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Abstract

In this paper we define asymptotically lacunary statistical equivalence set sequences of order
(α, β) and studied some properties of this concept. We also make an effort to define strongly
asymptotically lacunary p-equivalence and strongly Cesàro asymptotically p-equivalence of or-
der (α, β) and examine some topological properties.
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1 Introduction and preliminaries

Numerous authors have expanded the idea of convergence of sequences of numbers to include se-
quences of sets. The idea of Wijsman convergence is one of these extensions that is taken into
consideration in this paper (see[3,4,10,11,13,14,16]) and references therein. By extending the idea
of set sequence convergence to statistical convergence, Nuray and Rhoades[16] provided some fun-
damental theorems. It should be mentioned that Fridy and Orhan examined lacunary statistical
convergence ([5]). Wijsman lacunary statistical convergence of sequence of sets was defined by
Ulusu and Nuray [9] and its connection to Wijsman statistical convergence was investigated.
Definitions of asymptotically equivalent sequences and asymptotic regular matrices were provided
by Marouf[7]. By providing an analogue of these definitions and natural regularity criteria for non-
negative summabilitry matrices, Patterson [15] expanded on these ideas. The concepts provided in
[17] were expanded by Patterson and Savaş to include lacunary statistically comparable sequences.
These definitions were accompanied by natural inclusion theorems. I-asymptotically lacunary sta-
tistical equivalent sequences were presented by Savaş[2]. Ulusu and Nuray[9] also expanded the
concepts given in [17] to include sequence of sets, which is in Wijsman sense. For more details
about sequence spaces of order (α, β) see ([1],[6],[8],[12],[18],[19]) and references therein.

Definition 1.1. Suppose that z = (zn) and t = (tn) are any two nonnegative sequences then (zn)
and (tn) are asymptotically equivalent if

lim
n

zn
tn

= 1

(represented by z ∼ t).

Consider a metric space (Z,J ). For z ∈ Z and A be any non-empty subset of Z, the distance
between z and A is determined by

δ(z,A) = inf
u∈A

J (z, u).
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Definition 1.2. Consider a metric space (Z,J ). For A,Ak be any closed non-empty subsets of Z,
then the sequence {Ak} is Wijsman convergent to A if

lim
k→∞

δ(z,Ak) = δ(z,A), for each z ∈ Z.

Specifically, we write it as limW Ak = A.

Definition 1.3. The sequence z = (zk) is known to be statistically convergent to L of order (α, β)
if for every ε > 0,

lim
m

1

mα
|{k ≤ m : |zk − L| ≥ ε}|β = 0

(represented by st− lim zk(α,β) = L).

Definition 1.4. The sequence z = (zk) is known to be strongly Cesàro summable to the number

L of order (α, β) if lim
m→∞

1

mα

[ m∑
k=1

|zk − L|
]β

= 0

(represented by zk(α,β)
|σ1|−−→ L)

Definition 1.5. Consider a metric space (Z,J ). For A,Ak be any closed non-empty subsets of
Z, then {Ak} is Wijsman statistical convergent to A of order (α, β) if {δ(z,Ak)} is statistically
convergent to δ(z,A) of order (α, β); i.e., for ε > 0 and for each z ∈ Z,

lim
m→∞

1

mα
|{k ≤ m : |δ(z,Ak)− δ(z,A)| ≥ ε}|β = 0

we write it as st− limW Ak(α,β) = A or Ak(α,β) → A(WS).

Definition 1.6. Consider a metric space (Z,J ). For A,Ak be any closed non-empty subsets of Z,
then {Ak} is Wijsman strongly Cesàro summable to A of order (α, β) if for each z ∈ Z,

lim
m→∞

1

mα

[ m∑
k=1

|δ(z,Ak)− δ(z,A)|
]β

= 0.

We write it as Ak(α,β) → A([Wσ1]) or Ak(α,β)
[Wσ1]−−−−→ A.

A lacunary sequence θ = {kr} is an increasing integer sequence such that k0 = 0 and hr =
kr − kr−1 → ∞ as r → ∞. In this paper, by θ we mean the intervals and it will be represented by
Ir = (kr−1, kr], and the ratio kr

kr−1
is reduced to qr.

Definition 1.7. Consider a metric space (Z,J ), 0 < α ≤ β ≤ 1 and a lacunary sequence θ = {kr}.
For A,Ak be any closed non-empty subsets of Z , then {Ak} is Wijsman lacunary statistical
convergent to A of order (α, β) if {δ(z,Ak)} is lacunary statistically convergent to δ(z,A); i.e., for
ε > 0 and for each z ∈ Z,

lim
r

1

hα
r

|{k ∈ Ir : |δ(z,Ak)− δ(z,A)| ≥ ε}|β = 0.

Specifically, we write it as Sθ − limW Ak(α,β) = A or Ak(α,β) → A(WSθ).
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Definition 1.8. Consider a metric space (Z,J ), 0 < α ≤ β ≤ 1 and a lacunary sequence θ. For
Ak, Bk be any closed non-empty subsets of Z such that δ(z,Ak) > 0 and δ(z,Bk) > 0 for each
z ∈ Z, then the sequence {Ak} and {Bk} are asymptotically lacunary statistical equivalent of order
(α, β) of multiplicity L if for every ε > 0 and each z ∈ Z,

lim
r

1

hα
r

|{k ∈ Ir : |δ(z,Ak)

δ(z,Bk)
− L| ≥ ε}|β = 0

(represented as {Ak}(α,β)
WSL

θ∼ {Bk}(α,β)) and simply asymptotically lacunary statistical equivalent
of order (α, β) if L = 1.

Definition 1.9. Consider a metric space (Z,J ), 0 < α ≤ β ≤ 1 and a lacunary sequence θ.
For Ak, Bk be any closed non-empty subsets of Z such that δ(z,Ak) > 0 and δ(z,Bk) > 0 for each
z ∈ Z, then the sequence {Ak} and {Bk} are strongly asymptotically lacunary statistical equivalent
of order (α, β) of multiplicity L if for each z ∈ Z,

lim
r

1

hα
r

[ ∑
k∈Ir

∣∣∣∣δ(z,Ak)

δ(z,Bk)
− L

∣∣∣∣]β = 0

(represented as {Ak}(α,β)
[WN ]Lθ∼ {Bk}(α,β)) and simply strongly asymptotically lacunary equivalent

of order (α, β) if L = 1.

2 Main results

Consider a metric space (Z,J ). For Ak, Bk ⊆ Z be any closed non-empty subsets, we define
δ(z;Ak, Bk) as:

δ(z;Ak, Bk) =

{
δ(z,Ak)
δ(z,Bk)

, z /∈ Ak ∪Bk,

L , z ∈ Ak ∪Bk.

Definition 2.1. Consider a metric space (Z,J ), 0 < α ≤ β ≤ 1 and a lacunary sequence θ and a
positive real number sequence p = (pk). For Ak, Bk be any closed non-empty subsets of Z , then
the sequences {Ak} and {Bk} are strongly asymptotically lacunary p-equivalent of order (α, β) of
multiplicity L if for each z ∈ Z,

lim
r

1

hα
r

[ ∑
k∈Ir

|δ(z;Ak, Bk)− L|pk

]β
= 0

(represented as {Ak}(α,β)
[WN ]

L(p)
θ∼ {Bk}(α,β)) and simply strongly asymptotically lacunary p-

equivalent of order (α, β) if L = 1.

If p = (pk) for all k ∈ N, then

{Ak}(α,β)
[WN ]

Lp
θ∼ {Bk}(α,β) rather than {Ak}(α,β)

[WN ]
L(p)
θ∼ {Bk}(α,β).
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Theorem 2.2. Consider a metric space (Z,J ) and θ = {kr} be a lacunary sequence and Ak, Bk

be closed non-empty subsets of Z, and 0 < α ≤ β ≤ 1, then

(a) {Ak}(α,β)
[WN ]

Lp
θ∼ {Bk}(α,β) implies {Ak}(α,β)

WSL
θ∼ {Bk}(α,β),

(b) δ(z,k ) = ⃝(δ(z,Bk)) and {Ak}(α,β)
WSL

θ∼ {Bk}(α,β) implies {Ak}(α,β)
[WN ]

Lp
θ∼ {Bk}(α,β).

Proof. (a) Let ε > 0 and {Ak}(α,β)
[WN ]

Lp
θ∼ {Bk}(α,β).

Thus, we can write

lim
r

1

hα
r

[ ∑
k∈Ir

|δ(z;Ak, Bk)− L|p
]β

≥ lim
r

1

hα
r

[ ∑
k∈Ir

|δ(z;Ak,Bk)−L|≥ε

|δ(z;Ak, Bk)− L|p
]β

≥ εp. lim
r

1

hα
r

|{k ∈ Ir : |δ(z;Ak, Bk)− L| ≥ ε}|β .

Thus, {Ak}(α,β)
WSL

θ∼ {Bk}(α,β).

(b) Assume that δ(z,Ak) = ⃝(δ(z,Bk)) and {Ak}(α,β)
WSL

θ∼ {Bk}(α,β).
Consequently, we may assume that |δ(z;Ak, Bk)− L| ≤ Q, for all k and for each z ∈ Z.
For given ε > 0 and Nε be such that

1

hα
r

∣∣∣∣{k ∈ Ir : |δ(z;Ak, Bk)− L| ≥
(
ε

2

) 1
p
}∣∣∣∣β ≤ ε

2Kp
,

for all r > Nε for each z ∈ Z.
Let Ck = {k ∈ Ir : |δ(z;Ak, Bk)− L| ≥ ( ε2 )

1
p }. Now, for all r > Nε, we get

1
hα
r

[ ∑
k∈Ir

|δ(z;Ak, Bk)− L|p
]β

=
1

hα
r

[ ∑
k∈Ck

|δ(z;Ak, Bk)− L|p
]β

+
1

hα
r

[ ∑
k/∈Ck

|δ(z;Ak, Bk)− L|p
]β

≥ 1

hα
r

hα
r ε

2Kp
Kp +

1

hα
r

hα
r

ε

2
.

Hence, {Ak}(α,β)
[WN ]

Lp
θ∼ {Bk}(α,β). q.e.d.

Theorem 2.3. Consider a metric space (Z,J ), 0 < α ≤ β ≤ 1 and Ak, Bk be closed non-empty
subsets of Z. If θ = {kr} be a lacunary sequence and supk pk = H, then

{Ak}(α,β)
[WN ]

L(p)
θ∼ {Bk}(α,β) implies {Ak}(α,β)

WSL
θ∼ {Bk}(α,β)
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Proof. Assume that supk pk = H and {Ak}(α,β)
[WN ]

L(p)
θ∼ {Bk}(α,β). For given ε > 0, we have

1
hα
r

[ ∑
k∈Ir

|δ(z;Ak, Bk)− L|pk

]β

=
1

hα
r

[ ∑
k∈Ir

|δ(z;Ak,Bk)−L|≥ε

|δ(z;Ak, Bk)− L|pk

]β

+
1

hα
r

[ ∑
k∈Ir

|δ(z;Ak,Bk)−L|<ε

|δ(z;Ak, Bk)− L|pk

]β

≥ 1

hα
r

[ ∑
k∈Ir

|δ(z;Ak,Bk)−L|≥ε

|δ(z;Ak, Bk)− L|pk

]β

≥ 1

hα
r

[ ∑
k∈Ir

|δ(z;Ak,Bk)−L|≥ε

(ε)pk

]β

≥ 1

hα
r

[ ∑
k∈Ir

|δ(z;Ak,Bk)−L|≥ε

min{(ε)inf pk , (ε)H}
]β

≥ 1

hα
r

|{k ∈ Ir : |δ(z;Ak, Bk)− L| ≥ ε}|β .min{(ε)inf pk , (ε)H}β

Hence, {Ak}(α,β)
WSL

θ∼ {Bk}(α,β) q.e.d.

Theorem 2.4. Consider a metric space (Z,J ), 0 < α ≤ β ≤ 1 and Ak, Bk be closed non-empty
subsets of Z. If δ(z,Ak) = ⃝(δ(z,Bk)) and 0 < h = infk pk ≤ supk pk = H < ∞, then

{Ak}(α,β)
WSL

θ∼ {Bk}(α,β) implies {Ak}(α,β)
[WN ]

L(p)
θ∼ {Bk}(α,β).

Proof. Suppose that δ(z,Ak) = ⃝(δ(z,Bk)) and ε > 0 be given. Since δ(z,Ak) = ⃝(δ(z,Bk)),
then there exists an integer Q such that |δ(z;Ak, Bk)− L| ≤ Q,
for all k and for each z ∈ Z. Then
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1
hα
r

[ ∑
k∈Ir

|δ(z;Ak, Bk)− L|pk

]β

=
1

hα
r

[ ∑
k∈Ir

|δ(z;Ak,Bk)−L|≥ε

|δ(z;Ak, Bk)− L|pk

]β
+

1

hα
r

[ ∑
k∈Ir

|δ(z;Ak,Bk)−L|<ε

|δ(z;Ak, Bk)− L|pk

]β

≤ 1

hα
r

[ ∑
k∈Ir

|δ(z;Ak,Bk)−L|≥ε

max{Qh, QH}
]β

+

[
1

hα
r

∑
k∈Ir

|δ(z;Ak,Bk)−L|<ε

max{(ε)pk}
]β

≤ max{Qh, QH}. 1
hα
r

[
|{k ∈ Ir : |δ(z : Ak, Bk)− L| ≥ ε}|

]β
+max{εh, εH}.

Therefore, {Ak}(α,β)
[WN ]

L(p)
θ∼ {Bk}(α,β). q.e.d.

Definition 2.5. Consider a metric space (Z,J ), 0 < α ≤ β ≤ 1. For Ak, Bk be any closed
non-empty subsets of Z, then the sequences {Ak} and {Bk} are strongly Cesàro asymptotically
equivalent of multiplicity L of order (α, β) if for each z ∈ Z,

lim
m

1

mα

[ m∑
k=1

|δ(z;Ak, Bk)− L|
]β

= 0

represented as {Ak}(α,β)
[Wσ1]∼ {Bk}(α,β) are simply strongly Cesàro asymptotically equivalent of

order (α, β) if L = 1.

Definition 2.6. Consider a metric space (Z,J ), 0 < α ≤ β ≤ 1 and a positive real numbers
sequence p = (pk). For Ak, Bk be any closed non-empty subsets of Z, then {Ak} and {Bk} are
strongly Cesàro asymptotically p-equivalent of multiplicity L of order(α, β) if for each z ∈ Z,

lim
m

1

mα

[ m∑
k=1

|δ(z;Ak, Bk)− L|pk

]β
= 0

(represented as {Ak}(α,β)
[Wσ(p)]∼ {Bk}(α,β)) and simply strongly Cesàro asymptotically p-equivalent

of order (α, β) if L = 1.

Theorem 2.7. Consider a metric space (Z,J ), 0 < α ≤ β ≤ 1 and θ = {kr} be a lacunary
sequence and Ak, Bk be non-empty subsets of Z with lim infr qr > 1, then

{Ak}(α,β)
[Wσ(p)]∼ {Bk}(α,β) implies {Ak}(α,β)

[WN ]
L(p)
θ∼ {Bk}(α,β).

Proof. Since lim infr qr > 1. Then there exists η > 0 such that qr ≥ 1 + η for all r ≥ 1. Thus, for

{Ak}(α,β)
[Wσ(p)]∼ {Bk}(α,β),we have
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Ar = 1
hα
r

[ ∑
k∈Ir

|δ(z;Ak, Bk)− L|pk

]β

=
1

hα
r

[ kr∑
k=1

|δ(z;Ak, Bk)− L|pk

]β
− 1

hα
r

[ kr−1∑
k=1

|δ(z;Ak, Bk)− L|pk

]β

=
Kα

r

hα
r

(
1

kαr

[ kr∑
k=1

|δ(z;Ak, Bk)− L|pk

]β)
−

kαr−1

hα
r

 1

kαr−1

[ kr−1∑
k=1

|δ(z;Ak, Bk)− L|pk

]β
Since hα

r = kαr − kαr−1, we have
kα
r

hα
r
≤ 1+η

η which leads to

1

kαr−1

[ kr−1∑
k=1

|δ(z;Ak, Bk)− L|pk

]β
and

1

kαr

[ kr∑
k=1

|δ(z;Ak, Bk)− L|pk

]β

converges to zero. Thus, {Ak}(α,β)
[WN ]

L(p)
θ∼ {Bk}(α,β). q.e.d.

Theorem 2.8. Consider a metric space (Z,J ), 0 < α ≤ β ≤ 1 and θ = {kr} be a lacunary
sequence and Ak, Bk be non-empty subsets of Z with lim supr qr > 1, then

{Ak}(α,β)
[WN ]

L(p)
θ∼ {Bk}(α,β) implies {Ak}(α,β)

[Wσ(p)]∼ {Bk}(α,β)

Proof. Since lim supr qr < ∞, then there is Q > 0 such that qr < Q for all r ≥ 1. Let

{Ak}(α,β)
[WN ]

L(p)
θ∼ {Bk}(α,β) and ε > 0, there exist R > 0 such that for every j ≥ R and

Aj =
1

hα
j

[ ∑
k∈Ij

|δ(z;Ak, Bk)− L|pk

]β
≤ ε.

we can also find H > 0 such that Aj < H for all j = 1, 2, ...
Now let t be any integer with satisfying kr−1 < t ≤ kr, where r > R.
Then, we can write
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1
tα

[ t∑
k=1

|δ(z;Ak, Bk)− L|pk
]β

≤ 1

kα
r−1

[ kr∑
k=1

|δ(z;Ak, Bk)− L|pk
]β

=
1

kα
r−1

[ ∑
k∈I1

|δ(z;Ak, Bk)− L|pk
]β

+

[ ∑
k∈I2

|δ(z;Ak, Bk)− L|pk
]β

+ ...+

[ ∑
k∈Ir

|δ(z;Ak, Bk)− L|pk
]β


=

k1
kα
r−1

A1+
k2 − k1
kα
r−1

A2 + ...+
kR −KR−1

kα
r−1

AR +
kR+1 − kR

kα
r−1

AR+1 + ...+
k + r − kr−1

kα
r−1

Ar

≤ {sup
j≥1

Aj}
kR
kα
r−1

+ {sup
j≥1

Aj}
kr − kR
kα
r−1

≤ H.
kB
kα
r−1

+ εQ.

This completes the proof. q.e.d.
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