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Abstract

In this article, we study covariant derivatives of polynomial structures for semi-tangent bundles
with respect to the projectable vector field’s complete and horizontal lifts. The aim of this
work is to analyze tensor structures in the semi-tangent bundle by examining the lifts of some
projectable symmetric linear connections that were not previously calculated.
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1 Introduction

Let B,, and M, denote two differentiable manifolds of dimensions m and n respectively. Let
(M, 71, Bm) be a differentiable bundle, and let 7; be the submersion (natural projection) 7y :
M, — B,,. We may consider (2) = (2%,2%), i = 1,...,n; a,b,... = 1,..n —m; a,f,... =
n—m+1,...,n as local coordinates in a neighborhood 7 *(U).
Let B, be the base manifold and let T(B,,) be the tangent bundle over B,, and let 7 : T'(B,,) —
By, be the natural projection. Also, let T,,(B,,) represent in for the tangent space at a p—point
(p = (z% 2*) € M,,,p=m (p)) on the base manifold B,,. If X* = dz®(X) are components of
X in tangent space Tp(B,,) with respect to the natural base {0a} = {52}, then we have the
set of all points (2%, 2%, 2%), X® = 2% = y*, @,f,... = n+ 1,...,n + m is by definition, the
semi-tangent bundle ¢(B,,) over the M, manifold and the natural projection mo : t(B,,) — M,,
dimt(B;,) =n + m.
Specifically, assuming n = m, then the semi-tangent bundle [18] t(B,,) becomes a tangent bundle
T(By,). If given a tangent bundle 7 : T(B,,) — By, and a natural projection m : M,, — By,, the
pullback bundle (for example see [7], [8], [12], [14], [15], [20], [22], [23]) is defined by 72 : t(B,,) —
M,, where

t(Bm) = { ((z*,2%),2%) € My X Tp(Bp)| 71 (2%, 2%) = 7 (2*,27) } .

The induced coordinates (1’1', o gt :z:m/) with regard to 7~ 1(U) will be given by

’

v = g° (b, 2%), a,b,..=1,..,n—m
z® =z (xﬁ) , a,fB,...=n—m+1,...,n,

(1.1)

v ’

if (#7') = (z*,2*") is another coordinate chart on M,.
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The Jacobian matrice of (1.1) is given by [18]:

i ' oz’
(47) = (896 >:< = %)
J J oz
Oz 0 S
where i, j,.... = 1,...,n.

If (1.1) is local coordinates system on M,, then we have the induced fibre coordinates (z% , 2, 2% )
on the semi-tangent bundle (change of coordinates):

Q
8
Q

v :xa/(xb,xﬂ), a,b,...=1,..,n—m,
2 = o (l‘ﬁ), a,B,..=n—m+1,...,n, (1.2)
¥ = %yﬁ, @ B,...=n+1,..,n+m.

The Jacobian matrice for (1.2) is as follows [18]:

oz’ oz’ 0
B , Oxb P,
A= (Af,) = o0 o2 o |, (1.3)
2 ol o’
0 v aaxffxame aag;ﬁ
where I, J,....=1,....,.n+m.
Then, we obtain
g/ A%/ 0
(47)=1 0 5 0, (1.4)

0 A%y A

which is the Jacobian matrix of inverse (1.2).

In this study, it is aimed to analyze lifts and applications of different geometric objects (complete,
vertical, etc. lifts of tensor fields) that were previously looked into in tangent bundles, as well as
their applications in semi-tangent bundles. The tangent bundle is a popular topic in engineering,
physics and particularly differential geometry and has been the subject of much research. The semi-
tangent bundle considered in this work specifies a pull-back bundle and differs from the tangent
bundle.

Also note that almost paracontact and almost contact structures in the tangent bundles and their
some properties were researched in [2], [4], [5], [6], [11], [16], [19]. On the other hand, many authors,
including the authors of [18], [22], [23] and others, have investigated the geometric properties of the
semi-tangent bundle.

The study of projectable linear connections in the semi-tangent bundles and some of their properties
are known to have occurred in [13], [22], [23].

In the second section, the definition of projectable linear connection and its new most important
property for semi-tangent bundle are introduced. In the last section, the most important for the
development of the present investigation, the examination of covariant derivatives of geometric
structures with regard to the horizontal, complete and vertical lift of (1,0)—tensor field X for
semi-tangent bundle are presented. The complete and horizontal lifts of geometric structures in
the semi-tangent bundles will go a long way toward solving some of the semi-bundle theory’s open
issues, which will be studied later. The additional information on covariant derivatives of the
generated geometric structures will be extensively exploited in subsequent research.
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2 Basic formulas on the semi-tangent bundle

If f is a function on B,,, we write *? f for the function on the semi-tangent bundle ¢(B,,) obtained
by forming the composition of 7 : ¢(B,,) = B, and Vf = f o 71, so that

Wf="fomy=fomomy= fom.

Consequently, B

Wft 2, 2) = f(z?) (2.1)
is provided by the vV f—vertical lift of the function f € S9(B,,) to t(B,y).
It should be observed that along every fiber of 7 : t(B,,) — B, the value " f stays constant. If
f = f(a* z%) is a function in M, then we write °“f for the function in ¢(B,,) defined by

cef =o(df) = 2’05 f =y O f (2.2)

and name the complete lift of the function f [18].
HHf —cef ¥, f determines the 7 f—horizontal lift of the function f to ¢(B,,), where

V. f =~VF.
Let X € 3§(Bm), i.e. X = X%0,. From (1.3), on putting

0
vy o |, (2.3)
XO(
we easily see that "X’ = A(""X). The vector field "X is called the vertical lift of X to semi-
tangent bundle [22].
Let w € SY(B,,), i.e. w = wadz®. On putting

"W (0,wq,0), (2.4)

from (1.3), we easily verify that ""w = A"”w’. The covector field ""w is called the vertical lift of w
to t(Bm) [22].
The complete lift “w € (¢ (B,,)) of w € IY(B,,) with the components w,, in B,, has the following
components

“w : (0, Y OcWa, We) (2.5)

relative to the induced coordinates in the semi-tangent bundle [22].
Let w be a covector field on B,, with an affine connection V. Then the components of the

HH ) _horizontal lift of w have the form

HHLU :ch—vfyw

in t(B,,), where V,w = yVw. The horizontal lift ##w € $9(¢(B,,)) of w has the following
components
HH G (0,76 we, wa)

relative to the induced coordinates in t(B,,).
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Now, consider that there is given a (p, ¢)—tensor field S whose local expression is

0 0

S = 5ot ar ® .0

B1 Bq
B1--Bq Yo Do Qdz™ @ ...®dx

in base manifold B,, with V—affine connection and a V. S—tensor field defined by

(a7 « 8
V.8 = V.85 or

- B1 Bq
1B gar O ® 5 R ... dx

relative to the induced coordinates (z%, %, 2%) in 71 (U) in the semi-tangent bundle. Additionally,
we define a V x S—tensor field in 7= 1(U) by

0 0
_ e QQ1...Qp 51 ,Bq
CXS = (X Ssﬁl...ﬁq) 78:130‘1 Do R ... dx

and a yS—tensor field in 7=1(U) by

aray ) 0 9 5 B
VS = (4S5 ) s @ @ goar ©da” @@ da
relative to the induced coordinates (z¢, 2z, 2%). Let (U, %) be a coordinate neighborhood in B,y,.

Next, we obtain
VxS =""(Sx)

for any X € S}(Bm) and S € SU(B,,) or S € SL(B,,), where Sy € SU_(B,,) or SL_;(B,y).
The #H §—horizontal lift of (p, ¢)—tensor field S in base manifold B,, to t(B,,) has the following
equation:

HHgG —ccg _v,8S.

Assuming P, Q € t(B,,), we get,
V(P Q) =""P&(V,Q)+(V,P) 2 "Q

HH(P@Q) HHP®UUQ+UUP®HHQ

Assume X € SL(M,) is a projectable (1,0)—tensor field with projection X = X®(2%)d,, i.e.
X = X2, 2%)0, + X (2%)0s.
Now, take into account X € 3¢(M,,), in that case complete lift X has components of the form
[18]:
Xa
cX:| xe (2.6)
yeo- X~

relative to the coordinates (2%, 2%, 2%) on the semi-tangent bundle ¢(B,,).
For an arbitrary affinor field F' € S}(By), if (1.3) is taken into consideration, we may demonstrate
that (yF)" = A(vF), where vF is a (1,0 )-tensor field defined by [13]:

0
~vF:| 0 (2.7)
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relative to the coordinates (¢, 2%, z%).
For each projectable vector field X € $¢(M,) [23], we well-know that the ## X —horizontal lift of
X to t(By) (see [13] ) by HHX =X — ~(VX).
In the above situation, a differentiable manifold B, has a projectable symmetric linear connection
denoted by V. We recall that v(V.X)— vector field has components [13]:

0

YVX): [ 0
yevEXa

relative to the coordinates (z%, %, 2%) on t(B,). V4X¢ being the covariant derivative of X¢, i.e.,
(VoX®) = 0,X° + XI5,

Consequently, the #H X —horizontal lift of X to t(By,) contains the following components [13]:
HHEX . | X« (2.8)
,Fg X8
relative to the coordinates (2%, 2z, %) on t(B,,). Where
5=yTs (2.9)
Vertical lifts are given by the following relations:

'UU(P®Q):U’UP®’U’UQ,’UU(P+R):'UUP+’U’UR (210)

to an algebraic isomorphism (unique) of the < (B,,) —tensor algebra into the < (¢(B,,)) —tensor
algebra with respect to constant coefficients. Where P, Q and R being arbitrary elements of
t(By,). For an arbitrary affinor filed F' € $1(B,,), if (1.3) is taken into consideration, we may
demonstrate that " FI = AL, A7 ("W F1)), where ""F is a (1,1) —tensor field defined by [22]:

0 0 0
wpel 0o 000 (2.11)
0 F$ 0

relative to the coordinates (z?,x%,2%). The (1,1) —tensor field (2.11) is called the vertical lift of
affinor field F' to semi-tangent bundle ¢(B,,) [22].
Complete lifts are given by the following relations:

cc (P + R) — CCP + CCR’ cec (P ® Q) — CCP ® 'UUQ + 'UUP ® CCC)7 (2.12)

to an algebraic isomorphism (unique) of the & (B,,) —tensor algebra into the S (¢(B,,)) —tensor
algebra with respect to constant coefficients. Where P, Q and R being arbitrary elements of
t(Bm).
For an arbitrary projectable affinor field F' € &1(M,,) [23] with projection F = Fg (2%) 00 ® dz?
i.e. F has components
7 Fo(x®, z%) Fg;(x“,xo‘)
0 Fg(x?)
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relative to the coordinates (z®,x2®). If (1.3) is taken into consideration, we may demonstrate that
cepl = AL AT (°FL), where “F is a (1,1)—tensor field defined by [22]:

[ Fe Fg 0
“F:{ 0 Fg 0 |, (2.13)
0 yo.Fg Fg

relative to the coordinates (¢, x%, 2%). The (1, 1) —tensor field (2.13) is called the complete lift of
affinor field F' to semi-tangent bundle ¢(B,,) [22].
We will now give below some important equations that we will use.

Lemma 2.1. Let )?, Y and F be projectable vector and (1, 1) —tensor fields on M,, with projections
X,Y and F on base manifold B,,, respectively. If f € S§ (By,), w € SV (B,,) and I = idyy,, then
[22], [23]:
Z')CCX’U'Uf — v (Xf) ,
i) vIcX =X, (I =idg,)
ii1) Y w (Cc)?> =" (w (X)), wiii) e X f =< (Xf),
i)W FeeX = (FX), wiv)w (X)) = @X),

( (1) [ch ccy} _cc [ﬁ} 7
( (
( (
( (
(V)X f =" (Xf), (zv)ee ( ) _ ccﬁcc)?’
( (
( (
( (
( (
( (

2ii)F"X = (FX),

vi)ee (f}f) =y 4 m’fcc)?’ 2vi)? (fX) = v fU X,
i)W X = 0,
1) v (fw) = Y fPw,
xix)"FY X =0,

x)CCw (’U'UX) — vU (w (X)) , Tx )’U'UX’L)'Uf — 0

Lemma 2.2. Let )Z', Y and F be projectable (1,0) —tensor fields and (1,1) —tensor field on M,
with projections X,Y and F on B,,, respectively. If f € S§(B), w € SV (By,) and I = idyy, ,
then [23]:

( (vii) T H (HH)~(> =0,

(i) HHw X = v X, (vidd)"w (HHX’) =" (1 (X)),

(iid) " IR =X, (I = idp,) (i) (" X) = (w (X)),
(iv)HHIHHX:HHX, (x)HHFva:vv (FX),

(,U)HHX’U’Uf — v (Xf) ; (IZ) [’U’UX7 vvy] — O,

(vi)HH (fX) = vo fHHX, (zii) 1 FHH X = #i (FX).

Lemma 2.3. Let’s assume there is a V—projectable linear connection in B,,. For a projectable
linear connection V in base manifold B, to semi-tangent bundle by the corresponding factor in
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[26], [27], we shall define the horizontal lift ##V:

() TV x Y = 0,YX,Y € S§(Bm),

(1)) IV oo x FHY = 0,V X € S§(Bn), VY € S§(M,),

(i) 7V 1y 570 =" (VXY) VX € S4(My), VY € S4(Bm),
(

—_~—

)TV, THY = HE(V V), VX, Y € Sh(M,).

Definition 2.4. Differential transformation of algebra t(B,,), specified by
D =V : t(Bun) = H(Bm), X € S5 (Bn),

is called as covariant derivation with respect to (1,0) —tensor field X if

Vixtgvt = fVxt+gVyt,
va = Xf7

where Vf, g € Y (Bm), VX,Y € S} (Bm), Vt € S (Bim).
On the other side, a transformation defined by
V30 (Bm) % Sp (Bm) — 6 (Bm)

is called as affine connection [16], [25].

Assume p : Y — M is a fibered manifold. We now define a projectable linear connection over the
manifold M. If there is a (unique) V—classical linear connection on M such that V is related to
¥V by p, then the V—classical connection on Y is said to be projectable (in relation to p : Y — M)
(for more details, see [1], [24]).

V is a classical linear connection on base manifold By, if T'(B,,) is the tangent bundle of B, [9].
According to the final condition, if X,Y € 3{(By,) and )A(:, Y € 3¢ (M,,) are such that TpOX' = Xop
and Tp o Y=Y op, then Tpo Vg? = (VxY) op. In which T provides

T(X,Y)=VxY —VyX — [X,Y]

for any X,Y € 3{(B). It follows that the V is a projectable (by considering p := 71 : M,, — By,)
linear connection on B, according to Definition 2.4.
Then, for arbitrary projectable vector fields X,Y € S3(M,,), there is a ““V—unique projectable
linear connection in ¢(B,,) that satisfies the following condition [22], [23]:

V..gY = (VyY). (2.14)
A simple computation utilizing connection components can confirm this claim. With regard to
the local coordinates (z®) in base manifold B,,, let T'S., be components of ¥, and relative to the
coordinates (z¢,r®,2%) in the semi-tangent bundle ¢(B,,), let “I'{ x be components of “°V. With
regard to the local coordinates (2%, 2%) in M,, let X € St(M,) and Y € SL(M,) be projectable
(1,0)-tensor fields with components X! and Y7 , respectively.
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Let I'., be components of projectable linear connection V [1], [3], [13], [22], [23] relative to local
coordinates (x®) in base manifold B,, and “T'{ x components of “V relative to the induced co-
ordinates z! = (2% 2%, 2%), 27 = (2, 2%,2%) and 2% = (2¢,27,27) in the semi-tangent bundle
t(Bp).

As we recall from [23], the components “T'Y i of ““V—complete lift of the V—projectable linear
connection can also be determined from the base manifold B, to ¢(B,,) as:

Ccrg'y = ysasrgvv
ay = Fgw
ccrgﬁ = Fg'w
“Toy =Tor,
Ccrg"/ = Fgw

All other components are zero.

(2.15)

By using relations (1.3) and (2.15), we easily conclude that
DY) o = AN AL AK, T 1o + AT AL cTE 0
where L = (d, ¢, %).
Taking into account relations (1.3) and (1.4), we can show that the I’ ;¢ defined by (2.15) deter-

mine globally a projectable linear connection in ¢(B,,). The projectable linear connection denoted
by °°V is also known as the complete lift of the V—projectable linear connection to t(B,,) [22], [23].

Lemma 2.5. Let X € S}(Bn). If f € S0(B,y,), then [13]:

(Z‘)ccvwxvvf — 07
(Z'Z')CCVvaccf — Vv (va) X

Lemma 2.6. Assume that X is a projectable (1,0) —tensor field on M,,. If f is a function on B,,,
then we get the following equations [13]:

(i)ccvccg'v?)f — VU (v}(vf) ,
(i)Y, zf = (V/) -
Lemma 2.7. Let X,Y € S§(By,). If f € SY(B,,), then [13]:
7, Y = 0.

Lemma 2.8. Let’s assume that X is a projectable tensor field of type (1,0) on M,, with projections
X on base manifold B,,. If Y € $3(B,,), then we get the following equation [13]:

CCVCCS(V’UUY — v (ny) .

Taking into account (2.3), (2.6) and (2.15), we have
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Theorem 2.9. Let Y be a projectable (1,0) —tensor field on M, with projections ¥ on base
manifold B,,. For X € 3}(B,), we obtain the following equation

ccvwxcci; _ v (ny) ]

Proof. Suppose now that X € S3(B,,), and Y is a projectable (1,0) —tensor field on M,,, then
utilizing (2.3), (2.6) and (2.15) we can find

vaICCvIcc?b 0
ccvwxccy — vaIcchccyﬁ — 0 — v (ny) .
vaIcchcci}B (vxy)ﬁ
Consequently, Theorem 2.9 is proved. Where K = (¢,7,7). Q.E.D.

3 Main results

Let B,, be an m—dimensional differentiable manifold (m =2k + 1, k¥ > 0) endowed with a pro-
jectable (1,1) —tensor field $ € S1(M,) (23] with projection ¢ = ¢§ (%) 0a ® dz? i.e., and
let € e 3$(M,,) be a projectable (1,0) —tensor field with projection & = £ (z%) 9, i.e. £ =
(2, x%) Dy + £ (%) On [23], and let  be a 1-form , and let I = idyy, be an idendity and let them
also satisfy

P = Iy, +1®E, @(Z)=0, no@=0, 77(5)=1- (3.1)

Afterwards, ((}5,5,77) define the almost contact structure on B, (for example see [10], [16], [17],
[21], [25]). Taking account of horizontal, complete and vertical lifts and (3.1), we get

(cc(z)? - _ft(Bm) + 1)177 ® ccg+ cep @ Vg,
CC&T}U& — O’ CC&CC&' — 0’ UU,',] o Ccéb' — 0’
ccn ° cca — 07 vvn (vvé) _ O, vvn (ccé) — 1’
a2, oy (eF) =0

2 ~ = . (3.2)
(HH(P) — _It(Bm) + UUT]@ HHg + HH,,] ®1u£7
HH()‘O’UUEZO’ HH@’HHgZO, m),noHHg:())
HHT]OHH&:O7 vvn(vvg)zo’ vvn (HHE)) :17
HHy (vog) =1, HHp (HHE) —0.
We now define affinor fields J € S1(£(B,,)) and J € SL(¢(B,)), respectively, by
j/:cc@_vvg(g)vvn_;'_ccg@ccn’ j:HH(b'_vvé-@vvn_*_HHg@HHn. (33)

~ -~ o~ ~ =2
It is thus possible to demonstrate that J2"*X = —v'X, J?*X = —°X, J "X = —"X and

=2 ~ ~ ~ =
J HHX — _HHY which results in the conclusion that J and .J are almost contact structures on
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t(Bm). From (3.3), we find
T = (pX) 4+ (1 (X)) € i
JciX — cc ((PX) __wv (77 (X)) m)f + cc (77 (X)) ccg,
TX = (0X) + P (n (X)€)

(
i (ﬁ) =1 (X)) = (n(X) )

for any X € S (M,,) (for example see [10]).
Theorem 3.1. In accordance with (3.3), we have the following for the Vx— operator covarient

derivation with respect to J € 31 (H(Byy)) and n(Y) = 0:

(9) (ccvwxf) wy =,

(i1) (Vo) ¥ = (Txp) V) + (V) V) o,
) (CCVCC ;f) Wy v (Vxp) V) 4+ (Vx1) Y) <8,
(

e —~

) (V.57 ) T = (Txp) ¥) =¥ (Vxm) Y) 7 4 (Vo) V) o
where X,Y € € 3¢ (M,,) are projectable vector fields, n € ¢ (M,,) is a 1—form and ¢ € St (M,,)
is a projectable (1,1) —tensor field.
Thus, we get the following corollary:

Corollary 3.2. We obtain different results if we set Y = ¢, i.e., n(£) = 1 and §~ € 3§(M,,) has
the conditions of (3.1):

(3) (““Voux T) e =" (Vx8),

(i1) (Vo x T) € = * ((Vx0) €) + ¥ ((Vxm) €) &,

(i11) (V.o ) "€ =" (Vx0) €) + “(Vx€) + 7 ((Txm) §) “E,

() (V.05 7) € = “(Tx9) ) = ™ (Vx€) = ** (Vacm) €) "€ + °° (Vxn) €) &,

Theorem 3.3. In accordance with (3.3), we have the following for the ## ¥V — horizontal lift of
a V—projectable linear connection in base manifold B,, to semi-tangent bundle, n(Y) = 0 and

J € S (t(Bm)):
@) (M0 T) Y = (T V) 4 (x0T,
() ("9 0z T) Y =TT V) = () V)
(4ii) (HHVWX}) wy =0,

(iv) (HHVWXJ) HHYy _ ),
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where X, Y, € S} (M,) are projectable (1,0) —tensor fields, n € $9 (M,) is a 1—form and
@ € 31 (M,,) is a projectable (1,1) —tensor field.

Moreover, a direct calculation shows that:

Corollary 3.4. We obtain different results if we set Y = ¢, i.e., 7(¢) = 1 and € € S}(M,,) has the
conditions of (3.1):

) (#9057 ) P26 =47 (V) PHE+ T+ (T ).
() (957 ) MHE= (V) € = (Tx€) = (Txm) )™
(4) <HHVMXJ> e =,

(iv) (HHVMXJ) HHg —

Let B,, be an m—dimensional differentiable manifold (m =2k + 1, k > 0) endowed with a
projectable (1,1) —tensor field ¢ € $1(M,,) [23] with projection ¢ = ©5 (%) 00 ® dz? i.e., and
let & € 3¢(M,,) be a projectable (1,0) —tensor field with projection & = £ (2%) 9, i.e. £ =
£ (x®, £%)Dy + £ (2) Dy [23], and let 7 be a 1-form , and let T = idy;, be an idendity and let them
also satisfy N

p? =In, @& (6 =0, nop=0, 7§ =1 (34)

Afterwards, ((572,77) define the almost paracontact structure on B, (for example see [10], [17],
[21], [25]). Taking account of horizontal, complete and vertical lifts and (3.4), we get

(cc&)Q — ft(Bm) _ m;,'?v® ccg_|_ ccn ® vv§7
cc@vvﬁ _ O, cc@ccé- _ 0, vun o cc@ _ 0,
cc77 ° 009’5 =0, vvn (vvg) =0, vvn (ccg) — 1’
cc,,7 (vvf) =1, cc,,7 (ch) -0

~\ 2 =~ v ~ o
("7@)" = Iyp,,) = "n@ e~ iy @ vve,
HH’VM)S*O HH@HH&-:O, vvnOHHé-:O

HH17 HH 0 vvn(v”é-) :0’ vvn (HHg) :1’
HHy (vwe)y =1, HHp (HHg

Definition 3.5. On the other side, J on a manifold B,, is a (1,1)—tensor field, and the Nijenhuis
tensor [J, J] of J is a (1,2)—tensor field defined by

(3.5)

-
|

[J,J(X,Y)=J?[X,Y] - J[JX,Y] - J[X,JY] + [JX, JY]

for all X,V € S} (Bn). If By, admits a (1,1)—tensor field J satisfying J? = I, then the almost
product manifold is said to be equipped with an almost product structure J. We now define
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(1,1)—tensor fields J and J on semi-tangent bundle ¢(B,,), respectively, by

j:ccg_vvé-@vvn_ccg@ccn, j/:HH@_vvg(@vv,’?_HHg@HHn. (36)

~2

From Definition 3.5, it is thus possible to demonstrate that J2v X = v, J2eeX = CC)?, J X =
~2

WX and J “X = X which results in the conclusion that J and J are almost product structures
on t(B,,). We find from (3.6)

TX = () (3 (X)) <€ ~
TeeX = v (pX) = " (0 (X)) "7 = ° (1 (X)) &

for any X € S (M,,).

Theorem 3.6. In accordance with (3.6), we have the following for the V x—operator covarient
derivation with respect to J € 31 (t(B,,)) and n(Y) = 0:

(i) (“VeexT) Y =0,

(i1) (W eux T ) ¥ = =2 (Vxn) Y) €+ (Vx9) V),

(i) (V5T ) Y = = (Tx) V) “€+ (Vxo) V).,

(i) (V.o ) ¥ = = ((Vxm) ¥) “E+((Txg) Y) = (Txm) ¥) €.

where X,Y,¢& € S} (M,) are projectable (1,0) —tensor fields, n € S9 (M,) is a 1—form and
@ € S (M,,) is a projectable (1,1) —tensor field.

Thus, we get the following corollary:
Corollary 3.7. We obtain different results if we set Y = ¢, i.e., n(§) = 1 and Ee S (M,,) has
the conditions of (3.4):

(i) (cFwox ] ) e = = (Vx6),

(i0) (“0Vuux ) € = ™ (V) €) = * (Vxm) €) °E,

(i10) (V.57 ) "7 =" (V) €) = ™ (V) €) € — (T xE),

(

—_~—

) (V.57 €= *(Txp) €) = * (Txn) € “€ =™ (Vxn) €) "€ = ** (Vx€).

Theorem 3.8. In accordance with (3.6), we have the following for the ## ¥V —horizontal lift of a
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V —projectable linear connection in base manifold By, to ¢(Bm), n(Y) =0 and J € St (4(Bn)):

(0 (HHVHH 3;}) WY — o (V) V) HHE 470 (V) V).

() (799 0 T) T = = (Txn) V) + P (Tx ) ),
(i) (HHVMXJ) vy =,
(iv) <HHVMXJ) HHY _ ),
where X,Y,¢& € S (M,) are projectable (1,0) —tensor fields, n € $9 (M,) is a 1—form and
@ € S (M,,) is a projectable (1,1) —tensor field.
Moreover, a direct calculation shows that:
Corollary 3.9. We obtain different results if we set Y = ¢, i.e., n(§) = 1 and ge 3¢(M,,) has the

conditions of (3.4):

(0 (HHVHH §}> wg = CHH(Y ) - o (V) €) FHE 470 (V) €),

(i) (HHVHH ;(J) HIE = o0 (V) — 7 (V) €) € + HH (V) €),
(1) (HHVWX}> vue =0,
(iv) (HHVWX}> HH¢ (),

4 Conclusions

In this paper, we examine in detail the covariant derivatives with respect to the complete and
horizontal lifts of the projectable vector fields of polynomial structures for semi-tangent bundles.
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