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Abstract

In this study, we firstly define the Horadam hybrid quaternions and present some of their
properties. Then, we define Fibonacci and Lucas hybrid quaternions, and also we study the
relationship between the Fibonacci and the Lucas hybrid quaternions which connect the Fi-
bonacci quaternions and Lucas quaternions. Furthermore, we also give some identities such as
the Binet formulas and Cassini identities for Fibonacci and Lucas hybrid quaternions.
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1 Introduction

Quaternions were introduced by Sir William Rowan Hamilton in 1866 as an extension of the com-
plex numbers [1]. Quaternions are an important number system used in different areas such as
computer science, quantum physics, and analysis [2, 3, 4]. This type of quaternions also called real
quaternions. A real quaternion is defined as

Q= 2zp+ 211 + 225 + 23k

where zg, 21, 22, 23 are real numbers. Also, i, j, and k are the units of real quaternions which satisfy

the following equalities
i? =2 =k? =ijk = —1. (1.1)

Note that the set of real quaternions form non-commutative but associative algebra. The conjugate
of the quaternion @ is defined by Q = 2y — 214 — 22j — 23k. Moreover, the norm of any quaternion Q
is denoted by [|Q|| and defined by Q| = V/QQ = /23 + 27 + 23 + 22 € R. For further information
about real quaternions see [5].

Hybrid numbers have been defined by Ozdemir [6]. In this work, a number system of such
numbers consisting of all three number systems(complex, dual, and hyperbolic) has been given.
The set of hybrid numbers, K, is defined as following:

(1.2)

2 1 g2 — 2 _
K{Za+bi+cs+dh: abe,deR, VT 1,e=0,h 1}'

ih=-hi=e+i

Multiplication rules of i, e, and h can be given as following table:
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L[ i € h |
i -1 1-h e+i
€ 1+h 0 —€
h| —e—i € 1

Table 1. Multiplication table of hybrid units

The conjugate of the hybrid number is defined by z¢ = a — bi — ce — dh. Furthermore, the norm of
any hybrid number z is

2]l = Vzz¢ = /a2 + (b—¢)2 — ¢ — d2.
For further information about hybrid number system, see [6]

The hybrid quaternions have recently been defined as a new quaternion system by Dagdeviren
in [7]. This system has a strong algebraic structure and it is a generalization of complex, dual, and
hyperbolic quaternions. That is, complex quaternions, dual quaternions and hyperbolic quaternions
can be obtained from hybrid quaternions in special cases. Moreover, hybrid quaternions are also
generalised the features of the other three quaternion systems such as inner product, vector product,
and norm. The set of hybrid quaternions denoted by Hg and defined as

HK:{Q:Z0+Zli+22j+23k | 20,21, 22, 23 EK} (13)
where quaternionic units i, j, k satisfies the equation (1.1). The quaternionic units ¢, j, k commutes
with the hybrid units i, e, h. Thus, any hybrid quaternion can be written as

Q@ =q + @i+ q2e + gsh

where qo, q1, g2, g3 are quaternions and i, e, h are hybrid units obeying the multiplication rules in
the Table 1, [7].

Two hybrid quaternions are equal if all their components are equal, one by one. Let Q =
qo + q1i + g2€ + gsh and P = py + p1i + pee + psh and be any two hybrid quaternions. Addition
and subtraction of these two hybrid quaternions are defined as

QF P = (q0 Fpo) + (q1 Fp1)i+ (g2 F p2)e + (g3 F p3)h.

Multiplication of the hybrid quaternions is defined as

QP = (qopo — q1p1 + g3p3 + q1p2 + q2p1)
+ (qop1 + @1po + q1p3 — gsp1) i
+ (qop2 + @200 + q1p3 — 31 + q3p2 — q2p3) €
+ (qops + q3po + g2p1 — qip2) h .

The multiplication of any two hybrid numbers with the help of hybrid units is expressed as above.
Furthermore, the hybrid quaternions 2 and P above can be written as Q) = zg+ 217+ 22j + 23k and
P =tg+t1i+taj+t3k in terms of quaternion units. Multiplication of these two hybrid quaternions
can be given as

QP = (20to — 21ty — 20ty — 23t3)
+ (tho + 2ot1 — 23ty + 22t3) )
+ (tho + 23ty + zpt2 — thg) J
+ (tho — thl + thg + Zotg) k .
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Further information about hybrid quaternions can be found in [7].
Generalized Fibonacci numbers were defined by Horadam [8, 9]. Moreover Horadam gave the
formula for negative index terms of Horadam numbers [9]. Horadam numbers are defined as follow:

Wy = PWp—1 — QWp_2 , T > 2 (14)

where p, ¢, n are integers and wg, w;y are initial conditions. The Binet’s formula of the Horadam
numbers is

w, = Aa™ + BG" (1.5)
where a and /3 are the roots of the equation 22 — pz + ¢ = 0. Also A and B are

wy — w3 B_woa—w1

a—p3 a—f

In addition, Horadam numbers can be represent as wy, (wo, w1;p, q). For special wg, w1, p and ¢ the
equation (1.4) defines the well known numbers named as the Fibonacci type numbers. These types
of numbers can be listed as follows:

A= (1.6)

wn(0,1;3, 2) = M, — Mersenne Numbers,

i) wn(0,1;p,q) = U,— Generalized Fibonacci numbers,
i) w,(2,1;p,q) = V,— Generalized Lucas numbers,
iii) wy(0,1;1,—1) = F,,— Fibonacci numbers,
iv) wp(2,1;1,—1) = L,— Lucas numbers,
v) wy(0,1;2,—1) = P,,— Pell numbers,
vi) wy(2,2;2,-1) = PL,— Pell-Lucas numbers,
vii) w,(0,1;1,-2) = J, — Jacobsthal numbers,
viil) w,(2,1;1, —2) = JL,— Jacobsthal-Lucas numbers,
ix) wn(
x) wa(l,

wn(1,3;3,—2) = FE,— Fermat numbers.

These numbers have been studied from different perspectives [10, 11, 12, 13, 14, 9, 15, 16].
Horadam hybrid numbers, a special type of hybrid numbers, were introduced and studied by Szynal-
Liana [11]. In this study, the author gave the Binet formulas, generating functions and characters
for Horadam hybrid numbers. nth Horadam hybrid number is defined as

HHp, = Wy +1 Wpt1 + € Wnao +h wpys (1.7)
where w,, is nth Horadam number. The Binet formula of the Horadam hybrid numbers is

wy, = Aa*a” + BB* 8" (1.8)
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where A, B are defined by (1.6) and o* = 1+ ia+ea? + ha?, 3* = 1+i8 + €82 + hB33. Moreover,
in the same article, the author defined Fibonacci and Lucas hybrid numbers as follows:

]:Hn :fn+ifn+1 +€fn+2+hfn+37
£Hn = £n + i£n+1 + €£n+2 + h£n+3-

The other studies about Horadam hybrid numbers can be found in [17, 18, 19, 20, 21, 22].
In the literature, there are also studies on Fibonacci quaternions. In [8], nth Fibonacci and
Lucas quaternions were defined by Horadam as follows:

an :fn+zfn+1 +jfn+2+kfn+3a
LOy =Ly +iLpi1+ jLnto+kLpys

where ¢, j and k are quaternion units which satisfy equations (1.1). Moreover, F,, and L,, are the
nth Fibonacci and Lucas numbers, respectively. In [14], Halc have studied on Fibonacci quaternions
and present the generating functions and Binet formulas for Fibonacci and Lucas quaternions. For
the other studies about Fibonacci and Lucas quaternions see [23, 14].

In this study, using the hybrid quaternions firstly we will introduce the Horadam Hybrid quater-
nions to the literature by defining a more general structure of Horadam hybrid numbers and Ho-
radam quaternions. Then, we will give Binet formulas for these numbers. Furthermore, we will
examine the Fibonacci and Lucas hybrid quaternions in detail and consequently, we will give some
properties and identities of these numbers.

In what follows, to avoid confusion we use notation as properly as we can. We will give the
following table to make the symbols used in this study easier to understand.

Notations Numbers
FHO, Fibonacci hybrid quaternions
LHO, Lucas hybrid quaternions
Fo, Fibonacci quaternions
L9, Lucas quaternions
FH, Fibonacci hybrid numbers
LH, Lucas hybrid numbers
Fn Fibonacci numbers
Ly Lucas numbers

Table 2. Notation table of Numbers

2 Horadam hybrid quaternions

In this section, we define Horadam hybrid quaternions by using Horadam numbers. Therefore, we
define the Horadam hybrid quaternion HHQ,, as

HHO, = HHy + iH M1 + jHHnso + kHHp s (2.1)
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where i, j, k are quaternion units which satisfy equations (1.1) and HH,, is the nth Horadam hybrid
number as in (1.7). Moreover, every Horadam hybrid quaternion HHQ,, can be written as

HHO,, = (Wy + iWnt1 + €Wpga + hwpis) + (Wng1 + 1Wnyo + €Wnys + hwyia) @
+ (Wpao + iwpas + €Wpaa + hwpas) 4 (Wips + iwppg + ewpas + hwpyg) k
= HQn + iHQn-i—l + 5HQ71+2 + hHQn-i—?)

where i, €, h are hybrid units and HQ,, = wy, + w41 + jwn42 + kw, 43 is the nth Horadam quater-
nion. The Fibonacci, Lucas, Pell, Jacobsthal, Pell-Lucas, and Jacobsthal-Lucas hybrid quater-
nions can be defined both by using Fibonacci(FH.,), Lucas(LH,), Pell(PH,,), Jacobsthal(JH,,),
Pell-Lucas(PLH,,), and Jacobsthal-Lucas(J L#,) hybrid number coefficients and by using Fi-
bonacci (FQ,,), Lucas(£Q,,), Pell(PQ,,), Jacobsthal(JQ,,), Pell-Lucas(PLQ,,), and Jacobsthal-
Lucas(J LQ,,) quaternion coefficients respectively. We will define these hybrid quaternions as fol-
lows:

i) nth Fibonacci hybrid quaternion FHQ,, is

FHQy = FHp +iFHpi1 + jFHpi2 + kFHnis
= ]:Qn + iJT"Qn-‘rl + s]:Qn-‘,-2 + hJT'-Qn-Q—?n

ii) nth Lucas hybrid quaternion LHQ,, is

LHO, =LH, + iﬁ?‘[nJrl + j»CHn+2 + k[,Hn+3
=LO, +ilLOp 1 +eLQpi2+hLO,) 3,

iii) nth Pell hybrid quaternion PHQ,, is

PH Qn = PHTL + iPHrH»l + jPHn+2 + kPHn+3
= PQn + iPQnJrl + 5PQn+2 + hPQn+31

iv) nth Jacobsthal hybrid quaternion JHQ,, is

THQn = THp + 1T Hni1 + 1T Hng2 + ET Hnys
- an + ian+l + szn+2 + thn-‘rSa

v) nth Pell-Lucas hybrid quaternion PLHQ,, is

PLHO, = PLH, +iPLH 1 + jPLH 2 + EPLH 43
=PLYy +IPLOpt1 +€PLpy2 +hPLO 3,

vi) nth Jacobsthal-Lucas hybrid quaternion JLHQ,, is

TLHQy = TLHn + 1T LHpgr + §T LMoo + kT LHpys
=JLOn +iTLDpy1 +eTLOnt2 +hT LD 3.
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Theorem 2.1. Let n € N, then the Binet formula for the Horadam hybrid quaternions is
HHQ, = Aa"aa™ + BB"BA"
where A, B are defined by (1.6) and
a* =1+ia+ea’+ha® , B*=1+i8+¢eB2+ h33,
a=1+ia+ja® +ka® | B=1+iB+jB*+kp>.
Proof. By using the definition of Horadam hybrid quaternions (2.1) and the Binet formula for the
Horadam hybrid numbers (1.8), we obtain
HHQ, = (Aa"a* + BB"B*) +i(Aa" T a* + BB 3%)
+j(Aa"+2a* +Bﬁn+26*) + /{3(140(”+30é* + Bﬁn+35*)
= (Aa"a*)(1 +ia+ jo? + ka®) + (BB"B*)(1 +iB + jB* + kB%)
= Ao aa™ 4 BB*pp".

Q.E.D.

3 Fibonacci and Lucas hybrid quaternions
In this section, we examine the Fibonacci and Lucas Hybrid quaternions in detail and give some

properties.

Definition 3.1. We denote the set of Fibonacci hybrid quaternios by F'H@ and define as follows:
FHQ ={FHQ, = FH,+iFHpt1+jFHpio+kFHprs | FHp,nth Fibonacci hybrid number}

where i, j, k are quaternionic units. Moreover, here nth, (n+1)th, (n+2)th and (n+ 3)th Fibonacci
hybrid numbers are

FHy =Fp+iFni1 +eFni2 +hFn,s, (
FHpt1 = Fns1 +iFnio +eFnis + hF, 14, (3.
FHpro = Fpyo +iFntis +eFnia +hF s, (
FHnt3 = Fnts +iFnia +€Fnis + hFnye (

where i, &, and h are the hybrid units. We will restate FHQ,, by using the equations (3.1), (3.2),
(3.3) and (3.4) as below.

fHQn = (]:n + ifn+1 + E]:n+2 + h]:n+3) + i(fn+1 + i]:n+2 + E]:n+3 + h]‘—n+4)
+ j(Fnt2 +1Fnys + €Fnpa + hFpis) + k(Fots + iFnta + €Fnis + hFne)
FHQTL = -FQTL + ian-&-l + 5FQn+2 + h‘/—"Qn-&-S

where FQ,, = F,, + iFnt1 + jFnia + kEFnis is a Fibonacci quaternion. Therefore, the set of
Fibonacci hybrid quaternios FFH(Q can be redefined as

(3.5)

FHQ = {]—"’HQn — FO, £ iF Qi1 + €FOnis + hF Qg | 7 Sl Flb‘macm}.

quaternion
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Remark 3.2. Every Fibonacci hybrid quaternion
]:HQTL = ]:Hn + i]:HrH»l +j]:Hn+2 + k]:?'{n+3

can be written as

-FHQn = an + ianJrl + E-FQnJrQ + thn+3~
Definition 3.3. We denote the set of Lucas hybrid quaternios by LHQ and define as

(3.6)

_ _ ) . LH,,,nth Lucas
LHQ = {C’HQn =LHn +iLHni1 + JLHn 2 + KL H 43 | hybrid number }

where i, j, k are quaternionic units. Moreover, here LH,, is nth Lucas hybrid number
EHn = En + i£n+1 + €£n+2 + h[/n+3
As with Fibonacci hybrid quaternions above, Lucas hybrid quaternions can be redefined in terms

of Lucas quaternions by

(3.7)

LHQ = {c%Qn = £Q, +iLQp 1 +eLQy 1z + hLQ, 5] KO Lucas}

quaternion
where i, €, h are hybrid units. Moreover, here £Q,, is nth Lucas quaternion
LO, =Ly +iLlpy1 +JLpyo + kLpgs.
Remark 3.4. Every Lucas hybrid quaternion
LHO, = LHy +iLHp+1 + L Hpg2 + ELH 43

can be written as
ACHQn = £Qn + iLQn-‘rl + €£Qn+2 + hLQn-‘r?)'

Definition 3.5. Let FHQ,, and FHQ,, be nth and mth terms of the Fibonacci hybrid quaternion
sequences such that

fHQn = f%n + Z.-FHWA»I +J.FH77,+2 + kan+3
=FQ,+iFQui1+eFQnia+hFQ,i3

and
FHOm = FHm + iFHmi1 + §F Hmyo + kF Hmys
=FQu +iFQmi1 +€FQpmyo + hF Q3.
Then, the addition and subtraction of the Fibonacci hybrid quaternions are defined by
FHO, FFHOm =

FHQ, FFHQ, =

FHp + i FHns1 + jFHpto + kFHpss) F (FHm + iFHmi1 + JFHmt2 + kF Hins)
FHn F FHm) + i(FHnt1r F FHms1) + §(FHnte F FHmt2) + E(FHots F FHmts),
FQ, +i1FQni1+eFQuio+hFQ,i3) F (FQm +iFQui1 +€F Qi+ hFQpy3)
FQu FFOm) +U(FQny1 FFQms1) +&(FQny2 F FQmi2) + h(FQunis F FQmqs).

—~ o~~~
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Definition 3.6. Multiplication of the Fibonacci hybrid quaternions is defined in terms of Fibonacci
hybrid numbers (FH,,, FHn,) as follows:

FHQOWFHOm = (FHn + iFHnt1 + jFHnyo + kF Hnt3)(FHm + iFHmt1 + JFHmt2 + EF Hmss)
= (FHnFHm — FHnt1FHmt1 — FHnr2FHmto — FHn+3F Hm+3)
+ ((FHnFHmt1 + FHp1 FHm + FHor2FHmts — FHnrsF Hms2)
+ J(FHAFHmt2 — FHnp1 FHmts + FHnt2oFHm + FHnrsFHmt1)
+ k(FHaFHmas + FHn1 FHmt2 — FHntoFHmtr + FHur3FHm)

or in terms of Fibonacci quaternions (FQ,,, FQ,,) it can be defined as follows:

FHOZFHOy = (FQn +iFQnt1 +FQnyo + hFQui3)(FQm +iF Qi1 +eF Qo + hFQpys)
= (FuFQm — FQnt1FQmi1 + FQni3F Qmis + FQni1FQmi2 + FQniaF Q1)
FUFOnFQmi1 + Fni1FQm + F Qi1 F Qs — FQni3F Qrmg1)
+e(FOnFQmi2+ Fni1F Qmis + FQni2F Qm — FQni2F Qg3
— FQny3F Qms1 + FQni3F Qmg2)
+h(FQ,FOQmis — FQuni1FQmiz2+ FQLuioF Qi1+ FOni3FQm).

The scalar and vector parts of FHQ,, which is the nth term of the Fibonacci hybrid quaternion
sequence (FHQ,,) are denoted by

S]:HQ" =FH, and Vryog, =iFHpni1 +JjFHnro + EFHpys

So, any Fibonacci hybrid quaternion FHQ,, can be written as FHQ,, = Sruo, + Vruo,. Now
we can redefine addition and subtraction as

FHQu ¥ FHQum = (Srno, + Vrua,) F (SFue,, + VFuo,,)
= (Sruo, F Sruo,.) + Vruo, ¥ Vruo,,)
and multiplication
FHQWFHQ, = (Sruo, + Vruo,)(Srua, + Vruo,)

= Srno,Srno, — (Vruno,,Vruo,)
+ Sruo,Vruo, + Sruno, Vruno, + Vruo, X Vrno,, -

Definition 3.7. The conjugate of Fibonacci hybrid quaternion can be define three different types
for FHQ, = FQpn +iFQnt1 +€FQnya +hFQ, 13

i) Quaternion conjugate, FHQ,: FHQ, = FQ, +iFQni1 +€FQni2 +hFQ, 3,
ii) Hybrid conjugate, (FHQ,): (FHQO,)C = FQ, —iFQni1 — eFQni2 — hFQ, 3,
iii) Total conjugate, (FHQ,): (FHQ,) = (FHQO,)C = FQ, —iFQni1 —€FQnio—hFQ, 3.

Theorem 3.8. Let FHQ, be nth term of the Fibonacci sequence. Then, for n > 1 we can give
the following relations:

1) fHQn +-7:HQn+1 = fHQnJer
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ii) ‘/—'VHQn - Z']:rHQn+1 _.j]:rHQn+2 - kaQn-&-?) = ‘FH'IL + an—i—Q + -F,Hn—&-él +-FHn+6
= ‘CHn-Q—l + EHn+57

iii) fHQn - ifHQn-‘rl - 5]:HQ71+2 - h]:HQn-‘,-3 = an - JT"Qn-‘,—Q - 2FQ7L+3 + ]:QTH-6-

Proof. Let FH,, LH, and FQ,, be nth Fibonacci hybrid number, nth Lucas hybrid number and
nth Fibonacci quaternion, respectively.
i) We can show this equality in two ways; first one is using Fibonacci hybrid numbers:

FHO, + FHO i1 = (FHn + i1 FHng1 + jF Hugo + kF Huys)
+ (]:Hn.;.l + 1 FHpto + jf%n_:,_g + kf?‘ln+4)
= (FHn+ FHps1) + i(FHpr1 + FHpso)
+§(FHnro + FHugs) + E(FHpys + FHera)
=FHpio+iFHnss + jFHnra + kFHprs = FHOQ1o.

The second one is using Fibonacci quaternions:

FHQ, + FHOni1 = (FQn +iFQni1 +FQnio +hFQ,ys3)
+ (FQny1 +iFQuio+eFQuis + hFQ,14)
= (FQn+ FQnt1) + i(FQnt1+ FQnio
+ &(FQni2 + FQny3) + h(FQuis + FQpia)
=FQnio+i1FQny3+eFQuia+hFQuis = FHOu 0.

ii) If we use FHp—1 + FHpi1 = LH, [11], we have

FHOn —iFHO 11 — jFHOnt2 — kFHOn13 = (FHp + iFHpt1 + §FHnio + EFHpts)
— i(an+1 + ’ian+2 + ijn+3 + kan+4)
— j(.FH7L+2 + i.FH7L+3 + j.FHn+4 + k.FHn+5)
— k(FHnys +iFHpsa + jFHpss + kEF Hpte)
=FHn+ FHnio + FHpya + FHirs
= LHus1 + LHoys.

iii) FHO, —iFHOn+1 —eFHQnio —hFHO 43
= (FHQ, +iFHQps1 + eFHQnio + hFHQ,y3)
~(FHQpi1 +iFHOn12 +eFHQni3 + hFHO,14)
—e(FHQnyo +iFHQnis +eFHQnis + hFHQO,  5)
~h(FHQun i3 +iFHQu1a +FHQnis + hFHQO, 1 6)
= FHQ,— FHOnio —2 FHOni3 + FHOui6-

Q.E.D.

Theorem 3.9. Let FHQ,, and LHQ,, be nth Fibonacci hybrid quaternion and the Lucas hybrid
quaternion sequences respectively. The following relations are satisfied:
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i) fHQn—l +-/—"HQ7L+1 = L:HQH

il) FHOuqo — FHQOu_2=LHO,
Proof.

i) We know that LH,, = FHn—1 + FHpi1. Then we have

FHO,_ 1+ -FHQn+1 = (f’Hn71 +iFHny + JFHnt1 + k‘}—Hn+2)
+ (fr}'[n.;.l + i1 FHnto + i FHnys + k]:an+4)
= (FHn-1+ FHns1) +i(FHn + Fryo2)
+ J(FHng1 + f’Hn+3) + k(]:'HnJrz + FHpta)
=LH, + iL:Hn+1 + jﬁHn.:,.z + kﬁHn.:,.g
=LHO,

ii) We know that FH, = FH,io — FHp—2.

.FHQn+2 — FHO, o = (]'—Hn.:,.z + Z']'—’Hn.:,_g + j}—/Hn_H; + k}—Hn+5)
— (FHp—2+iFHp-1+ jFHn +EFHpi1)
= (anJrz — ]:’anz) + Z(]:HnJrg — ]:,anl)
b (FHpsa — FHD) + b(FHors — FHpsr)
— LHy 4 iLHnsr + jLHss + KLH s
=LHO,

Q.E.D.

Theorem 3.10. Let FHQ,, be nth Fibonacci hybrid quaternion sequence (FHQ,,) and FHOQ,,
FH QS , FH QL be the quaternion conjugate, hybrid conjugate and total conjugate of nth Fibonacci
hybrid quaternion respectively. The following relations are satisfies:

i) FHO, + FHO, = 2FH,
i) FHQ, + FHQS = 2FQ,
iti) FHQ, + FHQ! = —2F, — 8F 11 + 2(FHQni1 + FHOu 1o+ FHOn13)
Proof.
i) FHQ, + FHQ, = (FHp + iFHpi1 + jF Hngo + kFHpys)
+ (FHp — iFHps1 — jFHnio — kFHpys)
= 2F M.,
it) FHO, + FHQY = (FHy + iFHpi1 + jFHnyo + kFHnys)
+ (FHS +iFHG o+ GFHS o + kFHE, )
= (FHn + FHG) + i(FHns1 + FHG )

+ 5 (FHnsz + FHS o) + k(FHnys + FHE, )
== 2(]:71 + Z']:n+1 + j]:n+2k]:n+3) == 2]:Qn
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iii) FHO, + FHQO! = (FH, + iFHns1 + jFHnyo + kFHnys)
+ (FHS —iFHG  — GFHS o — kFHS )
= (FHn + FHS) +i(FHns1 — FHG )
+J(FHnro = FH ) + k(FHors — FH )
= —2Fn = 8Fnt1 + 2(FHny1 + FHngo + FHnis)
Q.E.D.
Theorem 3.11 (Binet’s Formulas). Let FHQ,, and LHQ,, be Fibonacci hybrid quaternion and

Lucas hybrid quaternion respectively. The Binet formulas for these hybrid quaternions are given
as follows:

a*aa™ _ﬂ*ﬁﬁn
a—f
ii) LHQ, = a*aa” + f*pA"

i) ]‘—rHQn =

where o* = 1 +ia+ea? +ho?, B* = 1+i8+ep%2+hp33, a =1 +ia+ jo? + ko? and 3 =
1+iB+jB8%+ kB>,

Proof. In [14], Halici gave the Binet’s formula for Fibonacci and Lucas quaternions by

aa™ — Bp"
FQn = Ta-p5 (3.8)
and
L, = aa™ + A" (3.9)
i) By using (3.8), we have
FHOp = FQn +iFQuni1 +eFQnia +hF Q3
gan _ éﬁn .gan-&-l _ éﬂn-{-l gan+2 _ é6n+2 g0[71-‘,-3 _ éﬁn-&-S
T a-08 + a—pf te a—pf th a—f
B (QO&” _ﬁﬁn) + i(gan+1 _§6n+1) +€(gan+2 _éﬂn+2) —|—h(ga”+3 _§6n+3)
= P
(@@ +iaa™! + eaa™? + haa”?) — (88" + 16" + BB + hB" )
= -
_aad™(1+ia+ea® +ha®) - A" (1 +iB +¢ef” + hs?)
= P

a*aa™ — Braf"
oa—f '
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ii) By using (3.9), we have
LHO, =LO, +i1LOpt1+ Lo+ hLOpys
= aa™ + BB" +iaa™t! + BB + eaa™? + A" + haa TP 4 gpn TS
= (@™ + BB") +i(aa™ + ") + e(aa™t? + BB"T?) + h(aa" P + BB H7)
= (aa™ +iaa™ ™ + eaa"? + haa™t?) + (8" +iBB" ! + BB 12 + hpp" )
=aa”(1+ia+ea® +ha®) + A" (1 +iB + B> + hp?)
=a’aa™ + 57"
Q.E.D.

Theorem 3.12 (Cassini’s Identities). The following equations are hold:

R Q"B af — BT Pa
a—g

Cy = LHQu11 LHQn1 — LHQ, = (—1)"V5(aa" " af — % a" fa)

where a and 3 be the roots of equation 2% —2x—1 = 0, a = 1+ai+a?j+a’L, f = 1+ i+ 52j+ 5%k,
o =1+ ai+ o?e +a’h and f* =1+ pi+ B2 + B°h.

C1 = FHQ, (1 FHQ, 1 — FHQ% = (-1)

Proof. For the first Cassini identity C7, we get

. an+1a*g_ﬂn+1ﬁ*é anfla*g_ﬁnflﬂ*ﬁ ana*g_ﬁnﬂ*é 2
1:( a— B )( a— B )‘( a—p )
aQ”(a*)QQQ _ an—i—lﬂn—la*ﬁ*gg _ ,B”Ha"_lﬁ*oz*ﬁg + 52"(5*)2ﬁ2

N (a—B)?
a?(a*)2a? — a"Bra*Braf — Bran Brat Ba + B2 (B*)2 2
(a—p)?
_arlprBrat(a — B)a — o at B (o — B)af
- (a—B)?
_ Ly (a0 Fra - 5%a” o)
a—B

For the second Cassini identity Cy, we get
Co = (" a*a + ﬂﬂ#»lﬁ*ﬁ)(anfla*g_'_ anlﬂ*ﬁ) — (a™a*a+ ﬂnﬁ*é)2
— a?(a*)%a? + 04"“[3"7104*3'@@ T ﬂ”“oznflﬁ*a*ég + B2 (5282
— o)’ + a" Bt Braf + fra" Bt Ba + 27 (8Y)5°
a" Bt (B — a)fa+ ol B (a — Baf
=" '8 a = B)(aa*B*af — BB " Ba)
(-1)"V5(aa* 5" af — BB a* fa).

Q.E.D.
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4

Conclusion

In this paper, we have introduced the Horadam hybrid quaternions and some special classes of
number sequences such as Fibonacci, Lucas, Pell and Jacobsthal hybrid quaternions. Especially,
we have examined the Fibonacci and Lucas hybrid quaternions comprehensively. Moreover, some
identities like Binet’s formula and Cassini’s identity for Fibonacci and Lucas hybrid quaternions
have been given. Other sequences on Hybrid quaternions can be studied as future works.
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