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Abstract

Present investigation is concerned with the propagation of obliquely incident water waves by
a pulsating line source in presence of a fixed nearly vertical rigid cliff, submerged in deep
water, assuming the surface tension effect at the free surface. For the perfectly vertical cliff,
it’s effect on the source is similar to another source located at the image point of the main
source regarding to the vertical cliff. However, because of the bended figure of the cliff, there
will be extra effects. Assuming the surface tension effect at the free surface, these effects have
been obtained up to first order term to the wave amplitude at infinity (A1) and the velocity
potential (¢1) for deep water by employing a simplified perturbation theory followed by an
adequate Havelock’s expansion of water wave potential. Considering the two particular shapes
of the nearly vertical cliff viz.(i) ¢(y) = yexp(—Ay) and (ii) ¢(y) = a:sin By, these corrections
are also found interms of the integrals involving the shape function of the cliff in presence of
surface tension at the free surface. Neglecting the effect of surface tension at the free surface,
the approximate solution of the corresponding problem can be found. The solution of the
corresponding two dimensional problem can also be derived by a known substitution.
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1 Introduction

In the past and recent years, few attempts have been reported to study the problem of water waves
progressing towards a nearly vertical cliff. The first problem in this field was considered by Shaw][1]),
where he applied a perturbation technique that involves the solution of a singular integral equation
to obtain the first order corrections to the reflection and transmission coefficients associated with
a surface piercing nearly vertical barrier. The problem tackled by Packham[2] has been generalised
by Chakrabarti[3], wherein he considered the effect of surface tension on incoming surface water
waves against a cliff which is periodically corrugated with a small amplitude by applying a special
type of Fourier sine transform technique. Mandal and Kundu[4] studied the problem of scattering of
water waves by a submerged nearly vertical plate based on perturbational analysis assuming linear
theory. The problem of reflection of water waves by a nearly vertical cliff was considered by Mandal
and Kar[5] and they employed a technique based on a simplified perturbational analysis followed
by Havelock’s expansion[6] of water wave potential. Rhodes-Robinson[7] studied the problem of
reflection of water waves by a nearly vertical cliff in the presence of surface tension at the free
surface. Since then few attempts have been studied to tackle this class of water wave problems and
few of its generalization by employing different mathematical techniques [8-11].

In the present paper, we likewise allow the surface tension effect at the free surface for the problem
of propagation of obliquely incident water waves by an oscillating line source in the presence of a
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fixed nearly vertical cliff in deep water. Assuming linear theory, a simplified perturbation theory
followed by an appropriate Havelock’s expansion is used to find the first order corrections to the
wave amplitude at infinity and the velocity potential for deep water. These corrections have also
been obtained by considering two particular shapes of the nearly vertical cliff.

2 Statement of the problem

We consider that a train of progressive waves propagating at the surface of a homogeneous, incom-
pressible, inviscid liquid of density p is incident, obliquely, on a nearly vertical rigid cliff, in deep
water. A rectangular Cartesian co-ordinate system is used in which the y-axis is taken vertically
downwards into the liquid so that the undisturbed free surface is the plane y = 0, > 0 and the
position of the nearly vertical cliff is B : z = ¢ ¢(y), 0 < y < oo, where ¢ is a small non-dimensional
quantity with ¢(0) = 0 and ¢(y) is bounded and continuous in 0 < y < co. The origin is taken at a
point on the line of intersection where the nearly vertical cliff and the free surface meet. We assume
that a source of pulsating unit strength placed in the liquid at the point (a,b,0) with a,b > 0.

3 Formulation of the problem

Assuming the motion of the liquid is irrotational and simple harmonic in time with circular fre-
quency o and of small amplitude so that there exists a velocity potential ®(z,y, z, ) in the liquid
region which represent progressive waves moving towards the shore line (i.e., the z-axis) such that
the wave crests at large distance from the shore tend to straight line which make an arbitrary angle
0 with the z-axis. Thus we may write

O(z,y,2,t) = Re[p(x,y) exp —i(ot + vy2)]

where v, = 7, sin 8 and ~, is the infinite depth wave number with surface tension which satisfies the
equation [12] v,(1 + M~2) = K, K = 0%/g, g is the acceleration due to gravity and M = 7/(pg),
7 being the coefficient of surface tension.

Using linear theory, the function o(z,y) satisfies:

the two dimensional modified Helmholtz’s equation

(V2= 12)p =0 (3.1)

in the fluid region except at the point where the oscillating line source is present,
the linearized form of the free surface condition with surface tension

Ko+ oy + Moy, =0 ony=0, x>0, (3.2)

as the cliff is rigid and fixed, the condition of vanishing of the normal component of velocity at the
cliff

on =0 onB: z=c¢c(y), y>0, (3.3)

where n denotes the outward drawn unit normal to the surface of the cliff,
since the wave amplitude becomes infinity at the origin, then

o~Inr as r={(z—a)?+ @y -0 -0, (3.4)
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the infinity requirements

¢, Vo= 0 asy— (3.5)
and as z — oo, @ represents outgoing wave so that

o~ Aexp(—7oy + iftor) asx — 0o (3.6)

where u, = 7, cosf and A is the amplitude of the radiated waves at infinity.
Assuming that the parameter ¢ is very small and ignoring O(e?®) terms, the boundary condition
(3.3) can be expressed in approximate form, on x = 0, as [§]

2 !
©2(0,y) "522;{6(9)‘Py(0ay)} +*§§*[{C(y)}2 Pz (0,y) = 2¢(y) ¢ (y) Pay(0,9)

—{c())? gox((),y)} +0@E*) =0 for 0 < y < 0. (3.7)

4 Reduction to boundary value problem (BVP)

The form of the approximate boundary condition (3.7) suggests that the potential function ¢(x,y)
and the unknown complex amplitude A may be expanded by the following straight forward pertur-
bational expansions, in terms of the small parameter ¢ as

o(x,y,€) = @o(x,y) + epr(z,y) + 2pa(z,y) + O(e*) (4.1)
and
Ae) = Ag + €Ay + 245 + O(e3). (4.2)

Substituting the expansions (4.1) and (4.2) into the original BVP stated by (3.1) - (3.6), we obtain,
after equating the coefficients of like powers of € from both sides of all the results evolved thus,
that the functions ¢p, 1 and s must be the solution of the following three BVPs:

BVP-I: The problem is to determine the function ¢g(z,y) which satisfies

(V= v3)p0 =0
in the fluid except at the point where the oscillating line source is present,
Kopo + o, + Mo, =0 ony=0, x>0,
wo, =0 onz=0 0<y<oo,
wo~1Inr asr—0,
wo, Voo =0  asy — oo,
0o ~ Agexp(—voy + ijtoT)  as x — o0o.

BVP-II: Determine the function ¢ (z,y) satisfying
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(V2 =131 =0 in the liquid,

Kpi+@1, + My, =0 ony=0, >0,

¢1,(0,y) = a%{C(y) o,(0,y)} = F(y), say, on 2 =0, 0 <y < oo,
p1, Vo1 =0 asy — oo,
p1 ~ Arexp(—voy + iloxr)  as x — oo.
BVP-III: To determine ¢y (x,y) which satisfies
(V2 =129y =0  every where in the liquid,

Kps+@2, + My, =0 ony=0, x>0,

Yyyy

©2,(0,y) = a%{C(y) ©1,(0,9)} — % {c)}¥? ¢o,..(0,y) — 2¢(y) < (y) ¢o,,(0,y)

—{c W} ¢0.(0,9)] = G(y), say,onz=0, 0<y< oo
w2, Vs — 0 as y — 0o,
P2 ~ Ag exp(—,y + iltox) as x — 00.

5 Solution of the problem

Solution for BVP-I: If there is no cliff, the source potential in presence of surface tension at the

free surface is given by

2mi(1 + M~?2)
1+ 3M~2

49 /OO {7(1 — M~?) cosyy — K sinyy}{y(1 — M~?) cosby — K sin by}
0 Y{7v*(1 = M~?)* + K2}

G(z,y;a,b) = exp{—o(y +b) +ipo | x —a |}

x exp(—m |z —al) dy. (5.1)
where 71 = (12 + 2)1/2,
Exploiting the relation
vo(z,y) = G(z,y;a,b) + G(x,y; —a, b) (5.2)
into (5.1) we find
wolx,y) ~ M exp{—o(y + b) + ipox}cospoa  as |z |— 0. (5.3)

14+ 3M~2
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Hence from the last relation of BVP-I, Ay is found as

_Ami(1+ M~?2)

Ao = T+ 30072 exp(—7ob) cos foa. (5.4)

Solution for BVP-II: Employing the Havelock’s expansion[13] of water wave potential, we can
express ¢1(x,y) as

pr(,y) = Arexp(—=voy + ifio)

+ /OOOA(’y){’y(l — M~?) cosyy — K sinyy} x exp(—v12) dy, x> 0. (5.5)
Then from the 3rd condition of the BVP-II, we find
ipto Ay exp(—7oy) — /0007114(7){7(1 — My?)cosyy — K sinyy} dy = F(y), (5.6)

so that by Havlock’s inversion theorem[6],

Ay = —Qi/ F(y) exp(—oy) dy, (5.7)
0
and 5 -
A === [ )1 = M%) cosyy - Ksinyy} dy. (5.8)
™2 Jo

where vy =~2(1 — M~?)? + K2.

Substituting for F(y) from the 3rd condition of BVP-II into (5.7) and using (5.2) and (5.1), we
obtain, after some elementary manipulation, that

_8mya(1+ M~;)

_A =
! 1+ 3M~2

exp(—ob + ioa) / c(y) exp(—27,y) dy
0

w5 [ etw) { | vt vy dZ} exp(—o) dy. (5.9)

where Ul(z,y) = 2(1 — Mz?)sinzy + K cos zy,

r{z(1 — Mx?) cosxy — K sinzy}
x{2?(1 — Mz2)2 + K?}

and Vix,y) = exp(—z1a)

where z; = (22 + 1v2)'/2.
Following a similar process, the general expression for A(7) is given by(see Appendix-A)

_ 8ivo(1+ M~2)

A(~) =
) = .0+ 32)

eXP(—%bJriuoa)/ c(y) U(v,y) exp(—0y) dy
0
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87 /OOO c(y) Uy, y) {/OOO U(l,y) V(1,b) dl} dy. (5.10)

Y172

6 Special shapes of the cliff

Let us consider to special shapes for the nearly vertical cliff viz. (i) c¢(y) = yexp(—=Ay) for A >0
and (ii) ¢(y) = asin By, a corrugated cliff.

Case-I: When c¢(y) = yexp(—Ay)

In this case we find (see Appendix-B)

8my2(1+ M~?)

= — _ Ob . Y
A ()‘+270)2(1+3M7§) eXp( Yob + 11t Cl)
[P0+ 70) (1= MI?) — K} + KA +70)°
81 V(1,b) dl, 6.1
o /0 (O +70)2 + 212 (1,5) (6.1)
and
8y [ mivo(1+ MAy2)[292(1 — M)A +7,) + K{(A+7,)? — ¥?}] -
A B ’ exp(—7ob + tpoa
G 7f7172< (14 3MA2){(X+7,)% + ~?}2 p(—7 [o@)

l

- a {0 - 50— ) (R - (+1)?) |

/ {A2+ 7+l) e

+ K{Al(l MBI +7) + g(v —(+ 7)2) H dl

[T e s - A {3 -0+ - M) (2 - (- 1)}

+ K{Al(l — MP)(1—) + %(V - »y)?) H dl) . (6.2)

Case-II: When ¢(y) = asin Sy
In this case we obtain (see Appendix-C)

8mafys(1+ M~z)

A= @ (I shyg) TP e
, * fpl(l - MP) + K(B - 1) K(ﬁ+l)—%l(1—Mlz)}
! 420%/0 { B ) Ry B vie d, o (63)
and
Aly) = dioyoy(1+ M2) | voy(1 = My*) + K(B—7) | K(B+7) —7o7(1 — M%)
T172(1 +3Ma?) 5+ (B—7)? 73+ (B +17)?
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X exp(—7ob + ipoa) +

dary /°° YP(1 = M~y*)(1 = MI?) = K*(8 —v)
Y172 Jo 12— (8—n)?

PP - M) (1 - MP) + K*(8+7)
12— (8+n)?

}V(l,b) dl. (6.4)

7 Discussion

Assuming surface tension effect at the free surface, the problem of propagation of obliquely incident
water waves by a pulsating line source in the presence of a nearly vertical rigid cliff in water of
infinite depth is demonstrated here. Using linear theory, an approximate procedure essentially
based on standard perturbation analysis is applied to find the first order corrections to the wave
amplitude at infinity as well as the velocity potential in terms of integrals involving the shape of the
cliff. These corrections are also found by considering two particular shapes of the nearly vertical
rigid cliff. Again exploiting the known analytical expression for A; and A(«) in (5.5), the first
order correction to the velocity potential i.e., ¢1(z,y) can be found and thus the BVP-III can be
solved by applying an appropriate Havelock’s expansion for ¢s(z,y). In absence of the effect of
surface tension at the free surface, the approximate solution of the corresponding problem can also
be derived, simply by putting the coefficient of surface tension 7 = 0. Further, if we put § = 0, the
approximate solution in connection with the corresponding two dimensional problem can also be
derived.
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Appendix-A

Calculation of the function A(y):
In order to calculate A(7y), we have to find

/ F(){7(1 = M~y?)cosyy — K sinyy} dy = I(y), say. (A.1)
0
Substituting for F(y) from the third condition of BVP-II, I(v) reduces to

I(y) = v(1 = My*)11(y) — KIx(v) (A.2)

9
where I1(7) :/O @{C(y) vo,(0,y)} cosyy dy

and b«w:3éwé%{dwqmgaynsmvydy

Now, utilizing ¢(0) = 0 and the expression for ¢¢(0,y) obtained from (5.2), we find

Ay, (1 4+ M~2) ‘ > :

L(y)=- 22 exp(—7ob + ifio0 c(y)sinyy exp(—oy) dy
1(7) 43002 ( )0 (v) (—70y)

4y [ etwsing{ [ U@ vy a (A3)

0 0

and

Amiyyo(1 + M~)) , >
I(vy) = 2~ exp(—Yob +ipoa) [ c(y) cosyy exp(—voy) dy

1+ 3M~2 0
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+ 4y /000 c(y) cosvy{ /000 U(l,y) V(I,b) dl} dy. (A.4)

Thus, using (A.3) and (A.4) in (A.2), I(7) is obtained and hence from (5.8), we find the general
expression for A(y) which is given in (5.10).

Appendix-B
Evaluation of various integrals when ¢(y) = yexp(—Ay):

Let us define
J1 =/ c(y) exp(—27,y) dy and Jo =/ c(y) exp(—%y){/ U(l,y) V(k,b) dl} dy.
0 0 0

Taking ¢(y) = yexp(—Ay), we obtain
1

T (B.1)
Ty = /Ooo V)| /O°° UL y)yexp{—(A+ 1)y} dy| dl. (B.2)
The inner integral of (B.2) is computed as

20\ + 90)(1 — MI2) — K} + K (A +7,)?

{A+70)% + 122 ,
so that
N V(i,b) 9 o )

e /0 Oy 1oL AT ) = ME) = K+ KA +90)°] dl. (B.3)

Hence using (B.1) and (B.3) in (5.9), we obtain the expression (6.1) for A;.

Further, let us define

Ja= [ etwysinny expl-r) dy o= [ csin{ [ Uy VL) dt}
0 0 0

o0 o0 o0
Js :/ c(y) cosyy exp(—voy) dy, Jg = / c(y) cosvy{/ U(l,y) V(I,b) dl} dy.
0 0 0
Substituting ¢(y) = y exp(—Ay) in the above expressions, we obtain

2(A +70)Y

Js = ,
T+ )2 2
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Jy = /OOO V(l,b){ /000 sinyy U(l,y) yexp(—Ay) dy} dl, (B.5)

Jo— A %)* —7* (B.6)

{A+70)2 +23

Jo = /OOO V(l,b){ /Ooo cosvy U(l,y) yexp(—\y) dy} dl. (B.7)

The inner integrals of (B.5) and (B.7), are calculated and finally Jy and Jg reduce to the following
forms:

Y Lo N—-(y=0D* N -+
n=[ ”“%2“ M) 6 0~ T D

v+ v—=1
+KA[{A2+(7+1)2}2 +{)\2+(7—l)2}2}} dl, (B.8)
_ [T — M2 I+~ l—
JG—/O V(l,b){)\l(l Ml ){{)\2+(l+7)2}2 + {)\24*([7’}/)2}2]
K X —(+9)? A2 — (1 —7)?
+5{&2+a+wn2 92+aqu}ﬂ~ (B.9)

Then utilizing (B.4), (B.6), (B.8) and (B.9) in (5.10), we finally find the general expression of A(7y),
which is given by (6.2).

Appendix-C

Explicit calculations of various integrals when ¢(y) = a:sin Sy :
Assuming ¢(y) = asin By in the integrals represented by J; and J3, defined in Appendix-B, we find

of

T =
R

(C.1)

Jo = oz/oOO V(l,b){ /OOO U(l,y)sin By exp(—7oy) dy} dl. (C.2)

The inner integral of (C.2) is equal to

1 {%1(1 ~MP)+K@B-1) K@B+1)—l1- MZT
2 75+ (B—1)? 75+ (B+1)?

Thus J5 reduces to the form

_a [” Yol(L= M%) + K(B—1) | K(B+1) —7l(1— Mi?)
Jo = /0 V(, b){ 2+ (B—1)2 Y2+ (B+1)? } dl, (C.3)

2
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so that using (C.1) and (C.3) in (5.9), we obtain the expression of A; given by (6.3).
When ¢(y) = asin By, the integrals given by Js to J; already defined in Appendix-B, are

Jy = 0‘7{ L - ! } (C.4)

2 2+ B=7? %+B+7)?
Jy = oz/oo V(l,b){ /00 sin By sinvyy U(l,y) dy} dl, (C.5)
0 0
_a B—v Bty
= G A G (9
Jg = a/oo V(l,b){ /OO sin By cosvyy U(l,y) dy} dl. (C.7)
0 0

Using a convergence factor of the type used by Evans and Morris (cf. [14]), the inner integral of
(C.5) and (C.7) are evaluated and finally J4 and Js reduce to the following forms:

« C>O2 2 1 1
J4:5/0 l(1_Ml)V(l’b){ﬁ—(ﬂ—W_12—([3+7)2}dl’ (C.8)
_oi % By B+
To = = /0 V(Z,b){(ﬂv)z12+(5+7)2l2}dl. (C.9)

Then using (C.4), (C.6), (C.8) and (C.9) in the expression (5.10), we obtain the analytical expression
for A(y), which is given by (6.4).



