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Abstract

In this paper, we firstly introduce the matrices with hybrid numbers entries. For the sake of
compatibility with the literature, we will call this set of matrices as hybrid matrices. These
matrices can be regarded as a generalization of complex matrices, dual matrices, and hyperbolic
matrices. We then give basic properties of hybrid matrices by writing these matrices as a
combination of real matrices. Finally, we examine the real matrix representation of hybrid
matrices using the base elements.
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1 Introduction

Hybrid numbers are a generalization of complex, dual, and hyperbolic numbers. A hybrid number is
denoted in the form z = a0 +a1i +a2ε+a3h, where a0, a1, a2, a3 are real numbers [1]. It is obvious
to see that a hybrid number is an any combination of complex, dual, and hyperbolic numbers,
moreover the basis elements are {1, i, ε,h}. Set of hybrid numbers denoted by K and defined as

K =

{
z = a0 + a1i + a2ε + a3h : a0, a1, a2, a3 ∈ R, i2 = −1, ε2 = 0,h2 = 1

ih = −hi = ε + i

}
. (1.1)

For every z1 = a0 + a1i + a2ε + a3h and z2 = b0 + b1i + b2ε + b3h; equality, addition and
multiplication are defined by

i) z1 = z2 ⇐⇒ a0 = b0, a1 = b1, a2 = b2, a3 = b3,

ii) z1 + z2 = (a0 + b0) + (a1 + b1)i + (a2 + b2)ε + (a3 + b3)h,

iii) z1 · z2 = (a0 + a1i + a2ε + a3h).(b0 + b1i + b2ε + b3h)

= (a0b0 − a1b1 + a2b1 − a1b2 + a3b3)

+ (a0b2 + a1b0 + a1b3 − a3b1)i

+ (a0b2 + a2b0 − a2b3 + a3b2 + a1b3 − a3b1) ε

+ (a0b3 + a3b0 + a1b2 + a2b1) h .

The addition operation is both commutative and associative. The null element is 0 and the
inverse element of z is −z. As a result of these properties, (K,+) is an Abelian group. For the
multiplication of hybrid units following table can be given:

Advanced Studies: Euro-Tbilisi Mathematical Journal Special Issue (10 - 2022), pp. 227–235.

Tbilisi Centre for Mathematical Sciences.

Received by the editors: 28 May 2021.
Accepted for publication: 22 October 2021.



228 E. Erkan, F. Kürüz, A. Daǧdeviren

. i ε h

i −1 1− h ε + i
ε 1 + h 0 −ε
h −ε− i ε 1

Table 1. Multiplication table of hybrid units

One can easily understand that multiplication operation is not commutative but associative.
The conjugate of a hybrid number z is denoted by z and defined by z = a0 − a1i − a2ε − a3h.
Moreover, zz = zz satisfies and the character of a hybrid number z is denoted by C(z) and defined
as

C(z) = zz = zz = a20 + (a1 − a2)2 − a22 − a23 (1.2)

where the result is a real number. Additionally, the modulus of a hybrid number |z| is defined by
the square root of C(z). It can be seen that this modulus is a generalized modulus of the complex,
dual, and hyperbolic number:

i) If a2 = a3 = d = 0, then |z| =
√
a20 + a21, (complex number)

ii) If a1 = a3 = 0, then |z| =
√
a20 , (dual number)

iii) If a1 = a2 = 0, then |z| =
√
|a20 − a23|, (hyperbolic number)

More details on hybrid numbers can be found [1, 2, 3].
In the literature, there are different studies on the matrices of the different number systems. For

example, dual matrices were defined by Veldkamp in [4], and their properties were studied in detail
by Daǧdeviren together with special dual matrices in [5]. Moreover, there are various articles in the
literature on hyperbolic(perplex) numbers and their matrices [6, 7, 8, 9]. For further information
about related studies, we may refer to the reader [5, 6, 7, 8, 9, 10]. We can summarize the literature
again with the following table:

Numbers Matrices

Complex a+ ib , a, b ∈ R A+ iB , A,B ∈ Rmn
Dual a+ εb , a, b ∈ R A+ εB , A,B ∈ Rmn

Hyperbolic a+ hb , a, b ∈ R A+ hB , A,B ∈ Rmn
Hybrid a+ ib+ εc+ hd , a, b, c, d ∈ R ?

Table 2.

In this study, we will complete the gap which is shown with the question mark in Table 2. In
this way, we will obtain the generalization form of all the other matrix sets(complex, dual, and
hyperbolic matrices) which are given in the same Table. Moreover, we can present the outline of
the study in the following paragraph.

In section 2, we will define hybrid matrices using the hybrid numbers. Additionally, in the same
chapter, we will write hybrid matrices as a combination of real matrices and also give the definitions
of trace, conjugate, and the transpose of hybrid matrices. In section 3, we will show the real matrix
representations of hybrid matrices.
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2 Hybrid matrices

In this section, we will define the set of hybrid matrices and examine their properties.
A hybrid matrix is a matrix with hybrid number entries. Any m × n hybrid matrix can be

defined as:

Ẑ =


z11 z12 · · · z1m
z21 z22 · · · z2m
...

...
...

...
zn1 zn2 · · · zm2

 , zij ∈ K (2.1)

where zij = aij + biji + cijε + dijh, aij , bij , cij , dij ∈ R and this matrix Ẑ can be written hybrid
combination of four real matrix as follows:

Ẑ = [Zij ] = [aij + ibij + εcij + hdij ]

= [aij ] + i [bij ] + ε [cij ] + h [dij ]

= A+ iB + εC + hD

where A,B,C,D ∈ Rmn matrices.

Example 2.1.

Ẑ =

[
1 + 7i + 3h 2− ε
−5− 3h i + ε− i

]
2×2

matrix can be written as

Ẑ =

[
1 2
−5 0

]
+ i

[
7 0
0 1

]
+ ε

[
0 −1
0 1

]
+ h

[
3 2
−3 −1

]
.

Definition 2.2. For any hybrid matrix which all entries are zero called zero hybrid matrix and
shown as 0̂. Additionally, if the diagonal elements are 1 + 0i + 0ε + 0h and the others are zero
the regarding matrix called unit hybrid matrix and shown as Î. Furthermore for every Â ∈ Knn,

Â · Î = Î · Â = Â.

Definition 2.3. Let Â = [Aij ] , B̂ = [Bij ] ∈ Kmn . Equality of these matrices is defined as:

Â = B̂ ⇐⇒ [Aij ] = [Bij ]

⇐⇒ aij + biji + cijε + dijh = a∗ij + b∗iji + c∗ijε + d∗ijh

⇐⇒ aij = a∗ij , bij = b∗ij , cij = c∗ij , dij = d∗ij

where if Â = A+ iB + εC + hD and B̂ = A∗ + iB∗ + εC∗ + hD∗ then

Â = B̂ ⇐⇒ A+ iB + εC + hD = A∗ + iB∗ + εC∗ + hD∗

⇐⇒ A = A∗, B = B∗, C = C∗, D = D∗.

Definition 2.4. Let Â = [Aij ] = A+ iB+εC+hD and B̂ = [Bij ] = A∗ + iB∗ +εC∗ +hD∗ ∈ Kmn .

Addition of Â and B̂ is defined as follows:

Â+ B̂ = [Aij ] + [Bij ]

= (A+A∗) + i(B +B∗) + ε(C + C∗) + h(D +D∗)
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Moreover, multiplication with a hybrid scalar λ ∈ K is

λÂ = λ(A+ iB + εC + hD) = λA+ λiB + λεC + λhD.

Theorem 2.5. Let Â, B̂, Ĉ ∈ Kmn and z1, z2 ∈ K. The following equations hold:

i) Â+ B̂ = B̂ + Â

ii) Â+ (B̂ + Ĉ) = (Â+ B̂) + Ĉ

iii) Â+ 0̂ = Â

iv) Â− Â = 0̂

v) z1(Â+ B̂) = z1Â+ z1B̂

vi) (z1 + z2)Â = z1Â+ z2Â

vii) (z1z2)Â = z1(z2Â)

Proof. The desired equations can be seen with the help of basic operations. q.e.d.

Definition 2.6. Let Â ∈ Kmn and B̂ ∈ Knp . The multiplication of these hybrid matrices is defined
as follows:

ÂB̂ = [aij + ibij + εcij + hdij ]m×n
[
a∗jk + ib∗jk + εc∗jk + hd∗jk

]
n×p

=

 n∑
j=1

(aij + ibij + εcij + hdij)(a
∗
jk + ib∗jk + εc∗jk + hd∗jk)


m×p

From this definition we obtain

ÂB̂ = AA∗ −BB∗ + CB∗ +BC∗ +DD∗

+ (AB∗ +BA∗ +BD∗ −DB∗)i

+ (AC∗ + CA∗ +DC∗ − CD∗ +BD∗ −DB∗)ε

+ (AD∗ +DA∗ + CB∗ −BC∗)h

Theorem 2.7. Let Â ∈ Kmn , B̂, Ĉ ∈ Knr , D̂ ∈ Krt and λ, λ1, λ2 ∈ K. The following equations hold:

i) Â · (B̂ · D̂) = (Â · B̂) · D̂

ii) Â · (B̂ + Ĉ) = Â · B̂ + Â · Ĉ

iii) (B̂ + Ĉ) · D̂ = B̂ · D̂ + Ĉ · D̂

iv) λ(Â · B̂) = (λÂ) · B̂, (Âλ) · B̂ = Â · (λB̂), (λ1λ2)Â = λ1(λ2Â)

v) Â · 0 = 0
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vi) ÂB̂ 6= B̂Â (in general)

Proof. Straightforward. q.e.d.

Corollary 2.8. Mn(K) is module over Mn(R). Moreover, for every hybrid matrix Â = A+ iB +
εC + hD ∈Mn(K) can be written as follows:

Ã = 1̃A+ ĩB + ε̃C + h̃D (2.2)

where 1̃ = In, ĩ = iIn, ε̃ = εIn, h̃ = hIn. Additionally, it can be easily seen that

ĩ
2

= −1̃, ε̃2 = 0̃, h̃
2

= 1̃, ĩ · h̃ = −h̃ · ĩ = ε̃ + ĩ.

So, we can write Mn(K) = sp
{

1̃, ĩ, ε̃, h̃
}

.

The set of hybrid matrices (Kmn ) is a ring with matrix addition and ordinary matrix multipli-
cation.

Definition 2.9. The trace of a square hybrid matrix Â is the sum of diagonal elements which is
denoted by tr(Â).

Theorem 2.10. The following conditions are satisfied:

i) For Â = A+ iB + εC + hD ∈ Knn, tr(Â) = trA+ itrB + εtrC + htrD

ii) For Â, B̂ ∈ Knn, tr(Â+ B̂) = tr(Â) + tr(B̂)

iii) For any hybrid scalar k̃ ∈ K, tr(k · Â) = k · tr(Â)

iv) For Â, B̂ ∈ Knn, tr(ÂB̂) = tr(B̂Â).

Proof. Here we will show the proof of i), ii), and iv).

i) tr(Â) =

n∑
i=1

(Aii) =

n∑
i=1

(aii + ibii + εcii + hdii)

= trA+ itrB + εtrC + htrD

ii) tr(Â) = trA+ itrB + εtrC + htrD

tr(B̂) = trA∗ + itrB∗ + εtrC∗ + htrD∗

trÂ+ trB̂ = trA+ trB + i(trB + trB∗)

+ ε(trC + trC∗) + h(trD + trD∗)

= tr(A+A∗) + itr(B +B∗) + εtr(C + C∗) + htr(D +D∗)

= tr(Â+ B̂)

iv) It is known that tr(AB) = tr(BA) for real matrices. With the help of this fact, it can be

easily seen that tr(Â · B̂) = tr(B̂ · Â).
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q.e.d.

Definition 2.11. The conjugate of hybrid matrix Â = A + iB + εC + hD is defined as Â =
A− iB − εC − hD.

Theorem 2.12. Let Â and B̂ be hybrid matrices then the followings are satisfied for the property
of conjugate:

i) (Â) = Â

ii) (λÂ) = λ · Â, λ ∈ K

iii) Â+ B̂ = Â+ B̂, Â, B̂ ∈ Kmn

Definition 2.13. The transpose of Â = [zij ] = A+ iB + εC + hD ∈ Kmn is defined as

ÂT = [zij ]
T

= [zji] ∈ Kmn (2.3)

or
ÂT = AT + iBT + εCT + hDT ∈ Kmn . (2.4)

Theorem 2.14. For hybrid matrices Â ∈ Kmn and B̂ ∈ Knp , the transpose of hybrid matrices
satisfies the followings:

i) (ÂT )T = Â

ii) (λÂ)T = λ · ÂT , λ ∈ K

iii) (Â+ B̂)T = ÂT + B̂T

Proof. The proof of these properties can be seen by ordinary matrix operations. q.e.d.

Theorem 2.15. For matrices Â ∈ Kmn and B̂ ∈ Knp ,

(Â · B̂)T = ÂT · B̂T . (2.5)

Proof. It is known that (A · B)T = BT · AT for real matrices A ∈ Rmn and B ∈ Rnp . By using
this reality and the multiplication of two hybrid matrices, we can obtain the result which we
desired. q.e.d.

Definition 2.16. The conjugate transpose of hybrid matrix Â = [zij ] = A+ iB + εC + hD ∈ Kmn
is defined as

Â∗ = [zij ]
∗

= [zji] ∈ Kmn (2.6)

or in other way
Â∗ = AT − iBT − εCT − hDT ∈ Kmn . (2.7)

Theorem 2.17. For proper hybrid matrices Â and B̂, the conjugate transpose operation satisfies
the followings:
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i) (Â)T = (AT )

ii) (λÂ)∗ = λ · Â∗

iii) (Â+ B̂)∗ = Â∗ + B̂∗

Proof. These equalities can be seen with using the properties of real matrices. q.e.d.

3 Real matrix representation of hybrid matrices

In this section, we firstly define the real matrix representations of hybrid matrices. We then give
some properties about that.
Let Ã = A1̃ +B ĩ + Cε̃ +Dh̃ be hybrid matrix. The linear map £Â can be defined as follows:

£Â : Knn → Knn
B̂ → £Â(B̂) = Â · B̂

With the help of this mapping and the basis
{

1̃, ĩ, ε̃, h̃
}

, we can write the followings:

£Â(1̃) = Â · 1̃ = A · 1̃ +B · ĩ + C · ε̃ +D · h̃

£Â(̃i) = Â · ĩ = (C −B) · 1̃ + (A−D) · ĩ + C · ε̃ +D · h̃

£Â(ε̃) = Â · ε̃ = B · 1̃ + 0 · ĩ + C · ε̃ +D · h̃

£Â(h̃) = Â · h̃ = D · 1̃ +B · ĩ + (B − C) · ε̃ +A · h̃

Then, we obtain following matrix:

£Â =


A C −B B D
B A−D 0 B
C −D A+D B − C
D C −B A


4n×4n

(3.1)

Corollary 3.1. Matrix representation of 1̃, ĩ, ε̃ and h̃ can be found from (3.1) under the special
cases as follows:

£1̃ =


In 0 0 0
0 In 0 0
0 0 In 0
0 0 0 In


4n×4n

, £ĩ =


0 −In In 0
In 0 0 In
0 0 0 In
0 0 −In 0


4n×4n

£ε̃ =


0 In 0 0
0 0 0 0
In 0 0 −In
0 In 0 0


4n×4n

, £h̃ =


0 0 0 In
0 −In 0 0
0 −In In 0
In 0 0 0


4n×4n

Moreover, it is easy to see that these real matrices satisfy the following relations:

£2
1̃

= I4n,£
2
i = −I4n,£2

ε̃ = 04n,£
2
h = I4n

£ĩ£h̃ = −£h̃£ĩ = £ε̃ + £i



234 E. Erkan, F. Kürüz, A. Daǧdeviren

Example 3.2. Let Â =

[
1 + 7i + 3h 2− ε
−5− 3h i + ε− i

]
be a hybrid matrix. This matrix can be written

as follows:

Â =

[
1 2
−5 0

]
+ i

[
7 0
0 1

]
+ ε

[
0 −1
0 1

]
+ h

[
3 2
−3 −1

]
.

Then, the real matrix representation of hybrid matrix Â is

£Â =



1 2 −7 −1 7 0 3 2
−5 0 0 0 0 1 −3 −1
7 0 −2 0 0 0 7 0
0 1 −2 1 0 0 0 1
0 −1 −3 −2 4 4 7 1
0 1 3 1 −8 −1 0 0
3 2 0 −1 −7 0 1 2
−3 −1 0 1 0 −1 −5 0


Theorem 3.3. Let Â and B̂ be hybrid matrices (Knn). Then the following equations are satisfied:

i) £Ĩn = Ĩ4n

ii) £Ã+B̃ = £Ã + £B̃

iii) £Ã·B̃ = £Ã ·£B̃

iv) £λÃ = λ · Ã, λ ∈ R

v) £ÃT 6= (£Ã)T

Proof. The desired equations can be easily obtained with the help of above definitions and simple
operations. q.e.d.

4 Conclusion

In this study, we examine the hybrid matrices and their properties. This work is cover the other
type of matrix systems such as complex matrices, dual matrices, and hyperbolic(perplex) matrices.
That is why it can be regarded as a generalization of these matrix sets. In the last section, we
present the real matrix representation of hybrid Matrices. Moreover, these representations can be
extended to the right side multiplication.
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