)

_ [T, (V)
[T} (20k+ei)? uw 02+ (k) — 1)
A (1_ (Az-W> (A2+\/2A1—4W) (Al)")

- ()" L (kK, + (k— K_,)k2 x 27 — 1)

which completes the proof. Q.E.D.

We handle four special cases of the above theorem.
Firstly, the following corollary presents the determinant of C,,(J)g.

Corollary 2.19. The determinant of C,(J)j is given by

det(C <J>>=A?<1<wm) - (MG 4 (1))

2A1
(=D (kjn + (k= Jn)k? = 1)

where
Al = kJnn
Ny = kv(—kJusr+kJn+1),
As = kv (knyo — kJny1 — kJy).
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Proof. Take V,, = J,, Jo =0,J1 =1,J3 =1 in Theorem 2.18.
Secondly, the following corollary gives the determinant of Cy,(5).
Corollary 2.20. The determinant of C,(j)x is given by

2A1 2Al

det(Cn(j)1) = i (1 _ (A—me - (wm)“ +(

Az
Ar

)

(_1)n+1(kjn + (k - jfn)kQ - 1)

where
Al = k]n - 2)
Ay = kw(=kjnpr +kjn— 1),
Ay = kn(kjngo — kg1 — kjn — 2).

Proof. Take V,, = j, with jo = 2,71 = 1,j2 = 5 in Theorem 2.18.
Thirdly, the following corollary gives the determinant of C,,(K).
Corollary 2.21. The determinant of C,,(K)y is given by

A,

n n
,/Ag—4A1A3> 3 <A2+,/A§—4A1A3> +(

det (Cy (K )i) = i <1 . <A2_ -

As
1

w)")

(=) (kjn + (k= jn)k? = 1)

where
Al - kKn - 3a
Ay = k7 (—kKnp + kK, —2),
Ay = kn(kKnyo — kKpi1 — kK, +1).

Proof. Take V,, = K,, with Ky =3,K; =1, K5 = 3 in Theorem 2.18.
Fourthly, the following corollary gives the determinant of C),(Q).
Corollary 2.22. The determinant of C,,(Q)y is given by

2A,

n n
Azw/A§4A1A3) B <A2+./A34A1A3> +(

As
1

%)

)

A} (1 - < AT
det(Cn(Q)r) = (=) (kjp, + (k — j_pn)k% — 1)

where

A = kQn—3,

Ay = k" (—kQui1 +kQp — 3),

As kn (kQny2 — kQni1 — kQp + 1).
Proof. Take V,, = Q,, with Qg = 3,Q1 =0,Q2 =2 in Theorem 2.18.

o 3=

3

99

Q.E.D.

Q.E.D.

Q.E.D.

Q.E.D.
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