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Abstract

This paper aims to prove fixed point theorems for generalized interpolative non expansive
mappings in CAT),(0) metric spaces. Also provide a constructive example to support the proven
results. The results proved here will be illustrated with an application to Hopf Bifurcations in
a Delayed-Energy Based Model of Capital Accumulation.
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1 Introduction

The study of non expansive mapping was introduced by Browder [25] proved the fixed point theorem
for non expansive nonlinear operators in a Banach space. A mapping I' on a subset C of a Banach
space X is called a non expansive mapping if

[Tz =Tyl < flz—yl, Vaz,yeC. (1.1)

A non expansive mapping is continuous in its domain.

Kirk [6] proved a fixed point theorem for mappings which do not increases distances. Goebel and
Kirk [4] proved an iteration processes for nonexpansive mappings. Kohlenbach and Leustean [7]
they proved the results using Mann iterates of directionally nonexpansive mappings in hyperbolic
spaces. Suzuki [32] proved the fixed point theorems and convergence theorems for some generalized
non-expansive mapping.

In 2007 Goebel and Pineda [18] introduced and studied a new type of mapping called a-non ex-
pansive mapping which is a generalization of non-expansive one. For a given mutiindex A =
(A1, A2, A3, ... \p) satisfies Ay > 0,4 = 1,2,...n and ) .- ; \; = 1. Let K be a non empty closed
and convex subset of a Banach space X. A mapping I' : K — K is said to be A- non expansive
if

S NlDs =T < |k—v|,VrveK. (1.2)
i=1

For A\; > 0, the mapping I' satisfies Lipschitz conditions

1
ITk =Tv| < )\—||5—V||,VK,V€K. (1.3)
1
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Also, inequality (1.2) implies that for A = (A1, A2, Az, ... \,) the mapping

Txi = > AI'e,\Vk €K, (1.4)
=1

is non expansive which is weaker than (1.2). Further, Gromov [1] introduced the concept of CAT(0)
spaces. Kirk [11] introduced the fixed point theory in CAT(0) spaces. Goebel and Reich [5] have
proved the results on uniform convexity, hyperbolic geometry, and nonexpansive mappings. Reich
and Shafrir [3] proved the results of nonexpansive iterations in hyperbolic space. Kirk [11] studied
the fixed point theorems in CAT(0) spaces and R-trees. Dhompongsa and Panyanak [2] gave
the results on A-convergence theorems in CAT (0) spaces. Khamsi and Shukri [12] they gave
a generalized CAT(0) spaces. Shukri [9] gave a results on monotone nonexpansive mappings in
CAT,(0) spaces. Darweesh and Shukri [13] proved the fixed points of Suzuki-generalized non-
expansive mappings in C'AT),(0) metric spaces.

The novelty of this manuscript is to give the fixed point results for interpolative Ciri¢-Rus-Reich-
type non expansive mappings in C' AT, (0) metric space with an application to Hopf Bifurcations in
a Delayed-Energy Based Model of Capital Accumulation. Our results will extend and generalize
several works in literature such as: [13], [6] and [8] and several others.

2  Preliminaries

This section gives definitions, lemmas and some preliminary results which will help to develop the
main results.

Kirk [11] and Gromov [1] gave some properties of CAT(0) and CAT (k) spaces as follows: A metric
space is called a CAT(0) space if it is geodesically connected and if every triangle in X is at least
as "thin" as its comparison triangle in the Euclidean plane.

Definition 2.1. [1, 11] The model spaces M are defined as:

(i) if £ = 0, then M? is the Euclidean space R™;

(ii) if &£ > 0, then MF is obtained from the sphere S” by multiplying the spherical distance by ﬁ;
(iii) if k£ < 0, then M} is obtained from the hyperbolic H" by multiplying the hyperbolic distance

by A
I/%Yi

Vars

Figure 1: Geodesic Triangle

Khamis and Shukri [12] extended CAT(0) space due to Gromov [1] to C' AT, (0) spaces by considering
the comparison triangle belong to a general Banach spaces. In particular the case when the Banach
space is I, p > 2.
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By defining a geodesic triangle A(k1, k2, %3) in (X, d) in a geodesic metric space (X, d) consists
of three points k1, k2, k3 in X (the vertices of A ) and the vertices segment between each pair of
vertices (the edges of A). A comparison triangle for geodesics triangle A(k1, k2, k3) in (X,d) is a
triangle A(k1, ko, k3) = (K1, K2, £3) in the Banach space [, for p > 2, such that

| — /5l = d(ki k;),Vi,j€1,2,3.
A point g € [R1, 2] is called a comparison point for k € [k1, k2] if
(k1K) = |7 =&l
Definition 2.2. [12] Let (X, d) be a geodesic metric space. X is said to be a CATp(0) space if, for

any geodesic triangle A in X, there exists a comparison triangle A in [, such that the comparison
axioms is satisfied i.e., for all x,v € A and comparison points 5,7 € /A, we have

d(k,v) < ||k—7|.
An example of CAT,(0) space from Khamis and Shukra [12].
Example 2.1. Let k,vq,v5 be in X and % is the midpoint of geodesic [v1, 12|, then for p > 2,

the comparison axioms implies that

V1 Dy

P
dP(k, 5

1 1 1
) < idp(/f, v) + idp(/f, Vo) — 2—pd7"(1/17 v3) (2.1)

This inequality is known as a (C'N,) inequality of Khamis and Shukra [12].
AS for 1,,, for p > 2, the (C'N,) inequality implies that (C'N,,)(0) metric spaces are uniformly convex
with

dre) = 1-(1-)

for every r > 0 and for each ¢ > 0. When p = 2, the (C'N,,) inequality reduces to the classical (C'N)
inequality of Bruhat and Tits [15]. If z,z,y are points in CAT(0) space and if m is the midpoint
of the segment [v7, 5], then the CAT(0) inequality implies

1 1 1
d(k,m)* < §d(n, )+ id(/@, v)? — Zd(yl’ vy)? (2.2)

Definition 2.3. [14] A Banach space X is said to be uniformly convex if for every e, 0 < € < 2,
the inequalities

&l <1,
vl <1,

le vl > e,
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imply there exists 6 = d() > 0 such that

H/{—l—u
2

|<1-4.

This says that x and v are in the closed ball Bx := {x € X : ||x|| < 1} with ||k — v| > e > 0, the
midpoint of x and v lies inside the unit ball Bx at a distance of at least § from the unit sphere dx.

Example 2.2. [14] Every Hilbert space H is a uniformly convex space. Infarct, the parallelogram
law gives us

s+ = 2(ls* + [V*) = s = vI,
for all k,v € H.
Suppose k,v € By with k # v and ||k — v|| > €. Then
In—ol? < 4-e

So it follows that

Hn—i—y
2

” <1- 5(5),
where §(e) =1—4/1 — %. Therefore H is uniformly convex.

The concepts of CAT,(0) metric spaces is defined as a metric space (X, d) and a real line R which
define a mapping v : R — X in a metric embedding of R into X if

d(y(s),y(t)) = |s — t|,Vs,t € R.

The image R under a metric embedding will be called a metric line. T The image v([a,b]) C X will
be called a metric segment.

Definition 2.4. [10, 4] Let X be a metric space. A geodesic path in X is a path
v :la,b] = X.

Let x,v € X. A metric segment 7([a,b]) is said to join x and v if y(a) = k and v(b) = v. This
shows that (X, d) is of hyperbolic type.

Lemma 2.3. [7] Let v : R — X be a metric embedding a < b € R and ¢ € [0,1]. Then
(i) d(v(a),v(A2a + A1b)) = Ad(v(a),y(b)).
(i) d(v(b),v(A2a + A1b)) = Aad(y(a), v(b)).
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Khamis and Shukra [12] introduced some property of a C'A, metric space. In cat(0) metric space
(X, d) is said to be convex whenever [k,v] € K, for any k,v € K. Consider amap 7: X - R is a
type if there exists a bounded sequence {x,} in X such that

v(k) = lim sup d(k, K;).

1—>00

Theorem 2.4. [12] Let (X,d) be a complete C AT}, (0) metric space, with p > 2. Let K be any
non-empty, closed, convex and bounded subset of X. Let « be a type defined on K. Then any
minimizing sequence of 7 is convergent. Its limit z is the unique minimum of v and satisfies,

’}/p(z)—Fde(Z,li) < AP(w), (2.3)

for any k € K.

Definition 2.5. [10] Let £ be a vector space. A subset X C & is said to be affinely convex if for
all k,v € X, the affine segment

[k, V] == {/\QKZ +Mr:Ae|o, 1]}
is contained in X.

If X contains a family of metric segments, such that for each pair of distinct points x and v in
X, there is a unique metric line which joins x and v. Denoted by [k, v] or [v, k] the unique metric
segment joining the two points x and v from X. This shows that [k, k] = {k}, for any k € X.

Proposition 2.5. [7] Let (X, d) be a metric space of hyperbolic type. Let x,v € X. For each
A € [0, 1], there is a unique point z € [k, ], such that

d(k,z) = Md(k,v),

and
such points will be denoted by

For z € [k, v] this imply that

d(k,z) +d(z,v) = d(k,v).

Definition 2.6. [5] (X, d) is a hyperbolic metric space if
(1) d(A2k B Ay, Aok @ A12) < Md(v, 2),
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(ii) d(Xak @ M, Aoz ® Aw) < Xod(k, 2) + A d(v, w),

for any A1, Ay € [0,1] and all k,v, z,w € X. Note that every hyperbolic space is a space of hyperbolic
type [7].

Examples of normed spaces which are hyperbolic metric space.
(i) Hadamard manifolds [5].
(ii) The Hilbert open unit ball [6].

(i) CAT,(0) metric space [12].

Opial’s [24] introduced an inequality for well convergent sequence characterizing its limits:

Definition 2.7. Let X be a Banach spaces. X satisfies Opial’s condition if for each « in X and
each sequence {k,} weakly convergent to .

lim inf ||k, —v| > lim inf ||k, — K], (2.4)
n—oo n—roo

holds for v # k.

Browder [25] obtained an equivalent definition by replacing (2.4) by
lim sup ||k, —v| > lim sup ||k, — K] (2.5)
n— oo n—oo

Naor and Silberman [17] extended p-uniform convexity to the set of geodesic space in the following
way:

Definition 2.8. Fix 1 < p < co. A metric space (X, d) is called p-uniformly convex with parameter
C > 0 iff (X,d) is geodesic and for any three points k,v,z € X with ¢ = 2 and \; € [0, 1], for all
i=1,2.

POok @My 2) < AodP(k,2) + MdP (v, 2) — gxlxzdp(ﬁ, V). (2.6)
Note that the inequality above guarantees that the space X is uniquely geodesic.

Following the definition of uniquely point (1 — M)k @ Av on a geodesic segment [k, ] and take
A1 + A2 = 1, we have the following notation
A1 A2
K1 @ K2,
PV P VI P

2
D1 AiKi

through induction we can write

n _ )\1 )\2 )\n,1
o ki = (1 ’\")@/\"H”[l—AnM@ T @ T

K)nfl] .

Calderon et al. [16] gave the following lemma.
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Lemma 2.6. Let X be a CAT,(0) space, with p > 2 with x,x;, € X and \; € [0,1] for ¢ =
1,2,...n(n > 2) such that > ; A\; = 1. Then

(1) d(®f Ak k) < 30020 Nid(ki, ),
(11) dp(@?zl/\ilii, K) < Z?:l /\idp(lii, K,) — %%Ai)\‘jdp(/ﬁi, Kj).

Therefore Lemma 2.6, yields to the following inequality;

dMAL D Ao © -+ @ Aphin, \iv1 @ Aalo @ --- B p,) < ZZAiAjd(thj)a

i=1 j=1
d(@P Niks, DF 1 Njvy) <D Y Nadd(ki, vp),
i=1 j=1
VEi.oobp and v; ... v, € X.
Further, Goebel and Pineda [18] introduced the class of (A, p)-nonexpansive mappings in Banach

spaces [18] as follows.

Definition 2.9. [18] A function T : K — K is called (), p)-non expansive mapping if for some
A= (A, A2, A3 0,) with >0 A = 1A, > 0forall 1 < i < n,A;,\, > 0, and for some
p € [1,00),

Z Nd? Tk, Tv) < dP(k,v) VY kv € K. (2.7)
i=1

In particular, for n = 2 using inequality (2.7),we have
M dP (T, Tv) + XodP (T2, T?v) < dP(k,v) ¥V K, € K, (2.8)

we say that T is ((A1, A2), p)-nonexpansive mapping.

Equivalent to
2
'y = Z NIk = EB?:l)\iF% =MDk + A%k (2.9)
i=1

Vk € K.

The following example introduced by Khan et al. [20], which satisfies inequality (2.8).

Example 2.7. Let X = {0,1,2} with usual metric d(x,v) = |k — v| for alll k,v € X. Define the
mapping I' : X — X by
1, Kk # 0,
Tk = (2.10)
0, k= 0.
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Setting A= ()\1,/\2),)\1,)\2 > 0and A\ + X2 =1, for p > 1, we have
M|Tk —TwP + Xo|T?%k —T%0P < |s—vP VK€K,

Therefore I is ((A1, A2), p)-nonexpansive mapping.

Similarly, for n = 3 using inequality (2.7),we have
MdP(Tr, Tv) 4 AodP (T25, T?0) + A3d? (T3, T30) < dP(k,v) V K, € K,

we say that T"is ((A1, A2, A3), p)-nonexpansive mapping.

Leads to
3
Tae = Y AD'e =0l ATk = MTk+ Mol%k + ATk,
i=1
Vi € K.
For (), p)-nonexpansive mapping with respect to the metric d, for all k,v € K, we have

< Z (z": )\i)dp(Fj_lff,Fj_lu).

n
j=1 =1

When n=1,i=1and j =1, ' is called (A, 1)-non expansive, that is

Z)\d ik, TP < dP(k,v),
1
d’(Tk,Tv) < —dP(k,v),
A
1
d(Tk,Tv) < —=d(k,v),.
CrTv) < )

By induction, we obtain
o 1\¢
dIk,T'v) < d(k,v).
(CrTw) < (57) )

The following is an example of (A, p)-nonexpansive mapping

Example 2.8. [19] Let K = {(k,v) € R? : k,v
k,v € K with Euclidean metric. Then I' is an ((A1, A2), p)-nonexpansive.

The following lemma introduced by Asadi et al. [19] as below.

v > 0,62+ 1% <1} and ['(k,v) = (v,

L. Wangwe

(2.11)

(2.12)

(2.13)

) for all
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Lemma 2.9. [19] If T is an (A, p)-metrically invariant mapping, then the mapping Ty is a non
expansive mapping, then

d(Txk, Tav) = dMTk @ ATk, M T @ AT20),
d(Txk, Tav) = Md(Tk,Tv) 4+ \d(T%k,T%0),
d(Cxk,Tyv) < d(k,v).

Lemma 2.10. [32] Let K be a non empty subset of a metric space X. Suppose I : K — K is a
Suzuki generalized non expansive mapping. Then
d(k,Tv) < 3d(Tk,k)+d(k,v),

for all k,v € K.

Definition 2.10. [22] A self mapping I" on X is said to be asymptotically regular at a point kK € X
if

lim d(T%,T"%) = 0. (2.14)

i—00

Lemma 2.11. [21] If X is a metric space and I is an asymptotically regular self mapping on X,
that is

dIs, T k) — 0, VkeEX, (2.15)

then I" has the approximated fixed point property.

Definition 2.11. [23] The self map I" on X is called a generalized convex contraction whenever
there exists a mapping and A1, Ay € [0,1], with A; + A2 < 1, such that

Ak, T%0) < Ad(k,v) + Xod(Tk,Tv),
for all k,v € X.

The following are some preliminaries results.
Browder [25] used inequality (1.1) to prove the following theorem.
Theorem 2.12. [25] If K is a non empty bounded closed convex subset of a uniformly Banach

space F and I' : K — K is a non expansive mapping, the I' has a fixed point. Moreover, the fixed
point set of I' is a closed and convex subset of K.

Darweesh and Shukri [13] proved the following theorems on C'AT,(0) space.
Theorem 2.13. [13] Let K be a non-empty bounded closed convex subset of a complete C'AT,(0)

metric space M with p > 2. Suppose that I' : K — K is a Suzuki generalized non expansive
mapping, then I' has a fixed point.
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Calderen et al [16] extended the above theorem in C'AT),(0)-metric spaces as follows

Definition 2.12. [16] Let K be a non-empty bounded closed convex subset of a C' AT),(0)-metric
spaces. I' : K — K be an a-non expansive if, for some mutiindex o = (a1, g, @3, . . . vy ) such that
a1 >0,i=1,2,...nand ), a; = 1, we have

o, d(Tk, T) < d(k,v),Vk,v € K. (2.16)

Since the first coefficient «; > 0, the mapping I" satisfies Lipschitz conditions

d(I's,Tv) < id(fs,l/)ﬁ’fi,l/ef('. (2.17)
Qg

Trivially, Iy, : X — X defined by

Tok = @ 0,1k, VK € K. (2.18)
Theorem 2.14. [16] Let K be a non empty closed and convex subset of a C'AT,(0)-metric spaces.
I' : K — K be an a-non expansive if, for some mutiindex o« = (a1, a9, as,...q,) such that

o > "’#\Vﬁ’i =1,2,...nand ) -, o; = 1, then the set of fixed points I', F(I), coincides with the
set of fixed points Ty, = F(T'y)-

The following definitions and theorems was proved by Khan et al. [20].

Definition 2.13. A self mapping I" on X is said to be (A1, p)-contraction, if for some A\; € (0,1)
and p > 1, there exists 0 < 8 < 1 satisfying the following inequality

MdP Tk, Tv) 4+ (1 — \)dP(I%k,T%0) < BdP(k,v)V kK, €K, (2.19)
Theorem 2.15. Let (X,d) be a metric space and I' : X — X be (A1, p)-contraction such thst

B+ A1 < 1. Then, T has the approximated fixed point property. Further, if (X, d) is a complete
metric space, then I' has a unique fixed point.

Next, they proved the following results.

Definition 2.14. A self mapping I" on X is said to be (A1, p)-contraction, if for some A\; € (0,1)
and p > 1, there exists 8; > 0 for all Zle < 1 satisfying the following inequality
MdP Tk, Tv) 4+ (1 = A\)dP(T%k, T%0) < B1dP(k,v) + B2dP (k,T'k) + B3dP (T, k)
+B4dP (v, TV) + Bsd? (v, T%v)

VK, € K.
Theorem 2.16. Let (X, d) be a metric space and I' : X — X be (A1, p)-convex contraction such

that Z?zl Bi + A1 < 1. Then, I' has the approximated fixed point property. Further, if (X,d) is a
complete metric space, then I" has a unique fixed point.
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The study of interpolative mapping using Kanann contraction wa introduced by Karapinar [26] as
fllows:

Definition 2.15. [26] Let (X, d) be a metric space, a mapping I : X — X is said to be interpolative
Kannan contraction mappings if

d(Tz,Ty) < nld(z,Tz)]°.[d(y, Ty)]'~°, (2.20)

for all z,y € X with x # 'z, where n € [0,1) and § € (0,1).

Theorem 2.17. [26] Let (X, d) be a complete metric space and I" be an interpolative Kannan-type
contraction. Then I" has a unique fixed point in X.

Karapinar et al. [27] proved the result for an interpolative Hardy-Rogers type contractions in metric
space as follows:

Definition 2.16. [27] Let (X,d) be a metric space. For a self mapping I' : X — X is called
an interpolative Hardy-Rogers type contraction if there exists ¢ € [0,1) and §, 4,y € (0,1) with
0+ p+ v < 1, such that

ATz, Ty) < cld(z,y)] ", [d(z, )] " [d(y.T)] "

]1—5—u—v

[5 (@, Ty) + d(y, T2)) , (221)

for all z,y € X\ Fix(T).
Using Definition 2.16, Karapinar et al. [27] proved the following theorem:

Theorem 2.18. Let (X, d) be a complete metric space and T' be an interpolative Hardy-Rogers
type contraction. Then I'" has a fixed point in X.

Further, Mohammadi et al. [28] gave the following definition and theorem for the extended inter-
polative Cirié-Reich-Rus type F-contraction mappings in metric space.

Definition 2.17. [28] Let (X, d) be a metric space, we say that the self-mapping T : X — X is
an extended interpolative Ciri¢-Reich-Rus type F-contraction mappings if there exists «, 8 € (0, 1)
with a+ 8 < 1,7 > 0 and F € F such that

T+ F(d(Tu, Tv)) < «aF(d(u,v))+ BF(d(u,Tu)) + (1 — a — B)F(d(v, Tv)),

for all u,v € X\ Fiz(T) with v # Tu with d(Tu, Tv) > 0.

Theorem 2.19. [28] Let (X, d) be a complete metric space and T be an interpolative Ciri¢-Reich-
Rus type F-contraction. Then T admits a fixed point in X.
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Dass and Gupta [29] proved the following results on metric space:

Theorem 2.20. [29] Let (X, d) be a complete complex metric space and T': X — X be a mappings
such that

(i)
d(y, Ty)[1 + d(z, Tx)]
1+d(z,y)

for all z,y € X, where a, 8 are non-negative real with a4+ 8 < 1 and

d(Tz,Ty) < pBd(z,y) +«

)

(if) for some xy € X, the sequence of iterates {T"z(} has a subsequences {T™ 1z} with z =

lim T"kzq.
n—oo

Then z is a unique fixed point of T'.

3 Main results

This section start with the following definition.

Definition 3.1. A self mapping I" on a C AT, (0)-metric spaces is said to be ((A1, A2), p)-contraction,
if for some \; € (0,1) and p > 1, there exists 0 < 8 < 1 and Z?:l A; = 1 satisfying the following
inequality

A dP (Tk, Tv) 4+ Aod? (T?5,T?v) < BdP(k,v) (3.1)
vV k, € K.

Theorem 3.1. Let K be a non-empty bounded closed weakly uniformly convex subset of a
CAT,(0)-metric spaces and I' : K — K be ((A1, A2), p)-contraction such that 5+ A; < 1,i =1,2.
Then, I" has the approximated fixed point property. Further, if R > 0 and p > 1 with Fi x (T ) is
a closed and convex subset of C. Then I has a unique fixed point.

Proof. Let K be a bounded closed convex subset of X, where X is a C AT, (0)-metric spaces. Let
ko € K. Now, define a sequence {r;} by r;y1 = D' lrg foralli > 0. If k; = k;yq ice., Dikg = T kg
for some i, then I'"kg is a fixed point of I'. On contrary to that, assume I''xg # I''Tlkg. Let k = ko
and v = 'k in the inequality (3.1), we obtain

Aldp(l—‘lio, leﬁlo) + )\de(FQR(), Falio) § /de(ﬂg, FHQ) (32)
By using Definition 2.11 for k = k¢ and v = ['kg, we obtain

dP(T?k0, T3ko) < MidP (Ko, Do) + Aad? (Tko, T2 ko). (3.3)

Applying (3.3) in (3.2), gives
/\1dp(l_‘,‘<,0, FQIQQ) + AQ()\ldp(K/Q, F/Qo) + /\de(rﬁo, F2K,0)) < ,de(lﬁlo, FKZQ)
MdP(Tro, T2kg) + AaA1dP (Ko, Tko) + A3dP (Trko, T%ko) < BdP (Ko, Do)
()\1 + /\g)dp(rﬂ(], FQI{Q) + Al)\gdp(:‘{o, Flio) S ﬁdp(/i(), FKO)
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Equivalently to

(A + A2)dP (Tko, T?k0) < (B — MA2)dP(ko, Tko)
)

dP (Tko. T2 < udp Trkn).

( Ko, HO) = (Al‘i')\%) (ﬂ07 KO)

Putting ¢ = ((B)\_lil/\?)) in (3.4), we get

dP(Tko,T%kg) < 9dP(ko, Tko).

Similarly, let x = I'rg and v = ['?kq in the inequality (3.1), we get
MdP(T%k0, T3k0) + Xod? (T3, Tko) < BdP (Tko, T?ko)
and
dP(T3ko, T ko) < AdP(Tko, T2kg) + XodP (T ko, T3 kp)
By using (3.7) in (3.6), we get

/\1dp(F2n0,F3/-io) + )\Q(Ald‘n(rlio, FQHQ) + /\gdp(F2HO7F3H0)) < ﬂdp(Fno,F2n0)
Aldp(FQHO,Fgﬁ:O) + )\1)\2dp(FK0,F2K,0) + /\%dp(l_alio,rgl{o) < ﬁdp(rﬁo,r2ﬁo)
(A1 + A3)dP (T2 ko, T ko) + Mded? (Tko, ko) < BdP(Tkg, ko)

Leads to

(A + A2 dP(T2k0, T3k0) < (B — M A2)dP(Tko, T%k0)
(B = AiA2)
(A1 +A3)
dP(T%k0,T3kg) < 9dP(Trg, ko).

dP(T%ky, T3ky)

IN

dP(Tko, T%kg).

Taking (3.5) in (3.8), we obtain

dP(T%ko, T3kg) < 92dP(ko, ko).
By induction we have

d?(T?ko,T%kg) < 9dP (Ko, Tko).
From Definition 2.9, we obtain

dp(Fi/ﬁlo,FiJ'_l/ﬁo) S ﬁidp(/ﬁlo,rﬁlo).
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(3.8)

Therefore, d? (I kg, ko) — 0 as i — oo, i.e., I is asymptotically regular at xo. By Lemma 2.11

and Definition 2.10, I" has approximated fixed point property.
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Suppose that I' is closed, bounded and uniformly convex and (X, d) is a complete C' AT, (0)-metric
space.

Now, to show that {r;} is a Cauchy sequence. Let {x;} be a sequence in K such thaty(k) =
lim d(kj, k). Denote 79 = inf{y(k) : K € K}. Let {r;} be a minimized sequence of 7. Since
71— 00

K is bounded, there exists R > 0 such that d(k,v) < R for any k,v € K. Since (X,d) is a
CAT,(0)-metric space, Definition 2.8 implies

dP (K, Mavi B Avy) < XadP (ki vi) + MdP(v), ki) — M AadP (v, v)). (3.9)
Using inequality 2.3, we have
V(K Aavs @ Mvj) < AaYPup + MiyPry — AP (v, vy),
which implies
Yo < APy + APy — Mo (v, v)),
for all v; ; > 1. Since {v;} is the minimizing sequence of v, we conclude that

lim d(v;,v;) = 0.

1,j—00
Hence the sequence {v;} is a Cauchy sequence.

Since v is continuous and X is complete, {,} converges to some z € K such that vy = v(z). By
Lemma, 2.10, we have

dP(z,Tky) < 3dP(Tkn, kn) + dP(z, kn),
lim sup dP(z,Tk,) < 3lim sup d?(T'kp, k) + lim sup dP(z, Ky,).

Since {k,} is an approximated fixed point of ', we get

lim sup dP(z,Tk,) < lim sup dP(z, ky),

—00 1—+00
lim sup d?(z,T'z) < lim sup d”(z,z2),
i—00 1—+00

implies that dP(z,I'z) = 0, i.e., 7(I'z) < ~(z). by uniqueness of asymptotic centre, we have I'z = z.

For uniqueness of T', let v; = k and v; = z, using inequality (2.6) and Lemma 2.6, we have
dp(lii, )\QK/ (&) )\12’) S )\de(:‘{i, Ii) -+ )qdp(z, K)i) — )\1)\2dp(l€7 Z)
Taking the limit on both sides of the above inequality, we obtain

lim sup dP(ki, Aok @ A1z) < lim sup AodP (ki k) +
i—00 i—00
lim sup A;1dP(z, ;) — lim sup A\ AadP(k, 2).

i—00 i—00
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Since

lim sup d?(ki,z) < lim sup dP(k;Aak @ A\12).

1—+00 1—00

Implies that

lim sup dP(k;,2) < lim sup \od? (K4, k) +
i—00 i—00
lim sup A\idP(z, k;) — lim sup A1 AedP (K, 2).
1i—00 i—00
lim sup d?(z,2) < lim sup AodP(z, k) +
i—+00 1—+00
lim sup A1dP(z, z) — lim sup A\ AadP(k, 2).
1—+00 i—00
0 < lim sup \adP(z, k) — lim sup A AedP(k, 2).
1—+00 i—00
0 < lim sup AjAedP(k,2).
1—>00
lim sup A A2dP(k,2) > 0,
1—00
lim sup dP(k,z) > 0,
1—00

which is a contradiction. Hence k = z. Therefore z is a unique fixed point of I'. This argument is
equivalent to Opial’s condition. Q.E.D.

The second main results, consider analog of theorem in the setting of an extended interpolative
Hardy-Rogers type unifomly convex contraction mapping by extending Defintion 2.14 and Theorem
2.16.

Definition 3.2. A self mapping I on X is said to be ((A1, A2), p)-extended interpolative contrac-
tion, if for some \; € (0,1) and p > 1, there exists 5; > 0 and A1 + Ao = 1 satisfying the following
inequality

MdP (T, Tv) + Mod? (T%5,T?0) < BrdP(k,v) + BodP(k,Tk)
+B3dP (T, T2k) + Bud? (v, Tv)
+(1 = (B1 + B + B3 + Ba))d” (v, T?v), (3.10)

VK, € K.

Theorem 3.2. Let K be a non-empty bounded closed extended interpolative convex subset of a
CAT,(0)-metric spaces and I' : K — K be ((A1, A2),p)-convex contraction such that Z?Zl Bi +
A1 + A2 < 1. Then, T" has the approximated fixed point property. Further, if (X,d) is a complete
CAT,(0)-metric spaces, then I' has a unique fixed point.

Proof. For any ko € X, we construct a sequence {r,} by x; = [k for each i € N. If there exists
i such that x; = k;11, then k; is a fixed pont of I'. Then proof is completed. Otherwise, assume
that x; # K41 for each i > 0. By substituting x = ko and ¥ = I'rkg in (3.11), we find that
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Aldp(rﬁ‘,o, leio) + )\de(r2,‘€0, Fglﬁo)

IN

B1dP (Ko, Tkg) + B2dP (Ko, ko)

+B3dP (T ko, T2kp) + Bad? (Tko, T2 ko)

+(1 = (B1 + B2+ Bs + B1))d”(Tko, [P ko),
MdP(Cro, T?ko) < (B1 + B2)d? (Ko, Tko) + (Bs + Ba)d” (Dro, T ko)
+(A2 4 (1= (B1 + B2 + Bs + B4)))d” (Do, T ko).

Using (3.3) in the above inequality, we obtain

MdP (Do, T%kg) < (B1 + B2)dP (Ko, Tko) + (Bs + Ba)d” (Do, T ko)
+ (A2 + (1 = (B1 + B2 + B3 + B4))) Ad” (k0, ko)
+ X2(A2 + (1= (B1 + B2 + B + Ba)))d” (Tro, T ko),
(A1 = 22 +1) = Aa(Br + B2) + (1 — Xa2) (B3 + Ba)])dP(Dro, T%kg) <
A2(A2 4+ 1) + A2(B1 + B2) — A\i(B3 + Ba)dP (Ko, ko),
A2(A2 + 1) + Xa(B1 + B2) — Mi(Bs + Ba)
(A1 = [A2(A2 + 1) = Ao (B1 + B2) + (1 — A2)(Bs + B4)])

 M(ut )t Aa(BitBa) A (BstBa)
Let 0 = (e a0 = (31 3 82)T(1-As) (B 7B - Ve have

dp<FI<J07 F2H0) <

dp(,‘@o, FK,())

dp(FH(), FZK()) S (Sidp(lﬁo,rlio) (3.11)
Leads to
lim dP(T'kg,T?kg) = 0. (3.12)
1—> 00

which is a contradiction. The other steps to show tha {x;} is a Cauchy sequence and existence
of fixed point and its uniqueness follow similarly proof of Theorem 3.1. This complete the proof.

Q.E.D.

For the useful of Theorem 3.1, we prove the following corollary using the concepts from Dass and
Gupta [29] (Theorem 2.20) and Mohammadi et al. [28] (Theorem 2.19).

Corollary 3.3. Let K be a non-empty bounded closed extended interpolative convex subset of a
CAT,(0)-metric spaces and I" : K — K be ((A1, \2),p)-convex contraction such that 2?21 Bi +
A1+ A2 < 1, such that

dP (v, Tv)[1 + dP(k,TK)]
1+ dr(k,v)

MdP (K, V) + Ag < BidP(k,v) + BadP (K, Tk)

+(1 - (61 + ﬂQ))dp(V7 FV)a (313)
V kK, € K.

Then, I" has the approximated fixed point property. Further, if (X, d) is a complete C AT, (0)-metric
spaces, then I' has a unique fixed point.
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Proof. Following the lines in proof of Theorem 3.1, let ko € X, define a picard sequence {k,} by
ki = ['kg for each i € N. Taking x = ko and v = T'kg in (3.11), gives

dp(rlio, T2I€0)[1 + dp(I{m FI{())]
1+ dp(/ﬁlo,rﬁlo) -

Aldp(lﬁo, F/io) + )\2 Bldp(ﬁ}o, Flﬁio) + ﬁde(lio, Flio)

+(1 - (51 + ﬂQ))dp(FliOaFQK’O)a

Aldp(lio,rlio) + )\de(FKQ,TQH0) < (61 + ﬂg)dp(lio, F;‘io)
+(1 = (B1 + B2))d” (T, Iko),
(A2 = (1= (B1 + B2)))d? (Lo, T?ko) < ((Br + Ba) — A1)dP (0, o),
dp(FKJ(),TZH()) S ((ﬁl + IB2) — /\1) dp(lio,rlio),

(A2 = (1 = (B1 + B2)))

Again by taking ¢ = ()\((ﬁl +52)-2)__ e obtain

(e—(1=(B1+B2))°
d?(Tko, T?kg) < 9dP(ko, ko),
By induction, we get
dP(Tko, T?ro) < 9'dP(ko, ko),
which implies that
illr&dp(Fno,T2n0) = 0,

which is a contradiction. The prove of other steps follow the similar proof of Theorem 3.1. This
completes the proofs. Q.E.D.

Next, an example is given below for supporting the proven results above.

Example 3.4. Let X = [0,2] and K = {0,1} € X and (X,d) be a complete CAT,(0)-metric
spaces, p > 2. Define a metric by d(k,v) = ||k — ||, and a mapping I' : X — X given by

_ 2
I — 1-—x
2
We show that T" satisfy inequality (2.6) and (3.1).
First we calculate the following metrics,
d"(r,v) = |[l& =",
2 2 2 2 2 2
& (Tr,Tw) = dP 17117171/ _ Hlfﬂ _171/ P:HV - K P7
2 2 2 2 2
2 2 2 2
vy =e((55) (55)) = 1655) - (59T
2 2 2 2
P

Hli471/4*2li2*21/2
b

4
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By applying all above equalities in (3.1), k = 0, = 1 with A\; = 3, X5 = 2, we get

1/271$2

P kY=t —2k2 — 2 p
| [ g < Blr—vl?,
11112 —02%|»  3710* — 1% —2.02 —22pp
il | < Blo—1fp,
4 2 4 4
112 31=3(”
Z = == < — 1P
alall + 3l = sro-ur
1p+2 3p+1
a + - < ﬁa

2 4 -

by schoosing the appropriate value of 5 and taking p > 2 in the above inequality, the condition
imposed in Theorem 3.1 are satisfied.

Similarly,
dP Aok @ v, 2) < AadP(K, 2) + MdP (v, 2) — M A2dP (K, v). (3.14)
where
dP(Aek @ Mv,2) < XadP(k, 2) + MdP (v, 2), (3.15)

using (3.15) in (3.14), we get

XodP (kyz) + MdP (v, 2) < AedP(k,2) + MdP (v, z) — M A2dP (K, V),
0 < =X\AadP(k,v).
0 S )\1)\2||I€7V||p,
13
< Z20—1|?
0 < -
3
< —.
0 = 16

Hence, I satisfy the condition imposed in X as a C'AT,(0) metric space. Thus I" have an approxi-
mated fixed point kK = —1 + V2.

4 Existence of the solution to Hopf bifurcations in a delayed-energy
based model of capital accumulation in C'AT,(0) metric space

This section investigate the Existence of the Solution to Hopf bifurcations in a delayed-energy based
model of capital accumulation in C'AT,(0) metric space for demonstration of Theorem 3.1. In mod-
elling of the economic growth depends on the capability to exploit the increasing amount of energy.
According to the quantity of energy that society consumes becomes an economic tool to measure its
progress. This study is motivated by Dalgaard and Strulik model [30], which shows a relationship
between a concave and long-linear Kleiber’s law relation, between electricity consumption per cap-
ital. On the other hand it concerned with the modelling of an economy viewed as transportation
network of electricity. Electricity is used to run, maintain, and create capital. Assuming that time
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is continuous, and let p be energy required to operate and v is the energy costs to create a new
capital good. Energy conservation implies

dy(t)

" (4.1)

et) = py(t)+v
The mathematical model is derived by modelling the energy as
et) = eh®)" (4.2)

where 0 < a < 1 is the real constant proportional to the dimension and efficiency of the network,
and ¢ > 0 is real constant in the sense that it is independent of capital per worker. The model
becomes

dy(t
DO = )+ o2 (1.3
Equivalent to
dy(t) £ p
= S - ). 44
M= S - Lo (4.4
If equation (4.1) contains a time delay T as
dy(t
et—T) = py(t—T)+v Zi(t ). (4.5)

Consequently, the law of motion of capital is described by the following non-linear delay differential
equation

WO~ Zhe-m) - Ly -1, (46

for some initial function v(t) = ¢(t),t € [T, 0].

Consider for zero delay T" = 0. There exists a unique positive state v, satisfying the relation
ev?~! = p. Setting s (t) = v(t) — 74, then (4.6) becomes

de(t) € o M
) 1) )~ (- T) (47)
where v, is the equilibrium point.
The linearization of (4.7) at zero [31] is given by
dr(t) a—1
= t-1T). 4.
i (e~ T) (18)

At the zero equilibrium, using Taylor series expansion up to the second order as

dr(t) _ a-— l,tm(th) n ala—1)

7 ” 5 poyy (= T2 (4.9)
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The equation (4.9) can be represented as a fixed point equation.

k(t) = /T (x\ll%(t —T) + XoT?k(t — T))dt, (4.10)
0

where A\; = %=1/ and Ay = %uwfl.

Let (X, ||.||) be a Banach space. Define the mapping d : X x X — [0,00) by

P(r,v) = sup Ik —v]P,p > 2.
t€[0,T

Then (X,d) is a complete C AT, (0) metric space. We present the following theorem:

Theorem 4.1. Suppose the following hypotheses hold:

(i) There exists an asymptotically regular function such that
M|k = Tv [P 4+ Xo|IT%5 — 20| < Bls —v||P,
where

MdP(Tr, Tv) 4+ Aod? (T?5,T20) < BdP (k)

(i) there exists a constant 8 such that

1

< —

B—T’
T € [0,1].

Then, the integral equation (4.10) has a unique positive equilibrium point which undergoes a Hupf
bifurcation at k.

Proof. From condition (i) and (i%), it is known that the stability of the positive steady state and
local Hopf bifurcations can be determined by the distribution of the roots associated with the
characteristic equation associated by linearization. Now, we show that integral equation (4.10) can
attain a unique positive equilibrium point which undergoes a Hupf bifurcation at .

Define a mapping I' : C1([0, 7], X) — C*([0,T], X) in X as in (4.10).
By continuity property, for 0 <t < T, we have I'v,Tv € X and " x # I'v. Let x,v € C1([0,T], X)
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fort v < K, we get

[k(t =T)—v(t-=T)" =

It —T) — vt =) >
It = T) — vt =) =
! t—1T t—T)|P >
Sl =T) v -T)IP >
BdP (k(t—=T),v(t—T)) >

which implies

MdP(Tk(t —T),Tv(t —T)) + od?(T%k(t — T),T%v(t — T))

H /T (W“(t —T) + XoD%k(t — T))dt _
0

)

/OT (All“z/(t —T) + NT2u(t — T))dt

()\1||1“m(t —T)—Tw(t—T)|" +

T
Nal[?R(1 —T) ~ Tu(t ~ T)|1?) /0 dt,
(m ITk(t — T) — Tw(t — T)| ¥ +
No||D2k(t — T) — T2u(t — T)||p)T,

M| Tt =T) =Tt —T)||F +

Xo|[T?k(t = T) = T2 (t = TP,
MdP(Tr(t = T),Twv(t —T)) +
AodP (T2k(t — T),T%0(t — T)),

< PdP(k(t =T),v(t =T)),

43

which is a contradiction. Hence, the integral equation (4.10) has a unique positive equilibrium point

which undergoes a Hupf bifurcation at .
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